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Abstract. We investigate the nonlocal fractional boundary value problem u” = A°D%u+
f(@t,u,D*u,u’), u'(0) = u/(T), A(u) = 0, at resonance. Here, a € (1,2), u € (0,1), f and
A:CJ[0,T] — R are continuous. We introduce a “’three-component” operator § which first com-
ponent is related to the fractional differential equation and remaining ones to the boundary con-
ditions. Solutions of the problem are given by fixed points of &. The existence of fixed points of
& is proved by the Leray—Schauder degree method.
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1. INTRODUCTION

Let T > 0 be given and J = [0, T]. Denote by # the set of (generally nonlinear)
functionals A:C(J) — R which are

(a) continuous, A(0) =0,

(b) increasing, thatis, x,y € C(J), x(¢t) < y(t) on J = A(x) < A(y).

Remark 1. Let A € A be linear. Then it follows from property (b) of A that A
takes bounded sets into bounded sets. Hence A is a linear bounded functional.

Example 1. Let p € C(J) be positive, n e N, 0 <19 <t <---<t, <T, and
ar >0,k =0,1,...,n. Then the functionals

A1(x) =max{x(t):t € J}, Az(x) =min{x(t):t € J},
T n
M) = [ PO s At = 3 arx(n)
0 k=0
and their linear combinations with positive coefficients belong to the set 4.
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We discuss the fractional boundary value problem
u” (1) = A°D*u(t) + f(t,u(t),“D*u(r), v’ (1)), (1.1)

u'0)=u'(T), Alu)=0, AEch. (1.2)
Here, °D denotes the Caputo fractional derivative, A € R, « € (1,2), u € (0,1), and
the function f satisfies the condition:
(H) there exists A > 0 such that f € C(D x[—A, A]), where
Ti-®
D =Jx[-AT,AT|x[-AK, AK]), K = ———,
I'2—mp)

and
f(t,x,y,—A) <0, f(t,x,y,A)>0 for(t,x,y) e D.

Equation 1.1 is the fractional differential equation of the Bagley-Torvik type. Its
special case is the equation u” = A°D 3/2 + qu + ¢(1). This equation with €D 3/2
replaced by the Riemann-Liouville fractional derivative D?3/2 s called the Bagley—
Torvik equation. Torvik and Bagley [22] used this equation in modelling the motion
of a rigid plate immersing in a Newtonian fluid. Analytical and numerical solutions
of the problem

w’ = AD3?u+au+¢(t), u0) =0, u'(0)=0,
are given in [13, 16, 18], while for the problem
u” = AD*u +au + ¢(t), u(0) =ug, u'(0) = uy,

in [5,6,8,11,23]. The existence results for solutions of the generalized Bagley—Torvik
equation (1.1) satisfying the boundary conditions u’(0) = 0, u(T) + au’(T) = 0 are
given in [20]. Here, f is a Carathéodory function.

Definition 1. We say that u € C?(J) is a solution of problem (1.1),(1.2) if u
satisfies the boundary conditions (1.2) and (1.1) holds for ¢ € J.

We recall that the Riemann—Liouville fractional integral IV of order y > 0 of a
function x:J — R is defined as [10, 13, 16]

t (Z—S)y_l
o I'(y)

and the Caputo fractional derivative DY x of order y > 0, y € N, of a function
x:J — Ris given by the formula [10, 13]

. B 4 t (t _S)n—y—l n—1 x(k)(O) X
DYX([)—dt—n/O W(X(S)—k=0 X S dS,

I"x(t) = x(s)ds,
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where n = [y] + 1, [y] means the integral part of y and I" is the Euler gamma func-
tion. If x e C"(J) andn—1 < y < n, then

t ([ _S)n—y—l
o I'(n—y)
In particular, if x € CZ(J) and o € (1,2), u € (0,1), then

DY x(1) = x®(s)ds = 1"V xP (1),

tl— 11—«
ﬁ)%(z):/ U= r(syds. e,
0

re—a)
DYy (1) = % Ot %(x'(s)—x'(m) ds =D/ (r), 1€ J,
‘DHx(t) = % Ot %(x(s)—x(O))ds =1Hx'(t), tel.

It is well known [10, 13] that IY:C(J) — C(J) for y € (0,1). Therefore, if x €
C?(J), then °D%*x,°D*x € C(J) fora € (1,2) and i € (0, 1).

We will show that problem (1.1), (1.2) is at resonance. The linear function x(¢) =
at + b is a solution of the problem u” — A°D%u = 0, u’(0) = u'(T), foreach a,b € R.
Let us consider the set of all functions at + » which are solutions of the equation
A(at +b) =0, where A is from (1.2).

If A is linear, then b = —alf‘((lt)). Hence {a ( — %) ‘a € IR} is the set of solutions

to problem u” — A°D%*u = 0, (1.2). This set is a one-dimensional linear subspace of
C2(J).

Let A be nonlinear. If a = 0, then b = 0. Let a € R\ {0}. By our Lemma 1 (for
A = 1), there exists £, € J such that a§, + b = 0. Hence b = —a§, and the equality
A(a(t —&;)) = 0 is true. &, is determined uniquely. If this is not true, then there
exists pg € J, pg # &g, such that A(a(t —pg)) = 0. Since a(t —&;) # a(t — pg)
for all ¢ € J, and therefore either a(t —&;) < a(t —pg) or a(t —§&,) > a(t — pg) on
J, it follows from property (b) of A that A(a(t —&,)) # A(a(t — pg)), which is
impossible. Consequently, v = 0 and {a(t —&;):a € R\ {0}} is the set of solutions
to the problem u” — A°D%u = 0, (1.2). In contrast to previous case, this set is not a
one-dimensional linear subspace of C2(J).

In order to show the solvability of problem (1.1),(1.2), we have to overcome
troubles that derivatives are of fractional order, the problem is at resonance and fi-
nally that A in the boundary conditions (1.2) is generally a nonlinear functional. To
this end, an auxiliary “’three-component” operator § is introduced. Its first compon-
ent is related to equation (1.1) and remaining ones to the boundary conditions (1.2).
Solutions of (1.1), (1.2) are given by fixed points of §. The existence of fixed points
of § is proved by means of the Leray-Schauder degree method [7].

In the literature, see [1—4, 12, 14, 19] and references therein, existence results for
fractional boundary value problems at resonance are usually proved by using the the
coincidence degree theory due to Mawhin [15].
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Our main result is as follows.

Theorem 1. Let (H) hold and let A > 0. Then problem (1.1),(1.2) has at least
one solution.

The paper is organized as follows. In Section 2 we state the results which are used
in the next sections. Section 3 is devoted to auxiliary boundary value problems. To
this end operators @, &, K, and # , are introduced and their properties are given. In

Section 4 Theorem 1 is proved. An example demonstrates our results.
Throughout the paper o € (1,2), n € (0,1), K = T and [|x || = max{|x(¢)]:t €

re—uw)
J} is the norm in C(J).
2. PRELIMINARIES

This section contains the results that we will need in the next sections.
Lemma 1. Let A € A and let the equality
AX)+A—-1)A(—x) =0
hold for some x € C(J) and A € [0, 1]. Then there exists £ € J such that x(§) = 0.

Proof. Assume that the statement is not true. Then either x > 0 or x <O on J. If
x >0on J, then A(x) > 0, A(—x) <0, and therefore A(x) + (A —1)A(—x) > 0,
which is impossible. Similarly, x < 0 on J leads to a contradiction. g

The following maximal principle follows immediately from [17, Lemma 2.1] and
[9, Lemma 2.7] and its proof.

Lemma 2 (Maximum principle). Let ty € (0,T], x € C'[0,10], x(t) < x(to) for
t €]0,10], x(0) < x(t9) and x'(t9) = 0. Let y € (0,1). Then

CDVX(Z‘)|I=[0 > 0.

Corollary 1. Lettg € (0,T], x € C1[0,10], x(t) > x(to) fort €[0,10], x(0) > x(to)
and x'(tg) = 0. Let y € (0,1). Then

CDVX(I)|t=tO < 0.
Lemma 3 ([21]). Letr € C(J) and y € (0,1). Then the initial value problem
x'(t) = A°DYx(t)+r(t), x(0)=a, A,a€cR,

has the unique solution

¢ ¢ s
x(1) =a+/0 r(s)ds+A/0 (/0 (s—&)VEi—y1—y (A(S—E)l_y)r(é)dé)ds,

where - .
Z

Eqi_,1— = R

1-y,1y(2) kX:;)F((k-i-l)(l—)/))’ z€eR,

is the classical Mittag-Leffler function.
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Lemma 4 ([24, Lemma 2.2]). Let p € (0,1) and let E, , be the Mittag-Leffler
function. Then

Epp(2)>0, E, ,(2)>0 forzeR.
We also need the following result.
Lemma 5. Let h € C(J) and A,c1,c» € R. Then the initial value problem
u”(t) = A°D*u(t) + h(t), u(0) =co, u'(0) =cq, 2.1
has the unique solution

t
u(t)=(:1t+cz+/ (t —s)h(s)ds
0 (2.2)

t S
+4 / (t —5) ( / (s—5)'"® Eyq2a (Als— £V h(&) ds) ds.
0 0

Proof. Since D%*x(t) = D*~1x'(¢) for t € J and x € C?(J), the equation of
(2.1) can be written as

u”(t) = ASD" ! (1) + h(1). (2.3)
Hence, by Lemma 3 (for r = h and with x and y replaced by u’ and « — 1),

u'(t) =c1 —I—/Oth(s)ds

t ' —§)l@ _e\2—a
+A/o (/ (s=8)""Era2—a (A —5) )h@ds)ds,

where u’(0) = ¢1. Consequently, u(t) = ¢ + fé u’(s)ds is the unique solution of
problem (2.1) and (2.2) follows. ]

3. OPERATORS

In this section auxiliary operators are introduced and their properties are proved.
The most important of these operators is an operator § by which the solvability of
problem (1.1), (1.2) is proved in Section 4.

Let
AT for x > AT, AK for y > AK,
n@={x  forlx|SAT. pG)={y  forlyl<AK,
—AT forx < —AT, —AK fory<—AK,

where A and K are from (H). Let
f(tx,y.2) = [t x1(x), x2(y).2) for (t,x,y.2) € J xR x[-4, 4]
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and )
ft.xy. A)+ = ifz> A
fHx.yz) =1 ft.xy.2) if |z] < A,
- A
Fltoxay—A) =22 ifz <Al

Under condition (H), f* € C(J xR3),

f*(t,x,y,—A) <0, f*(t,x,y,A)>0 for(t,x,y)eJ xR?,

f*(t,x,y,2) <0 for (t,x,y,z) € J x R? x (—00,—A),
f*(t,x,y,2)>0 for(t,x,y,z) € J xR? x (A, 00),

and
| F*(t,x,y,2)|<E for(t,x,y,z) € J xR3,
where
E= 1+max<|f(t,x,y,z)|:(t,x,y)eéD,Ze [—A,A]}.

Consider the fractional differential equation

u”(t) = AD*u(t) + f*(t,u(r),“DPu(t), v’ (1))

3.1

3.2)

(3.3)

associated to equation (1.1). Keeping in mind Lemma 5 define operators @: C(J) —

C(J)and 8:C1(J) x R? — C1(J) x R? by the formulae
(@x)(1) = f*(t.x(t),“D"x(1),x" (1))

+A /t(t — ) T Ey g o (At —9)27%) £*(5,x(5),“D x(2),x'(s)) ds,
0

t T
8(x,c1,02) = (Cll +ca +/ (1 —5)(@x)(s)ds, c1 +/ (@x)(s)ds, c2 + A(X)) ,
0 0

where A is from (1.2).

Lemma 6. Let (H) hold. If (x,c1,c2) is a fixed point of the operator 8, then x is

a solution of problem (3.3), (1.2) and x'(0) = ¢1, x(0) = ¢5.

Proof. Let (x,c1,c2) be a fixed point of the operator &, that is, §(x,c1,¢c2) =

(x,c1,¢2). Then

x(t) =cqt +cz+/t(t—s)((£2x)(s)ds, tel,
0

T
/ (@x)(s)ds =0,
0
A(x)=0.

(3.4)

(3.5)
(3.6)
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It follows from (3.4) and Lemma 5 (for h(t) = f*(t,x(t), D" x(t),x'(r))) that
x(0) = ¢2, x’(0) = ¢ and x is a solution of (3.3).
Since (cf. (3.4))

t
x'(t) = —1—/0 (@x)(s)ds, r€J,

we conclude from (3.5) that x'(T') = ¢;. Hence x’(0) = x/(T'). The last equality
together with (3.6) give that x satisfies the boundary conditions (1.2). Consequently,
x is a solution of problem (3.3), (1.2) and x’(0) = c1, x(0) = ¢>. O

In order to prove that the operator § admits a fixed point, for A € [0, 1], we first
introduce an operator K 3:C'(J) x R? — C1(J) x R?,

Ka(x,c1,c2)

T
= (Clt +ca,c1+ (1=2)x'(0) +)L/ (@x)(s)ds,co + A(x)+ (A — l)A(—x)) .
0

Let
o) ={(x,(:1,cz) e Cl(J)x R?

Nl < AT+ 1|5 | < A+ 1,Je1] < A+ 1,|ea] < AT + 1}, G
where A is from (H).
Lemma 7. Let (H) hold and let A > 0. Then
deg(J—JCl,.Q,O) £0, (3.8)

where ”deg” stands for the Leray-Schauder degree and d is the identity operator on
Cl(J)xR2.

Proof. Let M:[0,1]xCY(J)xR — CY(J) xR, M(A,x,c1,c2) = K (x,c1,02).
Since f* € C(J x R3), we conclude from Lemma 4 that @ is a continuous operator.
As A is continuous and takes bounded sets into bounded sets, it is easy to prove that

M 1is a completely continuous operator.
Due to

Ko(—x,—c1,—c2) = =Ko(x,c1,c2) for (x,c1,c2) € CI(J) x R2,

K¢ is an odd operator.
Assume that M(Xg,x,c1,c2) = (x,c1,¢2) for some (x,c1,¢2) € C1(J) x R? and
Ao € [0,1]. Then
x(t)=cit+ca, telJ, 3.9

T
(1—=20)x"(0) + /\0/ (Qx)(s)ds =0, (3.10)
0
A(x)+Ag—1)A(=x) =0. (3.11)
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Lemma 1 together with (3.11) give x (&) = 0 for some & € J. Hence (cf. (3.9))
c1€ + c2 =0, and therefore x (1) = c¢1(t — &) on J.
We now prove that
le1] < A. (3.12)
Let ¢y > A. Then x’ = ¢y > A on J, and therefore f*(¢,x(¢),°D*x(t),x'(t)) > 0
for t € J by (3.1). This fact together with A > 0 and Lemma 4 imply (Qx)(z) > 0

on J. Hence (1—A¢)c1 + Ao fOT (@x)(s)ds > 0, which contradicts (3.10). Therefore
c1 < A. Similarly, if ¢; < —A, then we have f*(¢,x(¢),*D*x(t),x'(t)) < 0 and
(@x)(t) <0 fort € J, which again contradicts (3.10). Hence (3.12) is true.

Consequently, [x(1)| = |c1(t = &) < AT, |X'@)| = |e1]l = A, [‘DFx(1)| =
|I1'Hx'(t)] < AK on J and |c3| = |x(0)] < AT. As aresult,

M(A,x,c1,¢2) # (x,c1,¢2) for (x,c1,¢2) €082 and A € [0,1].

Hence, by the Borsuk antipodal theorem and the homotopy property, the relations
deg (J — Ko, 9,0) £0,

deg (JI —JCO,.Q,O) =deg (J —JCI,.Q,O)
hold. Combining these relations we obtain (3.8). ]

Finally, let for A € [0, 1] an operator #;:C'(J) x R? = C1(J) x R? be defined
as

t T
Hy(x,c1,02) = (clt—i-cz —l—k/ (t—s5)(@Qx)(s)ds, cl—i-/ (@x)(s)ds, cz—I-A(x)).
0 0

Then, for (x,c1,c2) € CI(J) x R2,
Ho(x,c1,c2) = Ki(x,c1,¢2), (3.13)
H1(x,c1,¢2) = 8(x,c1,02). (3.14)

Lemma 8. Let (H) hold. Let V:[0,1] x CY(J) xR — C'(J) x R and
V(A,x,c1,c2) = H ) (x,c1,¢2). Then V is a completely continuous operator.

Proof. We first prove that V is continuous. To this end let {x,,} C C1(J), {cn.;} C
R,i =1,2,{1,} C [0, 1] be convergent sequences and let lim, o0 x5, = x in C 1(J),
limy 00 Cn i = ¢i, limy—s00 Ay = A in R, where x € C1(J), ¢;,A € R,i = 1,2. Then
limy o0 5 (t, X, (1), “D*xp (1), x,, (1)) = f*(t,x(t),“D*x(t),x'(¢)) uniformly on
J. This together with Lemma 4 imply that lim,— o0 (@x,)(t) = (Qx)(¢) uniformly
on J. Hence

lim (cn,lt +cno+An /t(t—s)((,‘lxn)(s)ds) :c1t+cz+/\/t(t—s)((f2x)(s)ds,

lim (cn,1 +An /t(é‘lxn)(s)ds) = +)L/t((£2x)(s)ds
n—o0 0 0
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uniformly on J. Besides,

T T
lim (Cn,1 —l—/ (C‘an)(s)ds) = —i—/ (@Qx)(s)ds,

nILngO (¢n2+ Alxn)) = c2 + A(x).

Consequently, V is a continuous operator.

Let ® C C'(J) x R? be bounded and let || x|| < L, ||x'|| < L, |e1| < L, |ca] < L
for (x,c1,c2) € @, where L is a positive constant. Let W = Ex_q 2o (|4|T%7%).
Then, by (3.2) and Lemma 4, the relation

(@00 < E+IAE [ (=9 Eacaza (A6 =97 ds

2—o
=H
-

t
<E+ |A|EW/ (t—s)1"%ds < E+ |A|EW2
0

holds for t € J and (x,c1,c¢2) € @. Hence
2

HT
<L(T+1)+

t
01t+cz+k/ (t—s)(@x)(s)ds S
0

T
cl—l-)L/ (@x)(s)ds| <L+ HT,
0

lca + A(x)| < L +max{|A(—=L)|, A(L)}
fort € J, (x,c1,c2) € @ and A € [0, 1], and therefore the set V([0,1]x @) ={V(A,x,c1,c2):A €
[0,1], (x,c1,¢2) € @} is bounded in C1(J) x R?. In view of |@x|| < H we see that
the set {cl +Afé((f2x)(s) ds:(x,c1,c2) € @, A €]0, 1]} is equicontinuous on J.
Hence the Arzela-Ascoli theorem and the Bolzano—Weierstrass compactness the-

orem in R guarantee that the set V/([0, 1] x @) is relatively compact in C1(J) x R2.
Consequently, V' is completely continuous. O

4. THE PROOF OF THEOREM 1 AND AN EXAMPLE

Proof. Suppose that (x,c1,c2) € C1(J) x R? is a fixed point of J#, for some
A €]0,1], thatis, #,(x,c1,c2) = (x,c1,¢2). If A = 0, then it follows from the proof
of Lemma 7 (cf. (3.13)) that (x,cy,c2) € §2, where £2 is given in (3.7). Let A € (0, 1].
Then

t
x(t) =cyt +cz+/\/ (t—s)(@x)(s)ds, t e J, 4.1
0

T
/ (@x)(s)ds =0, 4.2)
0
A(x) =0. (4.3)
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Hence

t
x'(t) = —i-/\/ (@x)(s)ds, teJ, 4.4)
0

so x’(0) = ¢1, and, by (4.2), x'(T) = c1 + )thT (@x)(s)ds = c¢1. Consequently,
X'(0) = x'(T). (4.5)

Suppose that ¢; > A, where A is from (H). Then f*(0,x(0),0,c1) > 0 by (3.1),
and therefore f*(¢,x(¢),°D*x(t),x’(t)) > 0 on a right neighbourhood of ¢t = 0.
If there is some & € (0, 7] such that f*(¢,x(¢),“D*x(t),x’(¢t)) > 0 on [0,£) and
fr(E.x(8),°D*x(t)|;=¢,x"(E)) = 0, then (Qx)(¢) > 0 on [0,£] because 4 > 0,
which gives x’(¢) > ¢ fort € (0,&]. Hence f*(¢,x(¢),“D*x(t),x'(¢)) >0 on [0,&],
contrary to f*(&,x(§),°D*x(t)|;=¢,x"(§)) = 0. Consequently,

¥, x(1),°D*x(t),x'(t)) > 0, (Qx)(t) >0, teJ.

Thus x'(T) > ¢; = x’(0), which contradicts (4.5). Hence ¢; < A. Similarly, we can
prove that c; > —A. To summarize, |c;| < A.

Suppose that max{x’(¢):t € J} = x’(§) > A. Then § € (0,T) and x'(§) —x’(0) >
0. By (4.4), x € C?(J) and x” = A@x. Hence x”(£) = 0 and by Lemma 5 and (2.3)
(for h(t) = Af*(t,x(t),“D*x(t),x'(t))) the equality

x"(t) = AD*Ix' (1) + Af* (1, x (1), D*x (1), x' (1)), t € J,

holds. Lemma 2 (for to = £, y = @ — 1 and x replaced by x’) shows that
“D*"1x'(t)|;=¢ > 0. Hence

X"(§) = ADYTIN ()| s=g + AL (E,x(5), DM x (1) 1=, X' (§)) > O,

which is impossible. Hence x’(¢) < A for ¢ € J. Similarly, by Corollary 1, we can
prove that x’ > —A on J. Consequently,

x'(t) <A, tel.

Next, it follows from (4.3) and Lemma 1 that x(t) = 0 for some 7 € J. Therefore
X0 = |f{ X' ds| < Al =t = AT, |XDRx(0)] = [1'4¥'(1)] < AK. As 1 =
x"(0) and ¢, = x(0), we have proved

Ix[l < AT, [|°D¥x|| < AK, ||X"]| < A, |e1] £ AT |e2] < A, (4.6)

which implies V(A, x,c1,¢2) # (x,c1,c2) for (x,c1,¢2) € 082 and A € [0, 1], where
V is from Lemma 8. Combinig Lemma 8 with the homotopy property we have

deg (JI —Jfo,.o,o) - deg(J —J€1,S2,O).
This equality together with (3.8) and (3.13) give
deg(J —%1,9,0) #0.
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Hence there exists a fixed point (x,c1,c¢2) of #1. Lemma 6 and (3.14) guarantee that
x is a fixed point of problem (3.3),(1.2) and ¢; = x’(0), c2 = x(0). Due to (4.6),
f*(t,x(t),DH*x(t),x'(t)) = f(t,x(t),°D*x(t),x'(t)) for t € J, and therefore x is
a solution of problem (1.1), (1.2). O

Example 2. Let p € C(J x R?) be bounded, a,b,c € C(J),c>0onJ,andn € N,
B.y € (0,2n —1). Then the function

ft,x,9,2) = p(t,x,y,2) +a@)|x[P1x + b (@) |y] +c(t)z>"!

satisfies condition (H). Really, let |p(t,x,y,z)| < L for (¢,x,y,z) € J x R? and
¢« = min{c(t):t € J}. Since

Tk

Lyl=2n + “a”Tﬂvﬂ+1—2n + ”b”KVvJ/-H—Zn) =0, K= ——,
( Fa-m

lim
V—>00

there exists A > 0 such that
LAI—Zn + ”a“TﬂAﬂ-i-l—Zn + ”b“KyAy-i-l—Zn < C.

Hence L + ||la|(AT)B + ||b|(AK)Y < ¢ A", and therefore for (7,x,y) € D,
where D is from (H), the inequalities

f(t.x,y.8) = =L —al|(AT)P —||[b| (AK)? + ¢, A>""" >0,
f(t.x,y,=A) < L+ [al(AT)P + b (AK)” —c. A" <0
hold. Theorem 1 gives that the equation
u” = A°D%u + p(t,u,“D"u,u’)
+a(®)ulP " u+ b)) D*ul” +c()')?"', A>0,

has at least one solution u satisfying the boundary conditions (1.2) and |ju|| < AT,
[°DFu|| < AK, |u']| < A.
In particular, there exists a solution of (4.7) satisfying the boundary conditions
min{u(t):t € J} =0, u'(0) =u'(T),

that is, ¥ is a nonnegative solution of the problem.

“4.7)
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