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Abstract. In this paper we shall define the notion of quasi-semi-homomorphisms between Boolean
algebras, as a generalization of the quasi-modal operators introduced in [3], of the notion of
meet-homomorphism studied in [12] and [1 1], and the notion of precontact or proximity relation
defined in [8]. We will prove that the class of Boolean algebras with quasi-semi-homomorphism
is a category, denoted by BoQS. We shall prove that this category is equivalent to the category
StQB of Stone spaces where the morphisms are binary relations, called quasi-Boolean relations,
satisfying additional conditions. This duality extends the duality for meet-homomorphism given
by P. R. Halmos in [ | 2] and the duality for quasi-modal operators proved in [3].
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1. INTRODUCTION

Recall that a modal algebra is a Boolean algebra A with an operator [1: A — A
such that 01 =1, and O(a Ab) = Oa AOb, for all a,b € A. It is well known
that the variety of modal algebras is the algebraic semantic of normal modal logics
[10, 16]. Modal algebras are dual objects of descriptive general frames, also called
modal spaces, i.e., Stone spaces with a relation verifying certain conditions (see
[10], and [16]). P. R. Halmos define in [12] the notion of meet-homomorphism (or
hemihomomorphism) between Boolean algebras. Recall that a meet-homomorphism
between two Boolean algebras A and B, is a function 4 : A — B such that 2(1) =1,
and h(a Ab) = h(a) ANh(b), for all a,b € A. If A = B, then h is a modal operator
[10,16]. Let X and Y be the Stone spaces of A and B, respectively. As it follows from
[12] and [11], a meet-homomorphism % : A — B is dually characterized by means
of a relation R € Y x X such that R(y) is a closed subset of X, for each y € Y,
and hr(U) ={y €Y : R(y) C U} is a clopen subset of Y, for each clopen U C X.
These relations are called Boolean relations in [12], or Boolean correspondences in
[11] (see also [16]).
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In [3], the notions of quasi-modal operator and quasi-modal algebra were intro-
duced as a generalization of the notion of modal operator and modal algebra, re-
spectively. A quasi-modal operator in a Boolean algebra A is a map A that sends
each element a € A to an ideal Aa of A, and satisfies analogous conditions with the
modal operator O] of modal algebras. A quasi-modal algebra is a pair (4, A) where
A is a Boolean algebra and A is a quasi-modal operator. We note that a quasi-modal
operator is not an operation, but has many similar properties to modal operators.

In this paper we shall introduce maps between a Boolean algebra A and the set
of all ideals of another Boolean algebra B satisfying analogous conditions with the
meet-homomorphism between Boolean algebras [12]. We call these maps quasi-
semi-homomorphisms. One of the main objectives of this paper is to study this class
of maps, and their topological representation.

As we will explain below, the quasi-modal operators are closely connected with the
proximity or precontact relations defined between Boolean algebras. We recall that a
proximity relation defined on a set X is a binary relation § C 2 (X)) x £ (X) satisfying
certains conditions (see Definition 2). If U,V € #(X), then the intuitive meaning of
a proximity relation § is that U§V holds, when U is close to V' in some sense. A
proximity or precontact space, also called a nearness space, is a pair (X,§), where
X is a set and § is a proximity relation. Since & (X) is a Boolean algebra, we can
introduced an abstract definition of proximity relation in the class of Boolean algebras
(see [15] and [4]). In the literature, there exist many classes of Boolean algebras
endowed with some type of proximity relations. As examples, we can mention the
Boolean contact algebras defined in [9], or the Boolean connection algebras defined
in [17]. For other versions of Boolean algebras endowed relations see [5], [8], [7],
[19], and [18]. In [8] the notions of proximity relation on a Boolean algebra and the
proximity Boolean algebras were defined as an abstract version of proximity spaces
[15]. This class of structures is the most general class of Boolean algebras endowed
with a proximity relation. We note that the notion of proximity Boolean algebras is
equivalent to the notion of precontact algebras [&].

There exists a strong connection between proximity relations defined in a Boolean
algebra and quasi-modal operator. Given a proximity relation § in a Boolean algebra
A, we can prove that the set Agh = {a € A : (a,—b) ¢ 6} is an ideal of A. So, we have
a map Ag that send elements to ideals of the algebra A. As we shall see, this map
is a quasi-modal operator. Conversely, if we have a quasi-modal operator A defined
in a Boolean algebra A, then the relation adb defined by a ¢ A—b, is a proximity
relation on A (for the details see Theorem 1). Thus, we have that the notions of
proximity relation and quasi-modal operator are interdefinable. Moreover, since the
notion of quasi-semi-homomorphism is a generalization of the notion of quasi-modal
operator, and this last is equivalent to the notion of proximity relation, we will get
that it is possible to introduce a generalization of the notion of proximity relation.
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The paper is organized as follows. In Section 2 we start recalling some basic defin-
itions and results on Stone duality for Boolean algebras. In Section 3 we shall intro-
duce the notion of quasi-semi-homomorphism and the notion of generalized prox-
imity relation. Also, we shall prove that the notions of quasi-semi-homomorphism
and generalized proximity relation are equivalent, and as consequence of this fact,
we have that the notions of quasi-modal operator and proximity relation are equi-
valent. This fact has strong consequences, because it puts the proximity relations
very close to the modal operators. We shall see that the class of Boolean algebras
with the quasi-semi-homomorphism form a category denoted by BoQS. In Section
4, we shall introduce the notion of generalized quasi-Boolean relation between Stone
spaces, and we shall prove some propierties. We shall prove that the class of Stone
spaces with the generalized quasi-Boolean relations form a category, simbolized by
StQB. In Section 5 we shall prove that the categories StQB and BoQS are dually
equivalent. As an application of this duality we will prove a generalization of the
result that assert that the Boolean homomorphisms are the minimal elements in the
set of all join-homomorphisms between two Boolean algebras (see [11]). In this last
section we prove that the minimal elements in the set of all quasi-Boolean relations
defined between two Stone spaces is a Boolean relation.

2. PRELIMINARIES

We assume that the reader is familiar with basic concepts of Boolean algebras and
topological duality (see [1] or [13]).

We recall that a subset of a topological space X is clopen if it is both closed
and open, and that X is zero-dimensional if the set of clopen subsets of X forms a
basis for the topology. We shall denote by O (X) (€ (X)) the set of all open subsets
(closed subsets) of X. The closure of a subset Z is denoted by cl(Z). We shall
denote by Clo(X) the set of all clopen subsets of X . Clearly the notions of Hausdorff
and Ty coincide in the realm of zero-dimensional spaces. A Stone space X is zero-
dimensional, compact and Hausdorff topological space. We note that a Stone space
is totally disconnected, i.e., given distinct points x, y € X, there is U € Clo(X) of X
such that x € U and y ¢ U. If X is a Stone space, then Clo (X) is a Boolean algebra
under the set theoretical operations.

If A= (A,v,A,—,0,1) is a Boolean algebra, by Ul(A) we shall denote the set
of all ultrafilters (or proper maximal filters) of A while by Id(A4) and Fi(A4) we shall
denote the families of all ideals and filters of A, respectively.

Let X be a Stone space. The map ex : X — Ul(Clo (X)) given by

ex(x)={U eClo(X):xe U}
is a bijective and continuous function. Let A be a Boolean algebra and let

Ba:A— P (ULA)
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the Stone map defined by B4 (a) = {P € Ul(A) :a € P}. Sometimes we will write
B instead of B4. With each Boolean algebra A we can associate a Stone space
(Ul(A),74) whose points are the elements of Ul(A) and the topology 74 is de-
termined by the clopen basis B[A] = {4 (a) : a € A}. If misunderstanding is ex-
luded, we write Ul(A) instead of (Ul(A),t4). Thus, if X is a Stone space, then
X = UI(Clo(X)), and if A is a Boolean algebra, then A = Clo (Ul (A4)).

If A is a Boolean algebra, then there exists a duality between ideals (filters) of
A and open (closed) sets of Ul(A). More precisely, for I € Id(A) and F € Fi(A4).
The value of the function ¢4 [I] = {P € Ul(A) : I N P # @} is an open of Ul(A),
and thus @4 is an one-to-one mapping between Id (A4) and the set of @ (Ul (A)) of all
open subset of Ul (A). The function 4 defined by 4 [F] ={P € Ul(A): F C P},
is a one-to-one mapping between Fi(A4) and the set € (Ul (A)) of all closed subset of
Ul (A). We note that g4 [I] = J{B(a) : a € I}. If we denote by A and by V¥ the meet
and the join in the set Id (4), respectively, then g4 [I1 ¥ I2] = @4 [11]U @4 [12], and
0411 A I2] = ea [I1]N @4 [12] (see [13] and [16] for further information on Boolean
duality).

Let A be a Boolean algebra. The filter (ideal) generated by a subset Y C A is
denoted by F (Y) (I (Y)). If Y = {a}, then we write F(a) = [a) ({(a) = (a]). The
set complement of a subset ¥ C A will be denoted by Y€ or A—7Y.

3. QUASI-SEMI-HOMOMORPHISMS

In this section we introduce the main notion of this paper. We define the notion of
quasi-semi-homomorphim as a generalization of the notion of quasi-modal operator
[2, 3] and the notion of semi-homomorphism between Boolean algebras [11, 12].

Definition 1. Let A and B be two Boolean algebras. A quasi-semi-homomorphism
is a function A : A — Id(B) such that it verifies the following conditions for all
a,beA:

Ql A(anb)=Aan Ab,

Q2 Al = B.
In the following Q.S [A, B] stands for the set of all quasi-semi-homomorphism defined
between A and B. If A, A € QS [A, B] we define A} < A, by Aj(a) C Az(a),
for all a € A. This gives an order relation in QS [A, B]. We note that when 4 = B,
the elements of QS [A4, A] = Q.S [A] are called quasi-modal operators in [3]. A pair
(A, A), where A € QS [A] is called a quasi-modal algebra.

If A e QS|[A, B], then A is monotonic, because if a < b, then a = a A b, and so

Aa = A(anb) = AaNAb,ie., Aa C Ab.

Example 1. Let A be a Boolean algebra. The map I4 : A — 1d(A) given by
I4(a) = (a], for each a € A, is clearly a quasi-semi-homomorphism.

Example 2. Let A and B two Boolean algebras. We recall first that a meet-
hemimorphisms or meet-homomorphism [11] [12], is a function & : A — B such that
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h(l) =1, and h(a Ab) = h(a) ANh(b), for all a,b € A. The function & can be exten-
ded to a map Ay, : A — 1d(B) of the following form. Put Ay (a) = (h(a)], for each
a € A. It is clear that Ay verifies the equalities Ay (a Ab) = Ay (a) N Ay (b) and
Ap (1) = B. Thus, Ay, is a quasi-semi-homomorphism. An element A € QS [A4, B]
is called a principal quasi-semi-homomorphisms if Aa is principal ideal, for each
a € A. In other words, for each a € A, there exists b € B suh that Aa = (b]. itis
clear that if A is principal, then the map &4 : A — B defined by h(a) = b iff Aa = (b]
is a meet-hemimorphisms. Thus, the class of principal quasi-semi-homomorphisms
is equivalent to the class of meet-homomorphisms.

Recall that when A = B and O : A — A is a meet-homomorphism, the pair (A4, (1)
is called a modal algebra [16]. So, the class of modal algebras can be identified with
the class of pairs (4, A) where A is a Boolean algebra and A is a principal quasi-
semi-homomorphism.

The following example is fundamental in the representation theory of quasi-semi-
homomorphisms.

Example 3. Let X and Y be two set. Let R be a relation between X and Y.
Define a function Ag : P (Y) — Id(L (X)), as Ar(U) = (Ar(U)], where Ag(U) =
{x € X:R(x) CU}, withU € £(Y). Then it is easy to see that
AR € OS[P(Y),P(X)].

Let A and B be two Boolean algebras. For each A € QS [A, B], we define the
dual quasi-semi-homomorphism V : A — Fi(B) by Va = —=A—a, where —Ax =
{—y:y € Ax}. Wenotethatc € V(aVvb) =—-A—=(aVvb) =—-A(—a A—b) iff ~c €
A(—an—b) = A—-aN A=b iff =c € A—a and —c € A—b iff c € Va and ¢ € Vb iff
¢ € VanVh. Thus the map V verifies the following conditions:

Q3 V(avb)=VanVb,
Q4 VO = B.

Now we introduce a notion that generalizes the notion of proximity relation (also
called precontact relation) defined in a Boolean algebra [8] [7] [14].

Definition 2. Let A and B be two Boolean algebras. A generalized precontact or
generalized proximity relation between A and B is a relation § C A x B such that

P1 If adb, then a # 0 and b # 0.
P2 ab(bvc)iff aéb or ade.
P3 (avb)éc iff adc or béc.

When A = B , a generalized precontact relation § is called a proximity or precontact
relation, and the pair (A4,8) is called a proximity or precontact algebra [6-8]. An
important example of proximity relations are the proximity spaces. There are many
other notions of proximity, and we suggest the reader consults the fundamental text
by Naimpally and Warrack [15] for more examples, or the paper [18].
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Theorem 1. Let A and B be two Boolean algebras. There exists a bijective corres-
pondence between quasi-semi-homomorphisms between A and B and the generalized
proximity relations defined between A and B.

Proof. Let A and B be two Boolean algebras. If § C A x B is a generalized prox-
imity relation, then we prove that the subset of 4

Ash={aeA:(a,—b) ¢85,

is an ideal of A. Let b € B. As (0,—b) ¢ &, we have that 0 € Agh. Let ay,as €
A. Suppose that a; < ap and as € Agb. Then (az,—b) ¢ 8. As ar = a; Vas, by
condition P3 of Definition 2 we have that (a3, —b) = (a1 Vay,—b) ¢ §iff (a;,—b) &6
and (ap,—b) ¢ 6. Thus, (ay,—b) ¢ 6, i.e., a; € Agb. Suppose that a1 € Agh and
ap € Aghb. Then, (ay,—b) ¢ 6 and (az,—b) ¢ 5. Again, by condition P3 of Definition
2 we have that (a1 Vap,—b) ¢ 8, i.e., a1 Vaz € Agh. Thus, Agh € 1d(A), for each
b € B. Then the map Ag : B — 1d(A) is well defined.

Let b1,b € B and a € A. Then by condition P2 of Definition 2 we have the
following equivalences:

a € As(binbz) iff (a,—(biAb2)) =(a,—b1V—b3) £
iff (a,—by) ¢ 6 and (a,—by) ¢4
iff ae AghbyN Agbs.

By condition P1 of Definition 2 we have that (b, —1) = (»,0) ¢ §, for all b € B. Thus,
1 € Ag(b), forall b € B.

Conversely. Let A : A — Id(B) be a quasi-semi-homomorphism. Define the rela-

tion
da={(a,b)e AxB:a¢ A-b}.

Let (a,b) € §5. If a = 0, then 0 ¢ A—b, which is a contradiction because A—b is
an ideal. If b = 0, then a ¢ A—0 = Al = A, which is a contradiction. Thus, a # 0
and b # 0.

Leta,b € A, and ¢ € B. Taking into account that A—c is and ideal of B, we get
the following equivalences: (a Vb,c) € $aiffavb ¢ A—ciffa ¢ A—corb ¢ A—c
iff (a,c) € §p0r (b,c) €64.

Leta € Aand b,c € B. Then (a,bV ¢) € §4 iff

ag A=(bve)=A(=bA—c)=A-bNA-c

iff a ¢ A—=b or a ¢ A—c iff (a,b) € 55 or (a,c) € §4. Thus, §4is a generalized
proximity relation between A and B. U

By Theorem 1 we have that the notions of proximity relations and quasi-modal
operators are interdefinable.

Definition 3. Let A € QS [A, B]. For each C € A and for each D C B define

() AC =1( Ao),
ceC
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2) VC = F(U,ec Vo)

3) A”Y(D)={a€A: AanD # 2},

4) V'Y (D)={ac A:Va < D).

(5) If D = [a), we write A™!(a) instead of A™! ([a)).
In the following lemma we summarize some properties well known in the theory of
Boolean algebras with proximity relations (see [8, 14, 19]). For completeness we will
give some proofs.

Lemma 1. Let A € QS[A, B].

(1) Then A= (F) = User A~Y(a) e Fi(A) for each F € Fi(B). Moreover, this
union is directed.

(2) If P € UI(B), then V™! (P)¢ € 1d (A).

(3) AI =, e Aa for each I € 1d(A). Moreover, this union is directed.

@) A(I1N1p) = A(l1)NA(I) for all 11,1, € 1d(A).

Proof. (1) Let F € Fi(B). Itis easy to see A~! (F) € Fi(A). Leta € A. Then

AanNF #@ iff 3be F(be Aa)
iff 3be F([b)NAa # @)
iff 3be F(aec AN([b))=A"1(b))
iff 3be F(aeUpep A™1(D)).

In order to see that this union is directed suppose that a,b € F. Then it is easy to
see that A~ (@)U A™1(h) C A" (aVvb),and asa Vb € F, we get that this union is
directed.

(2) We prove that V™1 (P)¢ € 1d(A4), when P € Ul(B). Leta <b and a €
V~L(P)¢. Then Va & P, and as Vb C Va, because V is anti-monotonic, we have
that b ¢ V-1 (P)°. Thus V-1 (P)° is decreasing. Let a,b € V™1 (F)°. Then
Va &€ P and Vb € P. Then there exist py € Va— P and p, € Vb — P. So,
p1V p2 € Vav Vb, and as P is prime, p1V pa ¢ P. Then, p1V p, € V' 1(P)C. 1t
is clear that 0 € V™1 (P)°, because VO = B. Thus, V~! (P)€ is an ideal of A.

(3)Let I €Id(A). We prove that I( | Ac) =J,ey Aa. Itisclearthat| J,; Aa €
ceC
I( | Ac). Letc € I(|J Ac). Then there exists a; € I, and there exists x; € Aa;,
ceC ceC
with 1 <i <n,suchthatc <xyV...Vx,.Since Aa; C A(ay...Vay),forl <i <n,

then x;V...Vx, € A(a1V...Vay). AsaiV...vay € l,andc € A(a1 V... Vay),
we get that ¢ € | J,c; Aa. Thus the union is directed.

(4). Let 11,1, € 1d(A). As A is monotonic, A(I; N 1) € A(l1) N A(lp). Let
¢ € A(I1) N A(Iz). Then by item (3), there exist @ € I1 and b € I, such that ¢ €
AanNAb = A(aAb). Asanb e I1N I, we getthatc € A(11 N I). O

Let A, B and C be Boolean algebras. Let A; € QS[A,B] and A, € QS [B,C].
We define the composition of A, with A;. Recall that for each subset D of B,
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we can consider an ideal A»(D) = \/{A2b :b € D}. Then, as for each a € A, we
consider the ideal A, [A1(a)] € Id(C). Then, define the composition of A, with Ay,
in symbols A 0 Ay, as

(Az0Ay)(a) = Az[A1(a)],

for each a € A. We need to prove that Ay 0 A; € QS [A,C]. In the following result
we use the quasi-semi-homomorphism defined in Example 1.

Lemma 2. Let A, B and C be Boolean algebras. Let A1 € QS [A, B] and A, €
OS|[B,C]. Then:

(1) AyoAy € OS[A,C].
(2) AloIA :Al and IB 0A2 :Az.

Proof. (1) By (4) of Lemma 1 we get that

(A20A1)(@nb) = Az[Ai(aAb)] = Az[A1(a)NA1(D)]
= A2[A1a]NA2[AD] = (A20A1)(@)N(A20A1)(D).
Moreover, (Az o0 Ay)(1) =A,[A11] = Ay [B] = A. Thus, Ay o Ay is a quasi-semi-
homomorphism.
(2)Leta € A. Then (Ay014)(a) = Ay [lga] = Ay [(a]] = Aja. The proof of the
identity Ip o Ay = A, is similar. ]

Thus we can conclude that we have a category, denoted by BoQS, whose objects
are Boolean algebras and whose morphism are quasi-semi-homomorphisms. In the
next section we will prove that the category BoQS is dually equivalent to a category
whose objects are Stone spaces, and whose morphism are a particular class of binary
relations between Stone spaces.

In the following result we will characterize the isomorphisms (or iso-arrow) in the
category BoQS. This result will be needed later.

Lemma 3. Let A and B be Boolean algebras and A € QS [A, B]. Then the fol-
lowing conditions are equivalent:

(1) A is an iso-arrow in the category BoQS.
(2) There exists an one to one and onto function 2z : A — B such that Aa =
(h(a)], for each a € A.

Proof. (1) = (2) Since A is an iso-arrow in the category BoQS, there exists [T €
OS|[B,A] such that Aoll = Ig and [To A = I4 , where 14 and Ip are the quasi-
semi-homomorphisms defined in Example 1. Leta € A. Then (ITo A)(a) = I4(a) =
(a]. As (ITo A)(a) = IT[Aa) = \J{IIb : b € Aa}, there exists b € Aa such that
IT1h = (a]. We prove that b is unique. Suppose that there are by, b, € B such that
I1by = I1by. As AoIl = Ip, we get

(b1] = (Ao Il)(by) = A[IIb1] = A[[1bz] = (Ao IT)(b2) = (b2].
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So, by = by. Then for each a € A there exists a unique b € B such that ITb = (a].
So, we can consider the function /& : A — B defined by:

h(a) =biff ITb = (a],
for each a € A. We note that
M (h(@)) = (al. 3.1)
Similarly we can prove that there exists a function k : B — A such that
k(b) = a iff Aa = (b],
for each b € B. Also, we note that
A(k(b)) = (b]. (3.2)

We prove that koh = Idg and hok = Idp. Leta € A. Thenas [To A = I4 we get
that:

((k oh)(@)] = T [Atk(h(a)] = IT [Ak o h)(@)] E2 IT (h(a)]

— 1h(a) 2 (]

(2) = (1) Assume that there exists an one to one and onto function # : A — B such
that Aa = (h(a)], for each a € A. So, there exists an one to one and onto function
g: B — Asuchthat (goh)(a) =a foralla € A, and (hog)(b) = b forall b € B.
Consider the quasi-semi-homomorphism I7 : B — 1d(A4) defined byI1(b) = (g(b)].
Then we prove that Ao IT = Ig and IT o A = I4. We prove that (Ao IT)(b) = (b].
Let b,d € B suchthatd € (AoIT)(b) = A[IIb] = | J{Ac:c € IIb = (g(b)]}. So,
there exists ¢ € A and d € B such that ¢ < g(b) and d € Ac = (h(c)]. So, d < h(c),
and thus d < h(c) < h(g(b)) = b, i.e., c € (b]. So, (AoIl)(b) C (b]. The other
inclusion it is left to the reader. Thus, Ao T = Ip. Similarly we can prove that
IT o A = I4. Therefore, A is an iso-arrow in the category BoQS. O

4. GENERALIZED QUASI-BOOLEAN RELATIONS

Let X and Y be two topological spaces. Let R € X x Y be arelation. We shall say
that R is upper-semi-continuous (u.s.c) if AR(O) = {x € X : R(x) C O} is an open
subset of X for every open subset O of Y. We note that Ag(O) is open for each open
Oof Yiff VR(C)={x € X : R(x) N C # @} is an closed of X for each closed C of
Y. We shall say that R is point-compact (point-closed) if R(x) is a compact (closed)
subset of Y, for each x € X. Clearly, if Y is a compact space, a relation R € X x Y
is point-compact iff it is point-closed.

Lemma 4. Let X and Y be two topological space. Suppose that Y is zero-
dimensional space. Let R be a point-compact relation. Then the following conditions
are equivalent:

(1) R is upper-semi-continuous,
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2) Ar(U) € O(X), for each U € Clo(Y).

Proof. If R is upper-semi-continuous, then Ag(U) € Clo(X), foreach U € Clo(Y),
because Clo(Y) C O(Y).

Conversely. Assume that Ag(U) € @(X), for each U € Clo(Y). Let O € O(Y).
As Y is zero-dimensional, Clo(Y) is a basis, so O = (J{U; € Clo(Y): U; C O}.
Since A g is monotonic,

J{4arWi) : Ui € 0} € Ar((J{Ui € Clo(Y) : U; € 0}) = Ar(0).

We prove the other inclusion. Let x € Ag(| J{U; € Clo(Y) : U; € 0}), i.e., R(x) C
UJ{U; € Clo(Y) : U; € O}). As R(x) is a compact subset of Y, there exists a finite
family {U; C O :1 <i <n} such that R(x) CU;U...UU, =U C O, ie., x €
AR(U). Thus, | J{AR(U;):U; € O} = AR(0O). Consequently Ag(O) is an open
subset of X, becauseAg(U;) € Clo(X), for each U € Clo(Y). O

Remark 1. By the previous Lemma, when X and Y are Stone spaces, and R C
X xY, we have that the following conditions are equivalent:

(1) R is a point-compact relation and Agr(0O) € O(X), foreach U € O(Y).
(2) R is a point-closed relation and Ag(U) € O(X), for each U € Clo(Y).

Definition 4. Let X and Y be two Stone spaces. We shall say that a binary relation
R C X x7Y is a quasi-Boolean relation if

(1) R is a point-closed relation,

2) Ar(U) € O(X), foreach U € Clo(Y).
If AR(U) € Clo(X), for each U € Clo(Y), then R is called a Boolean relation [12],
also called a Boolean correspondence in [11]. It is clear that every Boolean relation
is a quasi-Boolean relation.

Remark 2. Let X be a Stone space. A pair (X, R), where R is a quasi-Boolean
relation defined in X is called a quasi-modal space. The quasi-modal spaces are the
dual objects of the quasi-modal algebras (see [3] and [2]). If R is a Boolean relation,
then the pair (X, R) is called a modal space or descriptive general frame [10, 16].
The modal spaces are the dual of the modal algebras, i.e., pairs (4, 1), where A is a
Boolean algebra and [ is a modal operator.

Given a Stone space X, the map ex : X — Ul(Clo (X)) defined by
ex (x)={U €Clo(X):x e U}

, s a bijective and continuous function. Thus, for each P € Ul(Clo (X)) there exists
aunique x € X such that ey (x) = P.

Let X and Y be two Stone spaces. Let R € X x Y be a relation. For each x € X
we can consider the set

A (ex (x)) = {U € Clo(X3) : x € Ag(U)} = {U € Clo(X) : R(x) C U}.
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We define the relation R, € Ul(Clo(X)) x UI(Clo(Y')), as follows:
(ex (x),ev () € Rag iff ARl (ex (x)) S ey (¥)).

In the following Lemma we shall give an equivalent condition to the condition (1)
of Definition 4.

Lemma 5. Ler X1 and X, be two Stone spaces. Let R C X1 x X5 be a relation.
Suppose that AR(U) is an open subset of X1, for each U € Clo(X3). Then the
following conditions are equivalent

(1) R(x) is aclosed subset of X5, for each x € X,
(2) (x,y) € Riff (e1(x),€2(y)) € Rag.

Proof. (1) implies (2). Let x,y € X;. Itis clear that if (x, y) € R then
(e1(x),e2(y)) € Rag. Suppose that y ¢ R(x). As R(x) is a closed subset of X,
there exists U € Clo(X3) such that y ¢ U and R(x) C U. So, x € Agr(U). Then
UeAg'(e1(x)) and U ¢ £2(y) . ie., (61(x).e2(y)) & Rag.

(2) implies (1). We prove that cl(R(x)) = R(x). Suppose that there exists y €
cl(R(x)) but y ¢ R(x). Then (e1(x),e2(y)) ¢ Ray, i.e., there exists U € Clo(X3)
such that U € A}l(sl(x)) and U ¢ e3(y). Thenx € Ag(U)and y ¢ U, i.e., R(x) C
Uandy ¢ U. So, y ¢ cl(R(x)), which is a contradiction. Thus, cl(R(x)) € R(x),
and consequently R(x) is a closed subset of X5. O

Let X and Y be two Stone spaces. By Lemma 5 we have that a relation R C X1 X X»
is a quasi-Boolean relation iff R satisfies the following conditions:

(1) (x.y) € Riff (e1(x),£2(y)) € Rag,

(2) ARr(U) € O(X), for each U € Clo(Y).
We denote by QB [X,Y] the set of all quasi-Boolean relations between two Stone
spaces X and Y.

Lemma 6. Let X and Y be Stone spaces. Let R € QB[X,Y]. Then R[C] is a
closed subset of Y for each closed subset C of X.

Proof. Let C be a closed subset of X. We note that R[C] = J{R(x) :x e C}. It
suffices to prove that for any y ¢ R[C] there exists U € Clo(Y') such that R[C] C U
and y ¢ U. Take y ¢ R[C]. Then y ¢ R(x) for each x € C. As R is point-closed,
for each x € C there exists Uy € Clo(Y) such that R(x) € Uy and y ¢ Ux. So,
x € AR(Uy), foreach x € C. Thus, C C | J{AR(Ux) : x € X}, and as C is compact,
there exists x1,...x, € C such that

C g AR(UXI)U"‘UAR(UXH) g AR(le U...Uan) = AR(U),

i.e., R[C] € U. Therefore there exists U € Clo(Y) such that y ¢ U and R[C] C
U. O

Lemma 7. If R € QB[X.Y), then Ag € QS [Clo(Y),Clo(X)].
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Proof. If R € QB[X,Y], then by Example 3 it is clear that Ag : Clo(Y) —
Id(Clo(X)) is generalized quasi-semi-homomorphism.
Thus, Ag € QS [Clo(Y),Clo(X)] . O

Let X,Y and Z be Stone spaces. Let R € QB[X,Y],and S € OB[Y,Z]. The
composition of R with S is the relation

RoS ={(x,z)eXxZ:3yeY [(x,y)€ Rand (y,z) € H]}.
We note that (Ro S)(x) = S[R(x)]=U{S(y):y € R(x)}.

Lemma 8. The composition of quasi-Boolean relations is a quasi-Boolean rela-
tion.

Proof. Let X,Y and Z be Stone spaces. Let R € QB[X,Y]and S € QB[Y,Z].
We prove that Ro S C X X Z is point-closed. Let x € X. As R(x) is a closed subset
of Y, by Lemma 6, we get that S [R(x)] = (S o R)(x) is a closed subset of Z.

We prove that (Ag o Ag)(U) = Aros(U), for each U € Clo(Z). Let x € (Ago
As)(U) = Ar(As(U)), ie., R(x) € As(U). Let z € (RoS)(x) = S[R(x)] =
U{S(y) : ¥ € R(x)}. Then there exists y € R(x) such that z € S(y). As R(x) C
As(U),ye Ag(U),ie.,S(y) CU.So,z € U. Thus, (AroAs)(U) € Aros(U).

Let x € ARos(U). Then (RoS)(x) =S [R(x)]=U{S(y):y e R(x)} CU,ie.,
S(y)CU,forall y € R(x). So,y € Ag(U) forall y € R(x), i.e., R(x) C Ag(U).
Then x € AR(As(U)) = (Aro As)(U). Thus, Apos(U) C (Agro Ag)(U). O

Let f : X — Y be a function between two Stone Spaces. Consider the relation
f* € X xY defined by

[P={kx.y) e X xY: f(x) =y}

Lemma 9. Let X and Y be two Stone spaces. If f : X — Y is a function such
that f~Y(U) is an open subset of X for each U € Clo(Y), then f* € QB [X,Y].

Proof. Ttisclearthat Ap«(U) ={x: f*(x) CU}={x:x C [~ U)} = f~1(U).
Thus, Az« (U) is an open subset of X for each U € Clo(Y). Also, as Y is a Stone
Space, we have f*(x)is aclosed subsetof Y, foreach x € X. Thus, f* € QB [X,Y].

g

Using the previous lemma we obtain the following result.

Corollary 1. Let X be a Stone space. Consider the ex : X — Ul(Clo(X)). Then
the relation ey C X x Ul(Clo(X)) given by (x, P) € e} iff ex(x) = P is a general-
ized quasi-Boolean relation.

By Lemma 8 we conclude that the Stone spaces with generalized quasi-Boolean
relations is a category, denoted by StQB where the identity morphism is the identity
map Idy, where X is a Stone space. The careful reader may have realized that the
notation of composition of relations reverses the order of the actual composition in
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the category. We have decided to preserve this usual notation, instead of giving a new
one, in order to make the paper more readable.

In the following result we characterized the isomorphisms (or iso-arrow) in the
category StQB.

Lemma 10. Let X and Y be Stone spaces and R € QB [X,Y]. Then the following
conditions are equivalent:

(1) R is an iso-arrow in the category StQB.

(2) There exists an one-to-one and onto function f : X — Y such that R = f™*,
satisfying the condition ~!(U) is an open set for each U € Clo(Y). i.e., f
is a continuous function between the Stone spaces X and Y.

Proof. (1) = (2) Let S € QB[Y,X] such that RoS = Idy and Ro S = Idy,
where Idy and Idy are quasi-Boolean relations corresponding to the functions /dx
and I dy, respectively (see Lemma 9). Then forevery xe X, (RoS)(x) = S(R(x)) =
Idy (x) = {x}. Using the fact that S o Idy = §, and x € S(R(x)), then there exists
¥y € R(x) such that S(y) = {x}. We prove that y is unique. Suppose that there are
y1.y2 € Y such that S(y1) = S(y2). As SoR = Idy, we get

1} = (S oR)(y1) = R(S(y1) = R(S(y2)) = (S0 R)(y2) = {y2}.

Thus, y; = y2. So we conclude that for each x € X there exists a unique y€ Y such
that S(y) = {x}. Let us denote by f : X — Y the function defined by

S(x) = yiff S(y) = {x},

for each x € X. Similarly we can prove that there exists a function g : ¥ — X
such that R(g(y)) = {y}, foreach y € Y. As Idy oS = S, we get that (/dy o
S)(y) = SUdy(y)) = S{y}) = S(y), for each y € Y. Then for every x € X we
have that {g(f(x))} = (R0 S)(g(f(x))) = S(R(g(f(x))) = S{f(x)}) = {x]. So,
g(f(x)) = x, foreach x € X, i.e., go f is the identity function on X.

Changing the roles of f and g, we obtain that f o g is the identity function on Y.
We conclude that f is a one to one map from X onto Y and g is its inverse. Observe
that R(x) = R(g(f(x))) = {f(x)}. Then R = f*. Similarly, we have that S = g*.

Consider now U € Clo(Y). Since R is a quasi-Boolean relation, we have that

AR(U)={xeX:R(x)CU} ={xeX:f*(x)CU}
={xeX: {f(x))CUl={xeX: f(x)eU}
= 7). =

So, f~1(U) is an open subset of X.
The direction (2) = (1) follows straightforward from Lemma 9 and the definition
of iso-arrow. O
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5. CATEGORICAL DUALITY

In this section we prove that there exists a category, whose object are Boolean
algebras, and whose morphism are quasi-Boolean relations. In order to complete the
duality we need to see how to define quasi-Boolean relation from each quasi-semi-
homomorphism between two Boolean algebras.

Let A € OS|[A, B]. We define a relation Ry C Ul(B) x Ul(A4) by

(P,O)eRp & VaeA:AaNP #@thena e Q
& A N(p)co.

We note that when A = B, the relation R 4 is the relation used in [3] in the repres-
entation of quasi-modal algebras.

We give now a equivalent characterization for the relation R5. We recall that,
given A € QS [A, B], the generalized proximity relation §4 € B x A is defined as
(b,a) €dpiff b ¢ A—a.

Lemma 11. Let A and B be two Boolean algebras. Let A € QS[A, B]. Let
(P, Q) € UI(B) x Ul(A). Then the following conditions are equivalent:

(1) (Q.P) € Ra,
(2) Ox P CSép

Proof. Let (P, Q) € UI(B) x Ul(A). Assume that (Q, P) € Ra. Let (¢, p) € O X
P.If(q,p) ¢ 8a.theng e A—pNQ,ie.,~pe A" (Q)C P.So,~pAp=0€P,
which is a contradiction. Thus, Q x P C 4.

Assume that Q X P € 3. Let AaN Q # @. Then there exist g € Aa and g € Q.
Suppose thata ¢ P. Then —a € P. So, (q,—a) € Q X P Cdp,ie.,q ¢ A——a = Aa
, which is a contradiction. Thus, (Q, P) € R4. ]

Remark 3. When A = B, the relation given in (2) is the definition used in [14] for
the topological representation of some extensions of proximity Boolean algebras.

Lemma 12. Let A € QS [A, B]. Let P € Ul(B) and I € Id(A). Then
AINP =@ &30 eUl(A)[A™(P)SQandINQ =2].

Proof. Let P € Ul(B)and I €Id(A). Wenotethat AINP =g iff INATI(P) =
@. Indeed. Suppose that A7 N P = @ and suppose that there exists ae 1 N A™L(P).
Then Aa N P # @, i.e., there exist p € P and p € Aa. As a € I, we get that
p € AI N P, which is a contradiction. Thus / N A~!(P) = @. The other direction
is similar and left to the reader.

Assume that I N A~!(P) = @. Consider the family

F={H€eFi(A):INH=@and A~ (P) C H}.

As A7Y(P) is a filter of A and A™!(P) € ¥, then ¥ # @. By Zorn’s Lemma, we
can take a maximal Q € ¥ . It remains to show that Q is an ultrafilter of A. Let
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a € A. Take the filters F, = F(Q U{a}) and F-, = F(QU{—a}). If a,—a ¢ Q,
then Fy, F—; ¢ . S0, F, NI # & and F-, NI # &. Then there exists q1,92 € O
such that gy Aa € I and go A—a € I. Take ¢ = g1 Aq2. As I is an ideal of A4, we
have that (g Aa)V(gA—a) =g A(aVv—a)=qgAl=gq eI, whichis a contradiction.
Thus, Q € Ul(A). So, A= (P) € Q and Q NI = @. The other direction it is easy
and left to the reader. O]

Theorem 2. Let A € QS[A,B]. Leta € Aand P € Ul (B). Then

() ae A7V (P) & VQ eUl(4): A1 (P)C Q thena € Q,
2)aeV I (P)©3I0ecUl(4):Qc VI (P)anda € Q.

Proof. We prove (1). The proof of (2) follows by duality. Assume that a ¢
ATYL(P), ie, AanNP = @. By Lemma 12 we get that there exists Q € Ul(A)
such that A=1 (P) € Q and a ¢ Q. The other direction is immediate. O

Recall that if 7 is an ideal of a Boolean algebra B, then
epl[l]={P €Ul(B): INP # T}
is an open subset of the Stone space of B.

Theorem 3. Let A and B two Boolean algebras. Let A € QS [A, B]. Then

(1) ¢p[Aa]l = Ar,(Ba(a)), foralla € A.
(2) Ra € QB[UI(B),Ul(A)].

Proof. (1) Let a € A. Let P € Agr,(Ba(a)). Then RA(P) C Ba(a). If P ¢
B [Aa], then AaN P = &. So, there exists Q € RA(P) such that a ¢ Q. Then,
RA(P) € B4(a), which is a contradiction. Thus, P € ¢p [Aa]. The other inclusion
is easy and left to the reader. Thus, Ag ,(Ba(a)) is an open subset.

(2) By Theorem 2 we deduce that RA(P) =(){Ba(a) : Aan P # @}. Therefore,
RA(P) is aclosed subset for each P € Ul(A), i.e., Rais point-closed. O

We recall thatif A; € QS [A,B]and A, € QS [B,C],then Ay0A; € QS [A,C].
Thus, Ra,04,  UI(C) x UI(A).

Lemma 13. Let A, B and C be Boolean algebras. Let A1 € QS[A, Bl and A, €
OS[B,C). Then Raoyon, = RA, 0 RA,.

Proof. Let (P,Q) € UI(C) x UI(B) such that (P, Q) € Ra,oa,. Then (Ao
A)"H(P) C Q, ie., forall a € A such that (Ay0A;)(@) NP # @, then a € Q.
We note that as Q¢ = A — Q is an ideal, we have that A, (Q¢) is an ideal. We prove
that

AN (PYNALQY) = 2.
Otherwise there exists a ¢ Q and b € B such that A,bN P # & and b € Aqa. So,
there exists ¢ € A,b N P. Then, ¢ € (Ay0A1)(@)N P, ie., ac (AroA) L(P).
Thus, a € Q, which is a contradiction. Thus, there exists D € Ul(B) such that
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ASY(P)C D and ATH(D) C Q i, (P,D) € Rp,and (D, Q) € Ry, . Therefore,
(P,O)€ Ra,oR .

To prove the other inclusion, let (P, Q) € Ra, o Ra, . Then there exists D €
UI(B) such that AEI(P) C D and Al_l(D) C Q. Leta € Asuchthat (AzoAp)(a)N
P = A;[A1(a)]N P # @. Then there exists b € B and there exists ¢ € C such that
be Ajaand c € A,bN P. So, b € AZ_I(P). So, b € AjaN D, and consequently
a € Q. Thus, (AyoA))"H(P)C Q,ie, (P,Q)€ Rayon,- O

Define a contravariant functor « : BoQS — StQB by
a(A) = (Ul(A),t4) if A isaBoolean algebra

a(A) =R if Ae QS[A,B].
Define a contravariant functor 7 : StQB — BoQS as
n(X) =Clo(X) if X isaBoolean space

n(R) = AR if ReQB[X.Y]

Since for each Boolean algebra A the map 4 : A — Clo(Ul(A4)) is an isomorphism
in BoQS, we get that Theorem 3 means that the composite functor 7 o « is naturally
equivalent to the identity functor, the natural equivalence being given by the iso-
morphisms 4. On the other hand, since for each Stone space X, the map gy is a
homeomorphism from X onto X(Clo(X)), it follows that the relation e} defined by

(x,P)eeyiffex(x) =P

is a quasi-Boolean relation, and by Lemma 5 we have that £} is an isomorphism in
StQB. It is easy to see €} is a natural equivalence from the composite functor 1o
to the identity functor from in StQB, i.e., Ra, o€y = Rog} for R € QS[X,Y].
Similarly, it is easy to see that 84 is a natural equivalence between the identity functor
in BoQS and « o 5. Thus, we have the following result.

Theorem 4. The contravariant functors n and o and the natural equivalences
¢ and B define a dual equivalence between the category of Boolean algebras with
quasi-semi-homomorphisms and the category of Stone spaces with quasi-Boolean
relations.

As an application of the above duality we prove a generalization of the result that
asserts that the Boolean homomorphisms are the minimal elements in the set of all
join-homomorphisms between two Boolean algebras (see [11]). Now we prove that
the minimal elements in the set of all quasi-Boolean relations defined between two
Stone spaces is a Boolean relation.

Let A and B be two Boolean algebras. Let X and Y be the Stone spaces of A and
B, respectively. Let QS [X, Y] the set of all quasi-Boolean relations defined between
X and Y endowed with the order given by the inclusion between relations. Let A
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and A, € QS [A,B]andlet R, and Ra, € QS [X, Y] the associated quasi-Boolean
relations. It is clear that Ay < A, if and only if R, € Ra,.

Theorem 5. Let X and Y be two Stone spaces. An element of QS [X,Y] it is
minimal if and only if is a Boolean relation .

Proof. Let R € X x Y be a minimal element QS [X,Y]. We prove that R is a
Boolean relation. As R is point-closed, we have to see that Ag(U) is a closed subset
of X, for each U € Clo(Y). Let x € cl(Ag(U)). Suppose that x ¢ Ag(U) . Then
R(x) € U. So there exists y € R(x) such that y ¢ U. Define the relation Ry as:

Ry(z) =R(z)NU°C,

for each z € X. It is clear that Ry (z) is a closed subset for each z € X. Thus Ry is
point-closed. Moreover, for V' € Clo(Y') we have that

Ap,(V)={ze€X :Ry(z)CSV}={zeX:R(z)NU° CV}
={zeX:R(z)CUUV}={zeX:ze€e Ag(UUV)}
=Agr(U UV).

Since R is a quasi-Boolean relation, Ag(U U V) is an open subset of X. Then Ry is
a quasi-Boolean relation. It is clear that Ry C R. Thus R is not minimal element in
QS [X,Y], which is a contradiction. Therefore, cl(Ar(U)) = Ar(U), i.e., Ar(U)
is a closed subset of X. Consequently, R is a Boolean relation. g

FINAL REMARKS

In this paper we have proved a generalization of the Halmos’s duality [12] [11],
and the duality given in [3] for quasi-modal algebras.

There are several possibilities to extend the results given in this work. One pos-
sibility is to consider local Boolean algebras with a special class of morphisms. We
recall that a local Boolean algebra is a pair of the form (A, I'), where A is a Boolean
algebra and [ is an ideal of A, such that [/) = A. A local homomorphism between
two local algebras (A, 1) and (B, J) is a Boolean homomorphism 4 : A — B satis-
fying the following condition:

(LH): For each b € J there exists a € I such that b < h(a), i.e., J C (h[I]].

A meaningful extension of the Stone duality is given by Geogi Dimov in [6]. In this
paper it is shown that the category of local Boolean algebras with local homomorph-
ism is dually equivalent to the category of Boolean spaces (= zero-dimensional locally
compact Hausdorff spaces) with continuous maps. In a future work we shall study
local Boolean algebras with meet-homomorphisms satisfying the condition (LH),
and the representation theory by means of Stone spaces with a relation satisfaying
certain conditions.
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