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Abstract. In this paper, we will consider the coupled fixed point problem for single-valued op-
erators satisfying a symmetric contraction condition with respect to maximum. An application
to a periodic boundary value problem illustrates the results. The study of a coupled coincidence
problem is also suggested.
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1. INTRODUCTION

An interesting extension of the Banach’s contraction principle was given, in the
framework of so-called b-metric spaces (or quasimetric spaces), by S. Czerwik, see
[5]. For some previous results concerning the topology of b-metric spaces see also
I.A. Bakhtin [1], L.M. Blumenthal [4], J. Heinonen [8] and the references therein.

The concept of coupled fixed point and the study of coupled fixed point prob-
lems appeared, for the first time, in some papers of Opoitsev (see [11]), and then in
the paper-source of D. Guo and V. Lakshmikantham [7], where the monotone itera-
tion technique is exploited. Then, T. Gnana Bhaskar and V. Lakshmikantham in [6]
considered the contraction type method and gave important abstract results and nice
applications to periodic boundary value problems. For other contributions, see [10],
[15], [16] and the references therein.
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If (X,d) is a metric space and T : X x X — X is an operator, then, by definition,

a coupled fixed point for 7 is a pair (x*, y*) € X x X satisfying
yr=T (" x%).
We will denote by CFix(T) the coupled fixed point set for 7.

Some nice generalizations of the results given in [6] were presented by V. Berinde
in [3], where a symmetric contraction type condition on the operator T is assumed.
See also [12] for a similar approach, but using a different metric.

The aim of this paper is to present, in the context of b-metric spaces, some coupled
fixed point theorems for another type of symmetric contractions with respect to the
maximum. An application to a boundary value problem, via a system of integral
equations will illustrate the theory.

(1.1

2. PRELIMINARIES

Throughout this paper N stands for the set of natural numbers, while N* for the
set of natural numbers except 0.
We will recall now the definition of a b-metric space.

Definition 1 (Bakhtin [ 1], Czerwik [5]). Let X be a nonempty set and let s > 1 be
a given real number. A functional d : X x X — Ry is said to be a b-metric if all the
axioms of the metric are satisfied, with the following exception:

d(x,z) <sld(x,y)+d(y,z)], forall x,y,z € X.

A pair (X, d) with the above properties is called a h-metric space.

Some examples of h-metric spaces are given in [2], [5], ...

It is worth to mention that the h-metric on a nonempty set X need not be con-
tinuous. Moreover, open balls in such spaces need not be open sets in the topology
induced by d. The convergence of sequences is defined in the classical way, i.e.,
(xn)neN C X converges to x € X if (d(xn,x))neN — 0 as n — oo. In this context, a
set Y C X is said to be closed if for any sequence (x,),en in ¥ which is convergent
to some x, we have that x € Y.

Lemma 1. Let (X,d) be a b-metric space with constant s > 1. Then, the func-
tional d : (X x X) x (X x X) — Ry defined by

c?((x,y),(u,v)) = max{d(x,u),d(y,v)}
is a b-metric on X x X with the same constant s > 1.

Proof. We will only establish the third axiom of the b-metric. We have to prove
that, for every (x,y), (u,v),(a,b)) € X x X, we have:

d((r. ). (,0)) <5 (9. (@) +d (@@.b). (w.v) ).
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which means that
max{d(x,u),d(y,v)} <s(max{d(x,a),d(y,b)} + max{d(a,u),d(b,v)}).
Since d is a b-metric on X, we know that
d(x,u) <s(d(x,a)+d(a,u)) and d(y,v) < s(d(y,b) +d(b,v)).
Thus, using the inequality between positive real numbers
max{o + B,y + §} < max{a, y}+ max{B,d},

we immediately get the conclusion. g

We also mention two continuity concepts. Let (X, d) be a b-metric space. Then f
is called:

a) continuous on X if for every x € X and any sequence (X, ),en in X which
converges to x in (X, d), it follows that the sequence ( f(x5)),eN converges to f(x)
in (X,d);

b) with closed graph if for every sequence (x;)nen in X which converges to x
in (X, d) and the sequence ( f(xz))nen converges to y in (X, d) as n — oo, we have
that y = f(x).

If X is anonempty setand f : X — X, then we denote Fix(f):={xe X : x =
f(x)}, the fixed point set for f and by Graph(f) :={(x, f(x)) | x € X}, the graph
of f.

3. EXISTENCE AND UNIQUENESS RESULTS FOR THE COUPLED FIXED POINT
PROBLEM WITH MAX-SYMMETRIC CONTRACTION TYPE OPERATORS

We will present first a coincidence point result which is an extension to the case
of h-metric spaces and to a coincidence point problem of a well known fixed point
theorem given by Ran and Reurings [14].

Theorem 1. Let (X,d) be a b-metric space with constant A > 1, Y be a nonempty
set and "<” be a partial order relation on Y . Let p be a b-metric on Y with constant
s> 1andg,t: X — Y be two operators which have closed graph. Suppose that:

(i) 1(X) C g(X);

(ii) (t(X), p) is a complete subset of Y ;

(i) there exists k € (0,%) such that d(t(x),t(y)) < kd(g(x),g(y)),Vx,y €
X with g(x) < g(y);

(ii) there is xo € X such that g(xo) € t(X) and g(xo) < t(xp);

(iii) t is increasing wit respect to g, i.e.,

X1,x2 € X and g(x1) < g(x2) = t(x1) <t(x32).

Then, there exists x* € X and y* € t(X) such that g(x*) = t(x*) = y* and,
moreover, the sequence (Zn)neN defined by g(zn+1) = t(2n), Starting from any point
zo € X which is comparable to xq, converges to a coincidence point of t and g.
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Proof. Letus define f :=tog~'. Then, we have for f the following properties:

1) f is a single-valued operator on ¢ (X);

2) fit(X) > t(X);

3) f has closed graph;

3) p(f (1), f(32)) < kp(y1.y2), forall y1,y2 € 1(X) with y1 < y2;
4) f isincreasing on ¢ (X);

5) if yo := g(xo), then yo < (to g™ ) (yo) = f(y0).

By Theorem 3.1 in [12], we obtain that Fix(f) # @. Let y* € Fix(f). Then
(tog™hH(y*) = y*. Thus, if we denote x* := g~1(y*), then we have ¢(x*) =
g(x*) = y*, showing that x* is a coincidence point for ¢ and g. Moreover, the
sequence y,+1 = f(yn) (Where n € N), starting from yq := 7(xo) converges to y* as
n — 0o, while the sequence x, defined by g(x,+1) = f(x,) (Where n € N) converges
to x* as n — oco. The final part of the conclusion follows from Theorem 3.1 in
[12]. U

Remark 1. Notice that, as in the fixed point equation case, the uniqueness of the
fixed point of f and global convergence of the successive approximations sequence
of f (and, as a consequence, that of the coincidence point) can be obtained adding
the hypotheses that g is an injection and every pair of elements of X has a lower
bound or an upper bound (or an equivalent assumption that for every x, y € X there
exists z € X which is comparable to x and y).

Remark 2. The particular case X =Y and g(x) = x, leads to Theorem 3.1 in [12].

We recall now the concept of mixed monotone operator.

Definition 2. Let (X, <) a partially ordered set and 7 : X x X — X. We say that
T has the mixed monotone property if 7(-, y) is monotone increasing for any y € X
and T'(x,-) is monotone decreasing for any x € X.

Let (X, <) be a partially ordered set and d be a b-metric on X . Notice that we can
endow the product space X x X with the following partial order:

for (x,y),(u,v) € X x X, we write (x,y) <p (U,v) & x Ju,y > v.
Our first existence result for the coupled fixed point problem (1.1) is the following.

Theorem 2. Let (X, <) be a partially ordered set and let d : X x X — R4 be a
complete b-metric on X with constant s > 1. Let T : X x X — X be an operator
with closed graph which has the mixed monotone property on X x X. Assume that
the following conditions are satisfied:

(1) there exists k € (0, %) such that
max{d(T(x,y), T (u,v)),d(T(y,x),T(v,u))} <kmax{d(x,u),d(y,v)}, Vx 2u,y > v;

(ii) there exist xqg,yo € X such that xo < T (x¢,y0) and yo > T (y0,X0);
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Then, the following conclusions hold:
(a) there exists (x*,y*) € X x X a solution of the coupled fixed point problem
(1.1), such that the sequences (xn)neN, (Vn)neN in X defined, for n € N, by

Xn+1 =T (Xn, yn)
Yn+1 =T (yn,Xn),
have the property that (xp)peN —> X*, (Vn)nen — ¥* as n — oo. Moreover, for

every pair (x,y) € X x X with x < xo and y > yo (or reversely), we have that

(T™(x,y))neN converges to x* and (T"(y,x))neN converges to y*.
(b) In particular, if the b-metric d is continuous, then the following estimation
holds

max{d(T" (x0.y0).x*).d(T" (yo.x0).y")} <
foralln € N*,

(3.1)

n

k
—— max{d(x0. T (x0.70)).d(y0. T (0. x0))}

1—

Proof. Wedenote Z := X x X. By (ii), we have that 7y := (x¢, y0) <p (x1,y1) :=
z1. If we define x5 := T(x1, y1) and y, := T(y1,x1), then we get
x2:=T(x1,y1) = Tz(xo,yo) and y7 :=T(y1,x1) = Tz(yo,xo).
With these notations, due to the mixed monotone property of 7', we have that
x2 =T(x1,y1) = T(x0,y0) = x1 and y2 = T'(y1,x1) < T(y0.X0) = y1.
which means that z1 = (x1,y1) <p (x2,¥2) ;= 22.
By this approach, we obtain the sequences (x5 )neN, (¥n)neN in X with
Xnt1 =T (Xn,yn)
3.2
By induction, we can easily verify that
Zn = (Xn,Yn) <P (Xn+1,Yn+1) = Zn+1, Y n € N.

Hence, (2,)neN is @ monotone increasing sequence in (Z, <p).
We introduce now the functional d : Z x Z — Ry defined by

d((x,y), (u,v)) := max{d (x,u),d(y,v)}.
By Lemma 1, the functional d defines a h-metric on Z with the same constant s >1

and, moreover, if the space (X, d) is complete, then (Z, d ) is complete too.
We define on Z the operator F : Z — Z given by

F(x,y):=(T(x.y).T(y.x)).
Notice first that z,,+1 = F(25), for n € N, where z¢ := (xo,y0). Secondly, let us
observe that, by the mixed monotone property of 7', we have that F is monotone
increasing with respect to <p, i.e.,

(x,y),(u,v) € Z, with (x,y) <p (u,v) = F(x,y) <p F(u,v).
Notice also that, since T has closed graph, then F has closed graph too.
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We prove now that F is a contraction in (Z, d ) on all comparable (with respect to
<p) elements of Z. Indeed, for all z,w € Z with z := (x,y) <p (u,v) := w, we
have

d(F(z).F(w)) =d(F(x.y), F(u,v)) =d (T (x.y). T(y.%)),(T(u,v). T (v,u))) =
max{d(T(x, ), T(u,v)),d(T(y.x),T(v,u))} <kmax{d(x,u).d(y,v)} =kd(z. w).
Moreover, since

d(F(zn), F(znt1)) < k"d(20,21),

we have that
j n o1y o 1= (sk)?
d(zn.Zn+p) <sk" (1 +sk+---+ (sk)P7)d (z0,21) = sk ————

d(z0,21).
1—sk (20.21)

(3.3)
Thus, by our hypotheses and the definition of F', we get that F satisfies all the as-
sumptions in Theorem 1 (for the particular case presented in Remark 2). Hence we
get that F has at least one fixed point z* € Z and, for any z € Z which is comparable
with z¢, the sequence of successive approximations for F starting from z converges
to a fixed point of F. In particular, the sequence z, = (Xz, yn) constructed below
converges in (Z,d) to z* := (x*, y*) as n — oo and, if additionally, the b-metric d
is continuous, we have the following estimation of the error:

n

. -d(z0,z1), foralln € N*,

n

which means that
k
max{d(xn’X*)ad(ynsy*)} S l k 'max{d(XO,xl)ad(J’O,YI)}, for all ne N*

As a consequence, we also have that (x,),eNn = X*, (Vn)nen — y*in (X,d) asn —
oo. Moreover, by the particular case of Theorem 1 noticed in Remark 2, for every pair
(x,y) € X x X with x < x¢ and y > yq (or reversely), we have that (T"(x,y))neN
converges to x* and (7" (y,x))nen converges to y*. Notice also, that by (3.3),
letting p — oo, we get the final estimation of the conclusion. This completes the
proof. U

Concerning the uniqueness of the coupled fixed point, by Remark 1, we get the
following result.

Theorem 3. [f, in addition to the hypotheses of Theorem 2, we suppose either that
for every (x,y),(u,v) € X x X there exists (z,w) € X x X such that

(x=2z,yzw)or(z=x,w>y)

u=<z,v>=w)or(z=<u,w>v), (3.4)

or that

every pair of elements of X has a lower bound or an upper bound, 3.5)
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then the coupled fixed point in Theorem 2 is unique and for every pair (x,y) € X x X
we have that (T"(x,y))nenN converges to x* and (T"(y,x))neN converges to y* as
n— oQ.

Concerning the existence of a fixed point for T (in the sense that 7'(x, x) = x), we
can prove the following result.

Theorem 4. If we assume that all the hypotheses of Theorem 3 take place, then
for the unique coupled fixed point (x*,y*) of T we have that x* = y*, i.e.,, x* isa
fixed point for T

Proof. We will work again on Z with the metric d:ZxZ— R4+ defined by
d((x.y). (u.v)) 1= max{d(x.u).d(y.v)}.

From Theorem 3, the coupled fixed point problem for 7" has a unique solution (x*, y*).
We will consider two cases:

Case 1. If x* and y* are comparable, then, from the contraction condition on
T, written for x = v :=x*,y = u = y*, we obtain

max{d (T (x*,y*), T(y*,x™)),d(T(y*,x"), T(x*,y"))} < kmax{d(x*,y").d(y",x")},

which yields that d(x*, y*) < kd(x*,y*). Since k < 1, we get that d(x*, y*) = 0.
Thus x* = y*.

Case 2. If x* and y* are not comparable, then there exists z € X which is
comparable to x* and y*. Suppose, for example, that x* < z and y* < z. In view of
the definition of the partially order relation <p on X x X, we obtain that (x*,y™),
(x*,2), (z,x*) and (y*,x™) are comparable with respect to <p. From the proof of
Theorem 2, we know that F : X x X — X x X, givenby F(x,y) =(T(x,y),T(y,x))
is a k-contraction on all comparable (with respect to <p) elements of Z. Moreover

d(F"(u), F"(v)) <k™d(u,v),Yu,v € X x X, withu <p v.
Then, for u := (x*,z) and v := (x*, y*), we get
d(F"(x*,2), F*(x*,y*) < k"d((x*,2), (x*,y*)) = k"d (2. %).
Similarly, for u := (x*,z) and v := (z,x*), we obtain
d(F"(x*,2), F"(z.x™) <k"d ((x*.2).(2.x7) = K"d (x*.2).
while for u := (y*,x*) and v := (z,x™), we can write that
d(F"(y* x*). F"(2,x™) < k"d (7" x"). (2.x7) = K"d (v, 2).
As a consequence of the above three relations, we have
d(x*.y*) = d((*y"). (v*.x") = d (F" (*,y), F" (y*,x")) <
s (P, %), FP (%, 2)) + d(F (x.2), F" (", x™)) ) =

sd(F" (5" y") F" (6", 2) 4% (d(F"(*.2), P12 +d (F" (@x") P (0" x")) <
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sk™d(z,y*)+s2k"(d(x*,2) +d(y*,2)) = sk"[(1+5)d(y*,2) +sd(x*,2)] = 0 as n — co.
Hence, we get that x* = y*.
In a similar way, we can treat the rest of the cases. The proof is now complete. []

It is worth to mention now that if we consider the coupled fixed point problem
(1.1) in a complete h-metric space and we assume that the maximum-symmetric con-
traction condition on 7" holds on X x X, then the following theorem can be deduced.
Notice that, in this case, we can relax the condition on the contraction constant to
k<1.

Theorem 5. Let (X,d) be a complete b-metric space with constant s > 1. Let
T : X x X — X be an operator. Assume that there exists k € (0, 1) such that, for all
(x,y),(u,v) € X x X, we have

max{d(T(x,y), T(u,v)),d(T(y,x),T(v,u))} <kmax{d(x,u),d(y,v)}.

Then, the following conclusions hold:

(a) there exists a unique solution (x*,y*) € X x X of the coupled fixed point
problem (1.1), and, for any initial point (xg,y0) € X X X, the sequences (Xp)neN,
(Vn)nen defined, for n € N, by

Xn+1 = T(xn,Yn)

3.6
Yn+1 =T (Yn.Xn), (36

converge to x* and respectively to y* as n — oo.
(b) In particular, if k < % and the b-metric d is continuous, then, for all n € N*,
the following estimation holds

n

k
- max{d(x0. T(x0.0)).d (0. T (0. X0))}.

1—
Proof. We introduce on Z := X x X the functional d:ZxZ— R4+ defined by
cf((x,y), (u,v)) := max{d(x,u),d(y,v)}.

Notice that, as before, d is a b-metric on Z with the same constant s > 1 and, if the
space (X, d) is complete, then (Z,d) is complete too.
We consider now the operator F' : Z — Z given by

F(x,y):=(T(x,y).T(y,x)).
It is easy to prove now that F is a contraction in (Z, d ) with constant k € (0,1), i.e.,

cZ(F(z),F(w)) < kcz(z,w), forallz,w € Z.

max{d(T" (xo.0).x*),d(T" (yo.x0). ")} <

The first conclusion follows now by applying the b-metric space version of the con-
traction principle, see [5] or Theorem 12.2, page 115 in [9]. For the estimation, we
can repeat the arguments in our previous existence theorems. O
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Remark 3. We notice that, using Theorem 1 and the same method as before, we
can study the following coupled coincidence problem:

g§(x)=T(x.,y) 3.7)
gy)=T(y.x).
4. A THEORY OF THE COUPLED FIXED POINT SET FOR MAX-SYMMETRIC
CONTRACTIONS

In this section, we will study some qualitative properties of the coupled fixed
point set related to a symmetric contraction condition, such as: data dependence,
well-posedness, Ulam-Hyers stability and limit shadowing property.

For the data dependence problem, we have the following result.

Theorem 6. Ler (X,d) be a complete b-metric space with constant s > 1. Let
Ti : X x X — X (i € {1,2}) be two mappings. Assume that the following conditions
are satisfied:

(i) there exists k € (0, %) such that, for all (x,y),(u,v) € X x X, we have

max{d(T1(x,y), T1(u,v)),d(T1(y,x), T1(v.u))} < kmax{d(x,u),d(y,v)};

(ii) the operator Ty has at least one coupled fixed point in X x X ;
(iii) there exists n > 0 such that

d(T1(x,y),Ta(x,y)) <n, forall (x,y) € X x X.

In the above conditions, if (x*, y*) denotes the unique coupled fixed point for Ty,

then
s

n
1—sk’

Proof. Since the operator T} satisfies the hypotheses of Theorem 5, there exists a
unique coupled fixed point for 77, say (x*, y*). Let (x, y) € CFix(T>). We consider
again the b-metric d:ZxZ— R4 defined by

d((x,y), (u,v)) := max{d (x,u),d(y,v)}.

max{d(x*,x),d(y*,y)} < V(x,9) € CFix(T>).

Then, we have:
d((x*.y").(5.9) = d(T1(".y"). Ty (v*.x). (T2(%.5). T2(7.9))) <
s (A@E ). ") OUE DTG +d (T1E D). G0 (T2(F5). T2(7.5) ) <

s (kmax{d((x*, %), (%, )} +n) = 5 (kd((*,3"), (& 7)) +1).
Thus,
3 S
d((r" y™). (F9) <

and the proof is complete. O
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We will study the well-posedness of the coupled fixed point problem (1.1).

Definition 3. Let (X, d) be a b-metric space with constants > land 7 : X x X —
X be an operator. By definition, the coupled fixed point problem (1.1) is said to be
well-posed if:
(i) CFix(T) ={(x*,y")}
(ii) for any sequence (X, Yn)nen in X x X for which d(x,, T (x5, yn)) — 0 and
respectively d(yn, T (yn,Xn)) — 0 as n — oo, we have that (x,) — x* and (y,) —
y*asn — oo.

A well-posedness result is given in the following theorem.

Theorem 7. Assume that all the hypotheses of Theorem 5 take place. Additionally,
assume that the contraction constant k of T satisfies the condition k < % Then the
coupled fixed point problem (1.1) is well-posed.

Proof. By Theorem 5 we get that CFix(T) = {(x™,y*)}. Let (x5, Yn)nen be a
sequence in X x X for which d(x,, T (x5, yn)) — 0 and respectively d (v, T (¥n, Xn))
— 0 as n — oo. As before, we will work on Z := X x X with the metric d given
above. Then, we have:

d ((xn, yn), (x*,3*)) = d ((xn, yn), (T (¥, y*), T(y*,x*))) <
$ (d(Con. y). (T Cons ). TG X)) + A (T Cone yn). T o)) (T, ). T (%, 2)))) <

S (max{d(xn, T(xn,yn)).d(Yn,T(yn,xn))} +kmax{d(xnax*)’d(yn,y*)}) .

Thus
ci((x,,,y,,), (x*,y*) < ] il . max{d(xn, T (xn,yn)),d(Yn. T (Yn,Xn))} — 0 as n — co.
—s

Hence, we get that (x,) — x™ and (y,) — y* asn — oc. U

We will consider the Ulam-Hyers stability of the coupled fixed point problem (1.1).

Definition 4. Let (X, d) be a h-metric space with constants > land 7 : X x X —
X be an operator. Let d be any b-metric on X x X generated by d. By definition,
the coupled fixed point problem (1.1) is said to be Ulam-Hyers stable if there exists
an increasing operator ¥ : Ry — R4, continuous in 0 with ¥ (0) = 0, such that for
each ¢ € RY and for each solution (¥, y) € X x X of the inequality

d((x.y).(T(x.y).T(y.x) ¢
there exists a solution (x*, y*) € X x X of the coupled fixed point problem (1.1) such
that B
d((x*,y").(x.7) =¥ ().

An Ulam-Hyers stability result for the coupled fixed point problem (1.1) is given
in the following theorem.
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Theorem 8. Assume that all the hypotheses of Theorem 5 take place. Additionally,
assume that the contraction constant k of T satisfies the condition k < % Then the
coupled fixed point problem (1.1) is Ulam-Hyers stable.

Proof. By Theorem 5 we get that CFix(T) = {(x™, y*)}. Let any ¢ > 0 and let
(x,¥) € X x X such that

max{d(%,T (%, 7)),d(7,T(7.%))} <e.
Then, working on Z := X x X with the b-metric d , we have
d((%,5), (x*,y*)) = d((%,7),(T(x*,y*). T(y*,x*))) <
s (4(E5).(TEH).TE0) +d(TE 5. TER), (TE* 3. TR x") <

s (max{d(%,T(x,7)),d(7,T(y.%))} + k max{d(%,x*),d(y.y")})
Thus

d((%.3). (") < e,

which leads to our conclusion. O

The so-called limit shadowing property will be discussed now for the case of a
coupled fixed point problem.

Definition 5. Let (X,d) be a b-metric space with constant s > 1 and 7 : X X
X — X be an operator. By definition, the coupled fixed point problem (1.1) has
the limit shadowing property if, for any sequence (X, yn)nenN in X X X for which
d(xn+1,T (xn,¥n)) — 0 and respectively d(yn+1, T (¥n,Xn)) — 0 as n — oo, there
exists a sequence (T"(x,y),T"(y,x))nen such that d(x,,T"(x,y)) — 0 and
d(yn, T"(y,x)) > 0asn — oo.

A shadowing type result for the coupled fixed point problem is the following result.

Theorem 9. Assume that all the hypotheses of Theorem 5 take place. Additionally,
assume that the contraction constant k of T satisfies the condition k < % Then the
coupled fixed point problem (1.1) for T has the limit shadowing property.

Proof. By Theorem 5 we know that CFix(T) = {(x*,y*)} and, for any initial
starting point (x,y) € X x X, we have that (T"(x,y)) — x* and (T"(y,x)) —> y*
as n — oo. Let (x5, yn)neN be a sequence in X x X such that

d(xpn+1,T(xn,¥n)) = 0and d(¥n+1, T (¥n,xn)) = 0,

as n — oco. We consider again on Z := X x X the b-metric d. Then, for every
(x,y) € X x X, we have

d (g1 ynn). (T 0, 9), T (3,2)) <
s[4 (@1 me) Ty )+ A T @) T ) .
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For the first term of the above sum, we can write

d((nt1.yns1). (4. 3)) <
S[g((xn+lvYn+1)a(T(an’n)vT()’n’Xn))) +d~((T(Xn7Yn)vT(anxn)), (T(-X*vy*)sT(y**-X*)))] =

$d (X1, Ynt 1) (T Gns yn)s T (Yms Xn))) + 5kd (X, ), (x*, 9%)) <
Sj((xn+1 » yn—l—l)a (T(xn ) yn)s T(yn,xn)))"‘
sklsd (s yn)s (T 1, Yn—1)> T n—1, Xn-1))) + skd (Xn—1, yn—1), (x*, y*))] <

n
<8 Z(sk)"_l’d((xpﬂ,ypﬂ), (T (xp.yp). T(p.Xp))) + (sk)"F1d ((x0. o). (x*. y)).
p=0
The first therm of the above sum converges to zero by the Cauchy Lemma (see, for
example [13]), while the second one goes to zero since sk < 1.
Thus,

d((tnt1.ynt1) (T"H (e, 9). T (9, x))) > 0 as n — oo,
and the conclusion follows. O

Remark 4. Notice that similar results (such as data dependence, well-posedness
property, Ulam-Hyers stability, limit shadowing property) can be established in the
framework of a metric space endowed with a partial order relation and under the
max-symmetric contraction condition with respect to the comparable elements of the
space and the mixed monotone assumption on 7', but, in this case, some additional
assumptions (involving comparison properties of some elements, see Theorem 2 in
Section 3.) must be imposed.

5. AN APPLICATION TO A PERIODIC BOUNDARY VALUE PROBLEM

We will discuss now an application of the previous results to a periodic boundary
value problem of the following type:

x'(t) = f(t.x(t))+g(t.x(1)).t € (0.T) 5.1)
x(0) =x(T). )

A solution of the above problem is a function x € C [0, T'] satisfying the above rela-

tions.

The above problem was considered for the first time in [7] and then in some related
papers. We mention here the paper [3], where a nice improvement is given. We will
follow the above mentioned paper for the terms of our problem.

Let A1,A > 0 such that:

In2¢=l < (A, — AT,

(A +A2)T <1. (5.2)
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In order to obtain the solution of (5.1) we study now the existence of a solution of
the following periodic system of differential equations:

X,+Alx—kzy = f([’x)+g(tsy)+klx_kzyat € (Ov T)
V+Ay —Aax = f(t.y) +g(t.x) + A1y —Aax
x(0) =x(T)

y(0) = y(T),

which is equivalent to the following system of integral equations for ¢ € [0, T']

(5.3)

x(t) = fT G1(t.)[f(s,x) +g(s,y) +A1x —A2Y] + Ga(t,5)[ f(s,y) + g(s,x) + A1y — A2x]ds
y() = [o G1(t.9)[f(5.y)+&(s.x) + A1y —Aax]+ Ga(t,5)[f(5,X) + &(5.y) + A1x — A2 y]ds,

where G1, G, have the same expressions like in [7]. By the assumptions (5.2), we
obtain (see [7]) that G1(¢,s) > 0 and G(¢,s) <0, forall ¢,s € [0, T].

Then, we have the following existence and uniqueness result for the periodic sys-
tem (5.3).

Theorem 10. Consider the periodic system of differential equations (5.3). We
suppose:
(i) f:[0,T] xR — Rand g : [0,T] x R — R are continuous;
(ii) there exists A1, A2, b1, o > O such that, for every x,y € R with y < x, we
have

0=<(f(t,x)+A1x)=(ft,y)+A1y) Spu1(x—y)
—p2(x —y) < (g(t,x)—Azx)—(g(t,y) —A2y) <0,

[+ o 2+ pri—p2\? 1
A+ Ao Al—An 2
(iii) the relations (5.2) are satisfied;

(iv) there exist lower and upper solution x¢, yo € C[0,T] for the system (5.3)
such that

where

{ A1 (x0(T) — x0(0)) + A2 (y0(0) — yo(T))<M (5.4)

A1 (30T = o (0) + Az (r0(0) — xp(T) < 28200,
Then, there exists at least one solution (x*, y*) of the system (5.3).

Proof. We will work in the h-metric space with constant s =2 (X,d), with X :=
C[0,T] and

d(x,y):= max ((x(1)=y(0))*) =(x—y)llc.
t€[0,T]

where || - ||c denotes the classical Chebyshev norm.
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We can prove that all the assumptions of Theorem 2 are satisfied. We define S :
XxX — Xby

T
S(x, y)(@) I=/(; (G1(t,9)[f(s,x)+g(s.¥) +A1x =2y + G2 (2, 9)[f (s, ¥) +8(s,X) + A1y —A2x])ds.
Then, the system (5.3) can be written as a coupled fixed point problem for S:
x=S5(x,y)
y=58.x).
By (ii), it follows, in a similar way to [7], that S satisfies the mixed monotone condi-
tion.

By (iv), we have that x¢ () < S(x0,y0)(¢) and yo(¢) > S(yo, x0)(¢), forall z € [0, T].
Moreover, for x <u,y > v, we can write

(S, »)(t) = Su,v)(1)* =
T
([ G5 0+ 563+ ax =Ray) = (Fls.1) + 8(6,0) + A=Az
Ga(t)[(f(5,0) + g(5.1) +A1v = A2u) = (£(5. ) + g(5,%) + A1y = Aox)]ds)? <

5.5

r 2
(/0 G1(t,8)[p1(u—x) + pa(y —v)]| = Ga(t,s)[1(y —v) + pa(u —x)]ds) =

T T 2
(/0 (MlGl(l,S)—Msz(l‘,S))\/(M—X)zds-f-fo (HzGl(l,S)—Mle(l,S))\/(y—v)zds)

T 2 T 2
([/0 (MlGl(l,S)Msz(l,S))\/(MX)ZdS} +[/(; (MzGl(l-,S)Mle(l,S))\/(yv)zdS} )S

2
T 2 T 2
2{(/ (mGlo,s)—mGz(t,s))ds) +</ (uzcl(z,s)—mcza,s))ds) }
0 0

max{[|(x —u)?llc. |y —v)?llc} =

2 2
{(l)ﬁ i/g) " (lﬁ:/if) ]ma"{d(x’uld(y,v)}-vr €[0,7].

A

Thus,

2 2
d(S(x,y),S(u,v)) <kmax{d(x,u),d(y,v)}, where k := (/:1 Igj) + (/ii _522) .

By a similar approach, we get that d(S(y,x),S(v,u)) < kmax{d(x,u),d(y,v)}.
Hence, for all x <u,y > v, we get

max{d(S(x,y),Su,v)),d(S(y,x),S(v,u))} < kmax{d(x,u),d(y,v)}.

Since k < %, all the assumptions of Theorem 2 are satisfied and the result follows by
Theorem 2. O
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We will discuss now existence and uniqueness for the solution of the periodic
boundary value problem (5.1).

Theorem 11. Consider the periodic boundary value problem (5.1). Suppose that
all the assumptions of Theorem 10 are satisfied. Then, the periodic boundary value
problem (5.1) has a unique solution x*.

Proof. Notice that the space X := C|[0, T'] endowed with the partial order relation
xX<cy<=x(t)<y()foraltel0,T],

has the property that every pair of elements of X has a lower bound or an upper
bound. Thus, we can apply Theorem 3 and Theorem 4, and we get that (x*, y*) is
unique and x* = y*. Hence, x™* is the unique solution of the periodic boundary value
problem (5.1). ]
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