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Abstract. Efficient sufficient conditions are established for the solvability of the mixed problem
u” (1) = p(Ou) + f(t.u()) +h(), u(@) =0, u'(h)=0,

where &, p € L([a,b]; R) and f € K([a,b] X R; R), in the case where the homogeneous linear

problem w”(t) = p(H)w(t), w(a) =0, w’(h) = 0 has nontrivial solutions.

2010 Mathematics Subject Classification: 34B05; 34B10; 34B15

Keywords: nonlinear ordinary differential equation, mixed problem at resonance

1. INTRODUCTION

Consider on the set / = [a,b] the second order nonlinear ordinary differential
equation
u’(t) = p(Ou(t)+ f(t.u@))+h(@) for tel (1.1)
with the boundary conditions

u(@) =0, u'(h)=0, (1.2)

where h, p € L(I;R) and f € K(I X R; R). By a solution of problem (1.1), (1.2) we
understand a function u € C’ (I, R), which satisfies equation (1.1) almost everywhere
on / and satisfies conditions (1.2).

Along with (1.1), (1.2) we consider the homogeneous problem

w”’(t) = p)w(t) for tel, (1.3)

w(a) =0, w'(h)=0. (1.4)

At present, the foundations of the general theory of two-point boundary value
problems are already laid and problems of this type are studied by many authors and
investigated in detail (see, for instance, [3,4, 10, 11,13, 14] and references therein).
On the other hand, in all of these works, only the non-resonance case is considered.
An analysis of the available literature shows that, in contrast to the Dirichlet problem,

the case where the problem (1.3), (1.4) has nontrivial solutions is practically unstud-
ied. It should be noted that, in the majority of works on this subject, the Dirichlet
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boundary value problem for the second order ordinary differential equation with the
corresponding homogeneous problem possessing a nontrivial solution studied in the
case where the first coefficient of the homogeneous linear problem is a constant and,
more precisely, only in the simplest case where this constant is the first eigenvalue of
the homogeneous linear problem (see, for instance, [1,2,4-8, 10, 15] and references
therein). In [16], we developed a technique which allowed us to establish efficient
sufficient conditions (Landesman—Lazer’s type conditions) for the solvability of Di-
richlet BVP for second order ODE in the case where the first coefficient of the homo-
geneous linear equation is a Lebesgue integrable function (not necessarily constant)
and no information is assumed on the number of zeros of the solution. (In particu-
lar, if the first coefficient in homogeneous linear equation is constant, we are able to
study the cases where this constant not necessarily coincides with the first eigenvalue
of the corresponding homogeneous linear problem). The theorems proved there sig-
nificantly generalize and improve a number of previous results of other authors (see
[1,2,4,6,15]).

In the present paper we generalize the method developed in article [16] for the
Dirichlet boundary value problem, and prove Landesman—Lazer’s type efficient suf-
ficient conditions for solvability of problem (1.1), (1.2) in the case when the function
p € L(I;R) is not necessarily constant, under the assumption that the homogeneous
problem (1.3), (1.4) has a nontrivial solution which may have arbitrarily many zeros
in the interval ]a, b].

The results presented here are new and generalize Fredholm’s third theorem for
nonlinear ODE in the sense that the known Fredholm theorem is obtained in the
special case where f(¢,x) =0.

Throughout the paper we use the following notations:

N is the set of all natural numbers. R is the set of all real numbers, R4 = [0, +00].

C(I;R) is the Banach space of continuous functions u : / — R with the norm
lullc = max{lu(r)]:z € I}.

C’ (1; R) is the set of functions u : I — R which are absolutely continuous together
with their first derivatives.

L(I; R) is the Banach space of the Lebesgue integrable functions p : I — R with

b
the norm ||p|l. = [, |p(s)|ds.

K(I x R; R) is the set of the functions f : I x R — R satisfying the Carathéodory
conditions, i.e., f(-,x): I — R is ameasurable function forall x € R, f(¢,-): R —> R
is a continuous function for almost all ¢ € I, and for every r > 0 there exists ¢, €
L(I;R4) suchthat | f(¢,x)| <qr(¢) for almostallt € I, |x| <r.

Having w : I — R, we put:

Now Ztr €la,b] s w(t) = 0},

QFYuelwe)>05 7Y elwr) <0},
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and [w(®)]+ = (lw@)| +w(0)/2, [wO)]- = (lw@)|-w())/2forz €.

Definition 1. Let A be a finite (eventually empty) subset of /. We say that
f e E(A),if f € K(I x R; R) and, for any measurable set G C I and an arbitrary
constant r > 0, we can choose ¢ > 0 such that if

/ | f(s,x)|ds #0 for x >r (x <—r)
G
then

[ 1sotas— [ 1760 z0 o xzrezon,
G\U, U,

where Us = I N (U} _ Jtx —e/2n. 1 +¢/2n[) if A={t1.12.....1p}, and Uy = @ if
A=0.

Remark 1. If f € K(I x R; R) then f € E(D).

Remark 2. It is clear that if f(z,x) &t fo(t)go(x), where fo € L(I;R) and g¢ €
C(I;R), then f € E(A) for every finite set A C 1.

The example below shows that there exists a function f € K(I x R; R) such that
f € E({t,....t;}) for some points ¢1,...,1; € 1.

Example 1. Let f(t,x) = |t|~Y2g(t,x) fort € [—1,0[U]0,1], x € R, and £(0,.) =
0, where g(—t,x) = g(t,x) for t €]—1,1], x € R, and

for x<1/t,t>0

tx)=1"
,X) = .
& 1/t for x>1/1,1>0

Then f € K([0,1]x R; R) and it is clear that f ¢ E({0}) because, for every & > 0, if
x > 1/g then fel f(s,x)ds— [ f(s,x)ds = 42— xV/2)_2 <.

2. MAIN RESULTS

Theorem 1. Let i € {0,1}, w be a nonzero solution of the problem (1.3), (1.4),
f € E(Ny), there exists a constant r > 0 such that the function (—1)" f is non-
decreasing in the second argument for |x| > r,

(=1 f(t.x)sgnx >0 for tel, |x|>r 2.1
/ N | f(s,r)|ds —i—[ | f(s,—r)|ds # 0, (2.2)
QU} Q;

and

b
lim %/ | f(s,x)|ds =0. (2.3)

[x]—+o00
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Then there exists § > 0 such that the problem (1.1), (1.2) has at least one solution for
every h satisfying the condition

b
‘/h(s)w(s)ds‘ <S|lwllc. 2.4)
a
Corollary 1. Let the assumptions of Theoreml be satisfied and

b
/ h(s)w(s)ds = 0. 2.5
a
Then the problem (1.1), (1.2) has at least one solution.
Example 2. From Theorem 1 it follows that the problem
u”(t) = =A2u(t) +olu(?)|*sgnu(t) +h(t) for 0<t<m/2 (2.6)

u(©0) =0, u'(x/2)=0, 2.7)

with A =2k —1(k € N), 0 € {—1,1}, and « €]0, 1] has at least one solution if
h € L([0,77/2], R) is such that foﬂ/zh(s)sin/\sds =0.

Theorem 2. Let i € {0,1}, w be a nonzero solution of the problem (1.3), (1.4),

f(t,x) & Jo()go(x) with fo € L(I;R+), go € C(R; R), there exists a constant
r > 0 such that (—1)! gg is non-decreasing for |x| > r and

(—l)igo(x) sgnx >0 for |x|=r. (2.8)
Let, moreover,
20| [ fol)ds + 1ol [ fols)ds £0 9)
o) 25
and
lim |go()| =400, fim 2% _g (2.10)
|x|—=>400 [x]>4+00 X

Then, for every h € L(I; R), the problem (1.1), (1.2) has at least one solution.
Example 3. From Theorem 2 it follows that the equation
u”(t) = po(O)u(t) + p1(t)|u(t)|*sgnu(t) +h(t) for tel, 2.11)

with the conditions (1.2) has at least one solution for arbitrary « €]0,1[ po,h €
L(I;R), and such p; € L(I; R) that the condition op;(¢) > 0 for ¢ € I holds, where
oe{-1,1}.



MIXED BVP FOR SECOND ORDER EQUATION AT RESONANCE 979

Theorem 3. Let i € {0,1} and w be a nonzero solution of the problem (1.3),
(1.4). Let, moreover, there exist constants r > 0, ¢ > 0, and functions «, f +, f~ e
L(I; Ry) such that the conditions

D' f@e,x)<=f7@) for x<-r,

RO < (=1 ft,x) for x> (2120)
sup{| f(t,x)| : x € R} <a(t) (2.13)
hold on I, and let
b
—/ (fTOwE)]-+ fT©)ws)]+)ds +ellellz
. b
< (=1)'™! / h(s)w(s)ds (2.14)

b
< / (S~ ©WE)-+ £ ds —ellallL.
Then the problem (1.1), (1.2) has at least one solution.

Remark 3. If f £ 0 then the condition (2.12;) (i = 1,2) of Theorem 3 can be
replaced by

b
- / (O W) + £~ 6)ws)]4)ds
) b
<(—1)’+1f h(s)w(s)ds (2.15)

b
< / O]+ £ ()] ds.

because from (2.15) there follows the existence of a constant ¢ > 0 such that the
condition (2.12;) is satisfied.

Remark 4. 1f f~ (t) =min{ f (), f~(¢)} then the condition (2.14) of Theorem 3
can be replaced by

b b _
| howes| < [ Felwelds-elal..
a a
Example 4. From Theorem 3 it follows that the equation
nl*
u”t:—kzut+|u(—snut+ht for 0<r<m/2, 2.16
0 O+ T e SO ) <t=7/2. (16

where A =2k —1(k € N) and « €]0,4o00[ , with the conditions (2.7) has at least
one solution if & € L([0,/2], R) is such that |A(z)| < 1 for0 <t < /2.
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3. AUXILIARY PROPOSITIONS

Letu, € 5’(1; R), ||[un|lc #0 (n € N), w be an arbitrary solution of the problem
(1.3), (1.4), and r > 0. Then, for every n € N, we define:

ef def
At Zl el jun() <7y, An2 Dt el jun() > rh
Bni S {t € Ay tsgnun(t) = (1) " sgnw(n)} (i =1.2).
ef def
Con E{t € Apn W) >1/n},  Ca2Z{t € Aps:|w()| <1/n},

def _
n =t el lw®)|>rlluallc! +1/2n},

AF, S € Apa i 2un () > 1), BE S A, 0 By,
CEE AT, NGy (1 =1,2), DEFE (1 €12 2w(t) > rllunllc! +1/2n),
From these definitions it is clear that, for any n € N, we have
An’l ﬂAn,2 = @,A;l":z ﬂA;,z = @, Bn’l mBn’z = @, Cn’l an,Z = @,
DinD, =@, B ,NB, ,=2.C/NC =2 (=12, (1)

and
An,l U An,2 = ]’ A,tz U A;,z = An,2, Bn,l U Bn,2 = An,2 \ Nw,

Cr1UCn = An2, By, U B, 5= Bua, Cii UG = Ay,
G UG, ; =GCn,i (i =1,2), DFUD, =D,.

The proofs of the following two lemmas are given in [16].

(3.2)

Lemmal. Letu, € C'(I; R) (ne N), r >0, w be an arbitrary nonzero solution
of the problem (1.3), (1.4), and

[lun|lc =2rn for neN, (3.3)
[lon —w||c <1/2n for ne€N, (3.4)

where vy () = u, (t)||un| |El Then there exists ng € N such that
Dy CAf,. D, CA,, for n=no, (3.5)
Clr,cDf CpiCD, for nzno. (3.6)

Moreover
lim mesAy,; =0, lim mesA, > =mes]/, (3.7
n—>+o00 n—>+o00

Cn,l C Bn,l» Bn,2 C Cn,2’ (3-8)
Br?L,z - er,_Z’ B, ,CCpo. (3.9

C, CBf C,1 C B, (3.10)

n,1”° n,1»
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lim mesC,,; = lim mesB,; =mes/,
n——+o0o n——+o0o (3 11)
lim mesC,= lim mesB,, =0, )
n——+oo n——+oo
r < |un(@®)| <|luallc/2n for te Bpa, (3.12)
[un()| = llunllc/2n>r  for t€Cpa, (3.13)
Ch=1{teAy:0<xw(r) <1/n}, (3.14)
CE c R, lim mesCE, =mesE. (3.15)
: n—>+00 ’

Lemma 2. Leti € {1,2}, r >0, k € N, wo be a nonzero solution of the problem
(1.3), (1.4), Nyy = {t1,....t}, the function f; € E(Ny,) be non-decreasing in the
second argument for |x| > r, and

fit,x)sgnx >0  for tel, |x|>r. (3.16)
Then:
(@ IfGC I and

/G 1G5 (~1) Pywo(s)ds # 0, (3.17)

then there exist 5 > 0 and €1 > 0 such that

def

I(G,Ug,x) = /G\U |f1(s,x)w0(s)|ds—/U | f1(s,x)wo(s)|ds > & (3.18)

for (=) x >rand0<¢e <ey, where Us = 11N (U}C:l[lj —¢&/2k,t; +8/2k]).
®) Ifu, € 5/(1; R) (n e N), r >0, w is an arbitrary nonzero solution of the
problem (1.3), (1.4), and the condition (3.3) holds, then there exist g5 €]0,¢&1]
and ng € N such that
]
KD UF )=~ for xzr. (3.19y)
]
]I(Dn_,UE_,x)z—?O for x<-r (3.19,)
forn >ngand 0 < e < &,, where UgjE ={t e U : £w(t) > 0}.

Lemma 3. Let all the conditions of Lemma [ be fulfilled and there exist r > 0 such
that the condition (3.16) holds, where f1 € K(I x R; R). Then

—111}: inf/t f1E un(§)sgnu, (§)dE >0 for a<s<t<bh. (3.20)
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Proof. Let
v (6) E supf| fi(t.x)| |x| <r} for rel. (3.21)
Then, according to (3.1), (3.2), and (3.16), we obtain the estimate

/ FLEun (€)) sgnun (B)dE
> / yEE)dE + / | fi (6 (E)) | 8
[Sst]nAﬂ,l [S’t]mAn,Z

fora <s <t <b,n € N. This estimate and (3.7) imply (3.20). O

Lemma 4. Let wog be a nonzero solution of the problem (1.3), (1.4), r > 0, the
function fi € E(Ny,) be non-decreasing in the second argument for |x| > r, condi-
tion (3.16) hold, and

[+ |f1(s,r)|ds—|—/ _ fiGs,—r)lds # 0. (3.22)

wQ QUJO
Then there exist § > 0 and ny € N such that if

b
\/hl(smo(s)ds( < Sllwollc (323)

then, for every nonzero solution w of the problem (1.3), (1.4), and functions u, €
C'(I;R) (n € N) such that the conditions (3.3),

WO @) —wD(@) <1/2n for tel,neN, (i=0,1) (3.24)
where v, (1) = un(l)||un||E1 fort €I and
up(a) =0, u,(b)=0 (3.25)

are fulfilled, there exists n1 € N such that

b
M, (w) / (h1(5) + fi(sun()w(s)ds =0 for n=ny.  (3.26)

Proof. Without loss of generality we can assume that ||wo||c = 1. Also it is not
difficult to verify that all the assumption of Lemma 1 are satisfied. Then, by the
definition of the sets By 1, By 2, the conditions (3.1), (3.2), and (3.16), we obtain the
estimate

b
/ Fi(sattn(s)w(s)ds > — [ yE(5)w(s)]ds + Mo (w). (3.27)

n.1

&An(w)z—/B 1 (sattm(s)wis)|ds + / L1 st (5))w(s) | ds.

n.1
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On the other hand, from the unique solvability of the Cauchy problem for the equation
(1.3) it is clear that

w'(a) #0, w'(b)#0, w'(t)#0 for i =1,....k (3.28)

if Ny, = {1,....t;}. Now note that, for any nonzero solution w of the problem (1.3),
(1.4), there exists  # 0 such that w(z) = Bwy(¢). Consequently

RE=0F if B>0 and QF =05 if p<O0. (3.29)
Then in view of (3.15) and (3.22), there exists n, > ng such that

[C+ | f1(s,r)wo(s)|ds # 0 and/or /_ | f1(s,—r)wo(s)|ds #0.  (3.30)

np,1 np.1

From (3.30), in view of (3.6), it follows that
/ N | f1(s,r)wo(s)|ds #0 for n>n, (3.311)
D,

and/or

/ | f1(s,—r)wo(s)|ds #0 for n>n,. (3.31,)
Dy

Consequently, all the assumptions of Lemma 3.2 are satisfied with G = D,}" and/or
G = D,, . Therefore, there exist g9 €]0,e2[, n3 > n2, and §p > 0 such that

I(D, .U .x) >80 for x =r, n=>ns, a3
I(D, ,Ug.x) = —=80/2 for x <—r, n>n3
if (3.31;) holds, and
I(D, ,Ugy,x) >80 for x <-r, n=>ns,
I(D;f, U}

n £0°

(3.33)
x)>—=80/2 for x>r, n>nj

if (3.31,) holds.
On the other hand, the definition of the set U, and (3.14), imply that there exists
ng4 > n3, such that

C,,cUt

€0°

C,2CU, for n=na. (3.34)
By these inclusions, (3.2), and (3.5) we obtain

Clri=AN\CHLoDIN\UL. Cry=4,,\Cry DD, \US (335)
for n > ny4. First suppose that Ny,, 7# @ and there exists n > n4 such that

Buo # @. (3.36)
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Then, by taking into account that f7 is non-decreasing in the second argument for
|x| > r, (3.3), (3.12), (3.16) and the definitions of the sets Bn 2: By 5. we get

| /1t un (@) = f1(t.un(?))
<f1( IIMnIIC) )f( ||un||C>‘ fort € B,
| /1t un ()] = = f1(1,—un (1))
—fl(t, ||un||C) ‘f( ||un||C)‘ fort € By

2n

(3.37)

Analogously, from (3.3), (3.13), (3.16), and the definitions of the sets Cn G W
obtain the estimates

luallc
@) =] A (T2 E)| for rech,

l[unllc _
At = /i =2 )| for recy.

Then from (3.1), (3.2), (3.9), (3.37) and respectively from (3.1), (3.2), (3.8), and
(3.38) we have

(3.38)

/B | f1(s,un(s))w(s)|ds

< [ 6w+ [ AT @)
Bn.2 n Bn_,2 2n

S/C'rj_zlfl( ”un”C) (s)|d +L;2|f1(s’ ”un”C) (s)|ds

and respectively

/B 1 5 ttm(5))w(s) s > / 1514 (5)) () s

Cn1
' (3.40)
UnllC UnllC
Crtl 2n (o 2n

If the condition (3.36) holds, from (3.39) and (3.40) we obtain

IfAlﬁ(lw)Z(/ (o Dy, O(S)\ds_/ [t lielcy, o(s))ds)
+(/C_ ‘fl(s,_ u;’llc)wo(s)‘ds—/c_ ‘fl(s’_ u;’llc)wo(s)‘ds),
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whence, by (3.34) and (3.35) we get
My (w)

> + 7+ ||un||C) - —_||un||C)
I ]I(Dn U5 +1( Dy U, . (3.41)
for n > n4. From (3.41) by (3.32) and (3.33) we obtain

~ b

M, (w) > % for n>na. (3.42)

On the other hand, in view of (3.10), (3.16), the definition of the sets A, 2, By,1, and
the fact that f7 is non-decreasing in the second argument, we obtain the estimate

/ i) 2 / VG + / Vs mrwiolds
= [, Vhenwelds+ [ 16wl
(3.43)

n,1 n,1

Now suppose that there exists n > n4 such that
Buo=0. (3.44)

"l:\hen from (3.30) and (3.43), (3.44) there follows the existence of §* > 0 such that
My (w) > |B]6*. From this inequality and (3.42) it follows that, in both cases when
(3.36) or (3.44) are fulfilled, the inequality

Mp(w) > |Bl8 for n>ng4 (3.45)

holds with § = min{éo/2,6*}. From (3.27) by (3.7) and (3.45), we see that for any
¢ €]0,4[ there exists n1 > n4 such that

b
/fl(s,un(s))w(s)dsz|,8|(8—8) for n>ny,

and thus

b
Mﬁg('w ) /a I (s)wo(s)ds

If Ny, = @ then |w(t)| > 0 fora <t < b and in view of (3.3), (3.24), (3.25) and

(3.28), the condition (3.44) holds, i.e., the inequality (3.46) also holds.
Consequently since & > 0 is arbitrary, the inequality (3.26) from (3.46) and (3.23)

follows. ]

>§—e— for n>n;. (3.46)

Lemma 5. Let wg be a nonzero solution of the problem (1.3), (1.4), r > 0, and
the conditions (3.16), (3.23) hold with f1(t,x) = fo(t)g1(x), where fo € L(I: Ry)
and a non-decreasing function g1 € C(R; R) be such that

lim |g1(x)| = +o0. (3.47)
[x]—+o00
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Then, for every nonzero solution w of the problem (1.3), (1.4) and functions up €
C'(I;R) (n € N) fulfilling the conditions (3.3), (3.24), (3.25), the inequality (3.26)
holds.

Proof. From the assumptions of our lemma it is clear that the relations (3.27)-

(3.35), (3.37)-(3.40) and (3.43) with f1(z,x) = fo(t)g1(x) and w(t) = Bwo(t) (B #
0) are fulfilled.
Assuming fC+ 1 | f1(s,r)wo(s)|ds # 0, the condition (3.31,) is satisfied i.e., (3.32)

holds.
Now notice that from (3.15) and the equality Cn'f | = QFN2\ C,;': 1) it follows
that there exist € > 0 and ng € N such that

/ . 1 fol)wo(s)lds > / | fo($)wo(s)lds —& > 0 (3.48)
Cn,l 91-1’)_
forn > ny.

First consider the case when there exists # > n4 such that the condition (3.44)

holds. Without loss of generality we can assume that n4 > n¢. Then by (3.29), (3.43),
(3.44) and (3.48), we obtain

My (w) = Iﬁllgl(r)l(f

Og

| fo(s)wo(s)|ds —8) >0, (3.49)

where ©g = 2.} if > 0and Og = 2, if p <O0.

Consider now the case when there exists n > n4 such that (3.36) holds. From
(3.3) and the definition of the set D, it follows that D,F C D F 41, and since g7 is
non-decreasing, from (3.32) we obtain

10} U0 =l l( [, Lowuelas— [ fowuawas)

€0
> |g1 ()l =L(D, .Uk r) = 8o
for x > r, with u = fD,T4\U;{) | fo(s)wo(s)|ds _fU;g | fo(s)wo(s)|ds > 0. By the last
inequality, (3.3), (3.32), and (3.41) we get
Mn(w) = |B1(1g1(r) |1 —80/2). (3.50)

Applying (3.49), (3.50) in (3.27) and taking (3.7) into account, we conclude that
there exist &1 > 0 and n1 > n4 such that

8o b
|ﬂ|(|g1(r)|lt1—?—81)§/ fi(s.un(s)w(s)ds for n>ny
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with up = min(u,f9+ | fo(s)wo(s)|ds —e). From (3.47) and the last inequality
wo

it is clear that, for any function /1, we can choose r > 0 such that the inequal-
ity (3.26) will be true. In a similar manner one can prove (3.26) in the case when

fc;z_l | f1(s,r)wo(s)|ds # 0.

O
Lemma 6. Let r > 0, there exist functions o, f~, f T € L(I,Ry) such that the
conditions
filt,x)<—f~(t) for x<-r,
+ 3.51)
(@) < filt,x) for x=>r
are satisfied,
sup{| f1(t,x)| :x e R} =a(t) for tel, (3.52)

and there exist a nonzero solution wq of the problem (1.3), (1.4) and € > 0 such that
b
—/ (ST (®)wo(s)]-+ /™ ()wo($)]+)ds +ellel|L
a
b
< —/ hi(s)wo(s)ds (3.53)
a

b
S/ (f~®wo )]+ f T () wols)]+)ds —ellel|L.

B Then, for every nonzero solution w of the problem (1.3), (1.4) and functions u, €
C'(I;R) (n € N) fulfilling the conditions (3.3), (3.24), and (3.25), there exists ny €
N such that the inequality (3.26) holds.

Proof. First note that, for any nonzero solution w of the problem (1.3), (1.4), there
exists B # 0 such that w(t) = Bwo(¢). Moreover, it is not difficult to verify that all
the assumptions of Lemmal are satisfied for the function w(t) = Bwg(¢). From (3.1),
(3.2), and (3.52) we get

My (w) > — /A s + /B fitsumuts)ds

b
—1—/ hi(s)w(s)ds. (3.54)
a
On the other hand, by the definition of the set By,; we have
sgnuy,(t) =sgnw() for te€ BZI UB, ;. (3.55)
Hence, by (3.1), (3.2), (3.10), (3.51), and (3.55), from (3.54) we obtain the estimate

b
My (w) —/ hi(s)w(s)ds
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_ . )
2 [, o, SO 4 [ st [ 76w
(3.56)

> — + B
> AMUBn’Za(s)lw(s)lds+/CI1f (S)Iw(s)lds+/cn_!lf (5)w(s)lds.

Now, note that f~ =0 and f* = 0 if f1(z,x) = 0. Therefore by (3.7), (3.11),
(3.15), and the inclusions C,j:l cQf, C,.1 C $§2,,, we see that there exist ¢ > 0 and
n1 € N such that

1
sellale= [ a@hotolds
An1UBy >

(3.57)
1
/9% fi(5)|w0(s)|d~9—§8||06||L S/c,;tl FE$)|wols)|ds

for n > ny. By virtue of (3.56) and (3.57), we obtain

Mn(w)>_ N
Bl 8”“”L+f%f () [wo(s)|ds

b
+ /9 FOolds +o / 71 (s)wo(s)ds
for n > ny, where 0 = sgn 8. Now, by taking into account that
b
[9 16 wo(9)lds = /Q , 1Owos)lds = / 1(5)[wo ()] ds
if >0 and
b
/Q 16w (9)lds = fg . (Ohuos)lds = f 1(5)[wo(s)]xds

if B < 0 for an arbitrary [/ € L(I, R), from the last inequalities we get
Mp (w)
Bl

b
> _ellallL + / (o4 + £~ () [wols)1)ds
b
—I—[ hi(s)wo(s)ds for n>n
ifo =1, and

b
M(;g(lw) > —8||05||L+/ (f+(s)[w0(s)]—+f_(S)[wo(s)]+)ds

b
—[ hi(s)wo(s)ds for n>ny
a
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if 0 = —1. From the last inequalities and (3.53) we immediately obtain (3.26). ]

Lemma 7. Let problem (1.3), (1.4) has the nontrivial solution. Than there exists
& > 0 suth that the equation
w’(t)y=Apt)w for tel, (3.58)
under boundari conditions (1.4) has only the trivial solution if A €]1,1 + ¢].

Proof. Let G be the Green’s function of the boundary value problem u”(¢) =
0, u(a) =0, u'(b) = 0, then problem (3.58), (1.4) is equivalent to the equation
w(t) = A(w)(t), where the operator I" : C(/;R) — C(I;R) is defined by the
equality I'(x)(t) = fab G(t,s)p(s)x(s)ds. As it is well-known I" : C(/;R) —
C(I:;R) is a compact operator, and then for every r > 0 the disc |A| < r, contains
at most finite number of characteristic values [see [9], Capitol XIII, §3, Theorem 1].
From this fact the existence of & > 0 such that the set |1, 1 + ¢] does not contain the
characteristic values of the equation w(¢) = A" (w)(¢), it follows. Consequently this
equation, i.e., problem (3.58), (1.4) has only the trivial solutionif A € ]1,14+¢]. O

4. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. Let py(t) = (14 (—1)! /n)p(t) and for any n € N, consider
the problems

up (t) = pn(Oun(t) + f(t,un(t)) +h(r) for el (4.1)

up(a) =0, u,(b)=0. 4.2)

and (3.58). In view of the condition (2.3) and the fact that (—1)! f(¢,x) is non-
decreasing in the second argument for |x| > r, we obtain

1
lim
n—>+oo ||Zn||c

b
f | f(5.2n(s)lds = 0 “3)

for an arbitrary sequence z, € C(I; R) with lim,— 4+ ||Zn]|c = +00. Moreover, in

view of Lemma 7, the problem (3.58) has only the zero solution for every n > ny.

Therefore, as it is well-known (see [12], Corollary 2.1, p. 2271), from the inequality

(4.3) it follows that the problems (4.1), (4.2) has at least one solution, suppose uy,.
Assume that

limy,— 1 oo |[un|lc = +00 (4.4)

and vy, (t) = u, (t)||un| |El, then the conditions
vp(a) =0 v, (b) =0, 4.5)
llvnllc =1 (4.6)

are fulfilled, and

U;/{(l)=Pn(l)vn(f)Jrm(f(hun(f)))Jrh(l))- 4.7
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Hence, by the conditions (4.3) and (4.6), from (4.7) we get the existence of ro > 0
such that ||v},||c < ro. Consequently, in view of (4.6) by the Arzela-Ascoli lemma,
without loss of generality we can assume that there exists a function w € C’ (I,R)
such that limy,— 4 oo v,(ll)(t) =w®(t) (i =0,1) uniformly on /. From the last equal-
ity and (4.4) there follows the existence of an increasing sequence {ox }:3 of a
natural numbers, such that ||ug, ||c > 2rk and ||v§fk) —w®||c <1/2k fork € N.
Without loss of generality we can suppose that u, = ug,, and v, = vq,,. In this case
we see that u, and v, are the solutions of the problems (4.1), (4.2) and (4.7), (4.5)
respectively, and the inequalities

lunllc =2rn, 0@ —w®||c <1/2n for neN (4.8)

are fulfilled.

From (4.7), by virtue of (4.5), (4.8) and (2.3), we obtain that w is a solution of the
problem (1.3), (1.4). Multiplying the equations (4.1) and (1.3) respectively by w and
—u,, and therefore integrating their sum from « to b, in view of conditions (4.2) and
(1.4), we obtain

b b
(1) +1 unlle / D)W (s) v (s)ds = f (h(s) + f(s.un(s)w(s)ds  (49)

n
for n > ng, where in view of conditions (4.8) the equality
b

b
lim / P(s)W(s)vn(s)ds = / p(s)w3(s)ds

holds. On the other hand multiplying equation (1.3) by w, and therefore integrating
from a to b, in view of condition (1.4), we obtain

b b b
/ p(s)w?(s)ds :/ w” (s)w(s)ds = —/ w'?(s)ds <0,
and from (4.9) by the last two relations we get
b
(=1) / (h(s) + f(s.un(s)))w(s)ds > 0. (4.10)

for n € N > ng. Now note that, in view the conditions (2.1), (2.2), (2.4), (4.2),
and (4.8), all the assumptions of Lemma 4 with f(t,x) = (=1)' f(t,x), h1(t) =
(=1)"h(t) are satisfied. Therefore, the inequality (3.26) is true, which contradicts
(4.10). This contradiction proves that (4.4) does not hold and thus there exists r1 > 0
such that ||u,||c < r1 for n € N. Consequently, from (4.1) and (4.2) it is clear that
there exists | > O such that |[u,||c <r{ and |u,(t)|<o(t) for tel, neN,
where o (t) = 2|p(t)|r1 + |h(2)| + yr, (¢). Hence, by Arzela-Ascoli lemma, without
loss of generality we can assume that there exists a function ug € C’ (1; R) such that
limy,—s 4 00 uf,l ) ()= u(()l) () i =0,1) uniformly on /. Therefore, it follows from (4.1)
and (4.2) that u¢ is a solution of the problem (1.1), (1.2). ]
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Proof of Theorem 2. The proof is the same as the proof of Theorem 1. The only
difference is that we use Lemma 5 instead of Lemma 4. O

Proof of Theorem 3. From (2.13) it is clear that, for an arbitrary sequence z, €
C(I; R) such that limy,— 400 ||zn||c = +00, the equality (4.3) holds. From (4.3) and
Lemma 6, analogously as in the proof of Theorem 1, we show that the problem (1.1),
(1.2) has at least one solution. O
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