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Abstract. In this paper a compactness criterion in weighted variable Lebesgue spaces is proved.
In particular, are proved a compactness criterion in variable exponent sequence Lebesgue spaces.
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1. INTRODUCTION

Compactness results in the usually Lebesgue spaces are often vital in existence
proofs for nonlinear partial differential equations. A necessary and sufficient condi-
tion for a subset of usually Lebesgue spaces to be compact is given in what is of-
ten called the Kolmogorov compactness theorem, or Frechet-Kolmogorov theorem.
Furthemore, we trace out the historical roots of Kolmogorov compactness theorem,
which originated in [12] (see also [19]).

In this paper we extend Kolmogorov compactness criterion to the case of weighted
variable Lebesgue spaces. The aim of this paper is to give a characterization of pre-
compact sets in weighted variable Lebesgue space. Moreover, we study the precom-
pactness of weighted sequence spaces. The theory of variable Lebesgue spaces was
intensively developed during the last two decades, inspired both by difficult open
problems in this theory and possibly applications shown in [16]. We refer to detail in
[1-4,13,17,18] and e.t.c.

Let us mention some generalizations of the Riesz-Kolmogorov theorem. Recently
in [7] and [11] was shown the Riesz-Kolmogorov compactness theorem on metric
spaces. In [8] full characterization of relatively compact sets is given in the case of
variable Lebesgue spaces on metric measure spaces. In [20] the compactness theorem
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in L?(G) on locally compact group G is shown. In [14] Kolmogorov theorem for
p =2 in terms of the Fourier transform is given (see also [5, 6]).

2. PRELIMINARIES

An g-cover of a metric space is a cover of the space consisting of sets of diameter
at most €. A metric space is called totally bounded if it admits a finite e-cover for all
e. It is well known that a metric space is compact if and only if it is complete and
totally bounded (see [21]). Since we are interested in compactness results for subsets
of Banach spaces, we concentrate our attention on total boundedness.

Let R" be the n-dimensional Euclidean space of points x = (x1,...,x,). Let p
be a Lebesgue measurable function on R” suchthat | < p < p(x) <p <o0, p=
ess infxyern p(x), p = ess sup,cgn p(x), and w is a weight function on R”, i.e. w
is non-negative, almost everywhere (a.e.) positive function on R”. The Lebesgue
measure of a set £2 will be denoted by |£2].

Definition 1. By L, (y),, (R") we denote the set of all measurable functions f on
R™ such that for some Ag > 0

p(x)
Ip,w(f)=/(|f)fz)|) w(x)dx < 0o,

R

Note that the expression

. HORSS
11ty =1 .0 =it 200 [ () oy <1

Rﬂ

defines the norm in the space Lj(x),» (R"). The spaces L (x),, (R") is a Banach
function space with respect to the norm (see [3]).

By Plog (R") we denote the class of variable exponents satisfying following con-
dition:

Cq 1
lp(xX)—pW| < ————, O0<|x—y[==,
—In|x —y| 2
G
x)— <) x| >2,

where C; and C; are positive constants independents on x, y and ‘ llim P(Y) = Poo-
y|—=o00

Let us define the class A,y consisting of those weights w € Lll"c (R™) such that
“w—l/p(o ‘

< 00,

sup|B|"! le/pc)‘
B Ly

Ly
1

where the supremum is taken over all balls B C R" and +——=1
p(x)  p'(x)
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Here is the key lemma for many compactness results.

Lemma 1. [9] Let X be a metric space. Assume that, for every & > 0, there exists
some § > 0, a metric space W, and a mapping @ : X — W so that ®[X] is totally
bounded, and whenever x,y € X are such that d (®(x), @(y)) <8, thend(x,y) <e.
Then X is totally bounded.

Let f € Lll"c (R™) and we define the Hardy-Littlewood maximal function

Mf(x) = sup|B|™" / FO)]dy
x€B 2

and

(f *g)(x) = / FO)g—y)dy
Ri’l

denoted the usual convolution operator.

Theorem 1. [/0] Let p € P8 (R") with 1 < p < p < o0 and w is a weight
Sfunction. N

Then M : Ly(x), (R") = Lp(x),o (R") is bounded if and only if w € Ap(.). The
embedding constant depends on p and w.

Theorem 2. Let p € P8 (R") and let  : R" — R be an integrable function.
Assume that Y(x) := e "y (£) forall e > 0 and ¥(x) := sup ¥(y) € L1(R").

[y|=]x]

Then
a) Then exists A > 0 such that sup |(f * ¥¢)(x)| <2AMf(x), where A depends

>0

on¥, f € Lyx),o(R") and M is Hardy-Littlewood maximal operator;

b) If/w(x)dx =1, then for f € Lpy(x),» (R") we have f Yo — f fore —0

R"
a. e. x € R". If additionally p < oo, then lim || f *¥e — [ p(),0 = O-
e—>0+ ’

Proof of Theorem 2 analogously to the proof of non-weighted case (see [4]).
Thus, from Theorem 1 and Theorem 2 (a) we obtain the following

Theorem 3. Let p € P98 (R™) with 1 < p=p<ooandw € Ap(. Then

1S *Yellp),0 = 241/ 150,05

where A is independent of € and f.
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3. MAIN RESULTS.

Let w = {wy,} be a sequence of positive numbers. Let

Iy, (W) = {x:x:(xl,...,xn,...), Z(%)pk Wy <oo$

denote weighted variable sequence Lebesgue spaces with the norm

o [ 1xi ]\ P
= inf A>0]§1(T) wkfl .

Theorem 4. Let 1 < p, <sup p, < 00, w = {wy,} be a sequence of positive num-

1
1, oy 2= |07
Pn

n
bers and S C Iy, (w). A subset S is totally bounded if and only if:
(i) itis pointwise bounded;
(ii) for every & > 0 there is some n such that, for every x € S
B
Xw Pk <e.
Ipj (k>n)

Proof of Theorem 4. Let S C [, (w) satisfies the two condition. Given & > 0, fix
n as in the second condition, and define a mapping @ : S — R" by

D(x)=(x1,...,%Xn).

By the pointwise boundedness of S, the image @(S) is totally bounded. Let x,y € §
with

_ Pk
6(x) ~ @Dy, @y =inf{A>0: ('x"k—y"') wp <1V <e.
k<n
We have

Ix =y, w)

o0 Pk
<2{ 1060 =00l @ +inf {1 =05 3 () T <
k=n+1
<2e+42e=4es.

By Lemma 1, S is totally bounded.
Note that conditions (i) and (i7) are also necessary. ([l

Remark 1. Note that in the case w = 1 Theorem 4 was proved in [8]. Also, for
p(x) = p =const, w = 1 Theorem 4 was proved in [9].
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Theorem 5. Let p € P°8 (R") and 1 < p < p(x) <P < oo. Suppose that w is
a weight function on R" and w € Ap(,. Then a subset S of Ly(x),w (R") is totally
bounded if and only if:
1) S is bounded in Ly (xy o (R"), i.e. sup | fllpe),e <00
fes

2) forevery e > Othere is some 1 > 0 such that, for every f € S || f L, o (x|>7) <
g,
3) 61_i)r(1)1+ I/ *¥e— fllpe),0 =0, uniformly for f € S.

Proof of Theorem 5. Necessity. Assume that S is totally bounded. The existence
of a finite e-cover for S, for any ¢, clearly implies the boundedness of .S, thus estab-
lishing condition 1).

Now we prove the necessity of 2). To establish condition 2), let € > 0 be given
and let {Uy,..., Uy} be an e-cover of S and choose g; for j =1,...,m. Select n > 0
such that

P

If f € Uj, then Hf—gj Hp(.)’w < ¢, and so

1L e (x>0 < Hf_gf |‘Lp(4),w(|x|>n) + ng ”Ll,(.),w(|x|>n) <2,

thus establishing condition 2).
To prove 3) we first note that, by Theorem 2 b), given ¢ > 0, there exists an Ay
indexed to each gj such that

1Vn * gk — 8kl p),w <€
where h < hg. Put hg = min /g, we have ||y * 8k — gkl p(),o < € for all k =
1<k<l ’

1,...,] where h < hy. Then for h < ho and all f € S by Theorem 3 we have a
suitable g, such that

IVn*f = Flpe),o NVn*x(f —8)lp0),0 T IS —&rlpe),ot 1V *&r —&rllpe), 0
SQA+D S —grllpe),wT€ < (24+2),

which proves the necessity of 3).

Sufficiency part of Theorem 5 is proved analogously to the non-weighted case, i.e.
when w =1 (see [15]).

This completes the proof of Theorem 5. g

Remark 2. Note that in the case @ = 1 and when §£2 C R" is a bounded open
set Theorem 5 was proved in [15]. Also, for p(x) = p = const, w = 1 and other
condition than 3) Theorem 5 was proved in [9].
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