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Abstract. In this paper, we generalize 8* relation on submodules of a module (see [1]) to ele-
ments of a complete modular lattice. Let L be a complete modular lattice. We say a,b € L are
B« equivalent, aB«b, if and only if for each t € L such thataVv¢ =1 then bVt = 1 and for
eachk € L suchthatbVvk = 1thenaVvk =1, thisis equivalenttoa Vb K 1/aandaVvb K 1/b.
We show that the B4 relation is an equivalence relation. Then, we examine S+ relation on weakly
supplemented lattices. Finally, we show that L is weakly supplemented if and only if for every
x € L, x is equivalent to a weak supplement in L.
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1. INTRODUCTION

Throughout this paper, L denotes a complete modular lattice with the smallest
element O and the greatest element 1. A lattice we will mean a complete modular
lattice. In a lattice L, an element 1 # m € L is called maximal in L if there is no
element between m and 1. An element a of L called small in L, if a Vv b # 1 holds for
every b # 1. This is denoted by a < L. An element ¢ of L is called a supplement
of b in L if it is minimal relative to the property b v ¢ = 1. Equivalently, an element
¢ is a supplement of b in L if and only if bv ¢ =1and b Ac < ¢/0. An element ¢
of L is called a weak supplement of bin Liftbvc=1and bAc K L. A lattice
L is called supplemented (respectively, weakly supplemented) if each element
of L has a supplement (respectively, weak supplement) in L. For a € L, we said that
be Lisacomplement ofain Lifanb=0andaVvb =1 (see[3]). Itis denoted
bya®b =1 (see [2]). Alattice L is called complemented if each element in L has
at least one complement in L (see [2]). A lattice L is called hollow if every element
with distinct from 1 small in L. An element a of L has ample supplements in
L if for every t € L with a Vvt = 1, there is a supplement t ofawiths <t. Lis
called amply supplemented if all elements of L have ample supplements in L. In
a lattice L, the meet of all maximal elements in L is called radical of L, denoted
by rad(L). If a € L such that a < L then a < rad(L) (see [4], Proposition 6). For
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a,b € L such that a < b, we said that b lies above a if b < 1/a. A lattice L is
called distributive if for any elements a,b,c of L,aA(bVvc)=(anb)V(anc)
holds.

2. B« RELATION

Definition 1. Let a,b be elements of L. We define a relation B, on the elements
of L by aB«b if and only if for each t € L such thata Vvt = 1 then b v ¢ = 1 and for
eachk € L suchthatbvk =1thenavk =1.

Lemma 1. B is an equivalence relation.

Proof. The reflexive and symmetric properties are clear. For transitivity, assume
af«b and bf«c. Lett € L such thata vt = 1. Since af«b, bVt = 1. So, by bf«c,
¢ Vvt = 1. Similarly, for each k € L such that c vk = 1 thena vk = 1. Finally afc.

O

Theorem 1. Let a,b be elements of L. Then,

(1) aBxb ifand onlyifavc =1and bV c =1 for each ¢ € L such thata~ bV
c=1
(2) aBxb ifandonlyifavb < 1/aandavb < 1/b.

Proof. (1) (=) LetaBxb and c € L suchthatavbve = 1. SinceaV (bVv
c)y=1landafB«b,bv (bVvc)=1.Hence bvc=1. Similarly,avc =1.
(<) Lett € L such that avt =1. Then aVvb Vvt = 1. By hypothesis,
bvt = 1. Similarly, if k € L withbVvk =1thena vk =1. Soaf«b.
(2) (=) LetaB«b and t € 1/a such thata v bVt = 1. Since aB«b,aVvt =1.
Then ¢t = 1. Therefore a Vb < 1/a. Similarly,a vb < 1/b.
(<) Letavb << 1l/a,avb < 1/bandt € L suchthatavt=1. So
(avb)v(bvty=avbvt=1.Sinceavb K 1/bandbvtel/b,bvt=1.
Similarly, for each k € L suchthatbvk =1thenavk = 1.
O

Theorem 2. Let a,b be elements of L. Then,
(1) Ifa < L and af«b then b < L.

(2) All small elements in L is equivalent with B« equivalence relation.

Proof. (1) LetaB«b,a < L andt € L suchthatbvt =1. Hencea Vvt = 1.
Sincea < L,t =1. Thusb < L.

(2) Leta << Land b < L fora,be L. Sincea < L,ifavt=1thent = 1.
Therefore bV ¢t = 1. Similarly,a vk = 1 foreach k € L suchthatbvk = 1.
Thus af«b.

O

Corollary 1. L is hollow if and only if all elements with distinct from 1 in L are
equivalent with B« relation.
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Proof. (=) Let L be hollow. Then all elements of L with distinct from 1 are small
in L. Then by Theorem 2 (2), all elements with distinct from 1 in L are equivalent
with B relation.

(<) Let all elements of L with distinct from 1 be equivalent to each other. Let
a,teL,a#1andavt =1.Ift # 1, then by hyphothesis af«f and t =t Vvt = 1.
This is a contradiction. Hence t = 1 and @ < L. Therefore L is hollow. O

Theorem 3. Let a,b be elements of L such that a < b. If b lies above a, then
apf«b.

Proof. Assume b lies above a. Then, b < 1/a. Since a < b for any ¢ € L such
thatavt =1,bVvit=1. Conversely, letk € L withbvk =1. Thenbvavk=1.
Sinceb < 1/aandavk €1/a,avk = 1. Hence af«b.

O

Lemma 2. Let a,b,c be elements of L. Ifavb =1 and (a Ab)V c =1, then
av(ibhrc)=bv(anc)=1.

Proof. AssumeaVvb=1and (aAb)vc=1.Since (anb)vc=1l,a=anl=
an[lanb)yvec]l=(@nb)v(anc). Thenl =avb=(@Arb)vV(@anc)vb=bv
(anc). Similarly a v (b Ac) = 1. O

Theorem 4. Let a,b € L. If aB«b then the following conditions hold.

(1) If there exist supplements of a and b then these are the same.
(2) If there exist weak supplements of a and b then these are the same.

Proof. (1) Letc be a supplement of a. Thena V¢ = 1. Since aB«b,bVvc = 1.
Letd € L suchthatd <candbvd = 1. Therefore a vd = 1. Since ¢ is a
supplement of @ and d < ¢, d = c. Then c is a supplement of . Similarly,
interchanging the roles of a and b we can show that each supplement of b is
also a supplement of a.

(2) Let aB«b and c be a weak supplement of @ in L. Therefore a v ¢ = 1 and
anc <K L. Since afsb and avec =1, bvc =1. Lett be an element
of L such that (b Ac)Vvt =1. By Lemma 2, bV (c At) =1 and since
aB«b, av (c At) = 1. Then by also Lemma 2, (a Ac) VvVt =1 and since
anc KL L,t=1. Therefore b Ac < L and so c is also a weak supplement
of b. Similarly, interchanging the roles of @ and b we can show that each
weak supplement of b is also a weak supplement of a.

O

Theorem 5. Let L be an amply supplemented lattice and a,b € L. If supplements
of a and b in L are the same then af«b.

Proof. Lett € L suchthata vt = 1. Since L is amply supplemented, there exists
a supplement r of a in L such that r <¢. By the hypothesis, r is also a supplement of
b. Thenbvr =1. Since r <t, bVt = 1. Similarly, interchanging the roles of a and
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b we can show that a vV k = 1 for any element k of L such that b v k = 1. Therefore
aP«b. O

Corollary 2. Let x,y,c € L such that x <y and c is a weak supplement of x in
L. Then xB«y ifand only if y Ac < L.

Proof. (=): Clear from Theorem 4 (2).
(«<): Since x < y, for any element # of L suchthatxvi=1,yvet=1.Letk e L
such that y vk = 1. Since ¢ is weak supplementof x in L, x Ve =land x Ac < L.
Therefore y A(x Ve)=1Ay,andso y =xV (yAc). Hence x V(y Ac)Vk = 1.
Since yAc K L, xVvk =1. Thus xf+y. O

Theorem 6. Let x,y,z,a,b € L such that a ® b = 1 and y is a supplement of x
in L. Then
(1) If zBxy thenz/(z Ax) = y/(y AX).
(2) If zB«b then z/(z Aa) = b/0.
(3) Let z <b. Then zB«b if and only if 7 = b.
(4) Let b < z. Then zB«b if and only if z na K L.

Proof. (1) Since y is a supplement of x in L and z8«y, xVy =xVZ
1. Since z/(zAx) = (zVvx)/xand (yVvXx)/x = y/(yAX), 2/ (ZAX)
y/(yAx). Thusz/(zAx)=y/(y Ax).

2) By6(1),z/(zArna)x=b/(anb). Sincea®b=1,z/(zra)=b)0.

(3) (=): Sincea® b =1and zB«b,a vz = 1. Also, since b is a supplement of
ain Landz <b,z =b.
(<) Clear from reflexive property of Bx.

(4) (=): Since a is a weak supplement of b and z84b, it follows from Theorem
4 (2) that a is also a weak supplement of z in L. Hence z Aa < L.
(<) It is clear from Corollary 2.

lle 1l

0

Theorem 7. Let L be a distributive lattice and a,b € L. Ifa® b = 1 and aP«x,
thena <xand bAx < L.

Proof. Sincea®b =1and af«x,xVvb=1.HenceaA(xVvb)=anl=a.By
the distributive property, (a Ax)V (a Ab) =a. SinceaAb =0,aAx = a, and so
a < x. Also since xf+a and a < x, b Ax < L by Theorem 6 (4). O

Theorem 8. Let L be a distributive lattice and x € L. If xB«y and there exists a
decompositiona®b = 1 suchthata < x andbrnx L L, thena <y andb ANy K L.

Proof. Since a < x and b A x < L, afi«x by Theorem 6 (4). Since xBy and
aPfs«x,aPf«y. By Theorem7,a <y and bAny < L. O

Theorem 9. Let x € L and k be a maximal element of L.
(1) Ifa,b € L suchthatavb =1, b # 1 and xf«a then x £ b.
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2) If xBxy and x <k then y <k.

(3) If xB«k then x < k.

@) If xB«k and w is a weak supplement of x in L then k = x Vv (k A x) and
kAaw < L.

Proof. (1) Assume that x <b. SinceaVvb =1and xB«a,xVvVb=1s0b=1.
This is a contradiction with b is distinct from 1. Therefore x £ b.

(2) Let y £ k. Then k vy = 1. Since xB«y, k =k v x = 1. This is a contradic-
tion. Therefore y < k.

(3) Let xB«k and x £ k. Since k is a maximal element, x V k = 1. Moreover
k =1, because xB«k. This is a contradiction. Therefore x < k.

(4) Let xB+«k and w be a weak supplement of x in L. From Theorem 4 (2), w
is a weak supplement of k in L. Hence k vw =1 and k Aw < L. Since
xBxk, x <k by 9 (3). Since x Vw = 1 and x < k, the modular law yields
k=xVv(kAw).

O

Theorem 10. Leta,b € L anda®b = 1. For x,s € a/0, if xB«s in L, then xfxs
ina/o.

Proof. Letk €a/0suchthatxVvk =a. Then (x Vk)®b=1,andsoxV (kVvb)=
1. Hence s v (k v b) = 1 since xB«s in L. Then [(s V k) Vb] Aa = a, it follows that
(svk)Vv(bAa) =a. We obtain that s vV k = a. Similarly, interchanging roles of
x and s, we can show that x V¢ = a for any element ¢ of ¢/0 such that s V¢ = a.
Therefore xf«s in a /0. U

Theorem 11. Let x,y,k € L such that xVk =yvk =1 kAy <kAXx and
xVy<K1/y. ThenxVvy < 1/x.

Proof. Lett € 1/x suchthat (x Vy)vt=1.SincexVvk=1,tA(xVk)=tAl,
and so x V (t Ak) =t by the modular law. Hence x vV y Vv (t Ak) = 1. It follows that
xVyVvyv(@EAak)=1.Sincexvy <K 1/y,yVv(Ak)=1. Then by Lemma 2,
tvkAy)=1 Sincekrny <karx,1=tVv(kAny)=tV(kAx)=t. Therefore
xXVy <L 1/x. O

Theorem 12. Let x,y,a,be L. Ifa,b K L,x <yVvbandy < x\Va, then xfxy.

Proof. Letk € L suchthatxvVyVvk =1.Sincex <yvbh,yvbVvk =1. From
b L,yvk=1.Similarly, x Vk = 1. Hence, by Theorem 1 (1), x8«y. O

Theorem 13. Let x1,x2,y1,y2 € L. If x1 B+ y1 and xBxy2 then (x1V x2)Bx(y1V
y2)-
Proof. Let k € L such that (x1 vV x2)V (y1V y2) Vk = 1. Since x1B«y1, Y1V

X2VyaVk =1and x1 VxpVy, vk =1. Also since x2 8«2, y1 Vy2Vk =1 and
x1Vxz2Vk =1. By Theorem 1 (1), (x1 VXx2)B«(y1V y2). O
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n
Corollary 3. Let x,y1,¥2,...,¥n € L. If xBxyi fori =1,2,...,n, then xf \/ Vi.
i=1
Proof. Clear from Theorem 13. O
Theorem 14. Let x,y € L and j < L. Then xB+y if and only if xB«(y V J).

Proof. (=) Letk e L withxVvk=1.SincexB«y,yvk=1.ThenyvVvjvk=1.
Lett € Lsuchthat (yVvj)vet=1.Since j K L,yvt=1. xVvt=1"from xBy.
Hence xB«(y Vv j).

(<) Letk € L withx vk =1. Since xB«(yV Jj), yVjVvk =1. Also,since ] < L,
yVk=1. Lett € Lsuchthat yv¢t = 1. Then yVv jvit=1. Since xB«(y V j),
xVt=1.Hence xf«y.

O

Theorem 15. Let rad(L) =0 and a ®b = 1. If xBxa for some x € L then
x®b=1.

Proof. Since a® b =1, b is a supplement of a in L. Since xBxa, b is also a
supplement of x in L by Theorem 4 (1). Therefore bv x =1 and b A x K x/0.
Since rad(L) =0, x Ab <rad(L) =0. Hence x &b = 1. O

Theorem 16. L is weakly supplemented if and only if for every x € L, x is P«
equivalent to a weak supplement in L.

Proof. (=) Let x € L. Since L is weakly supplemented, there exists z € L such
that x Vz =1 and x Az < L. Also x is a weak supplement of z in L. Since
B« relation is reflexive, xB«x. So, every element of L is S« equivalent to a weak
supplement element in L.

(<) Let x € L. By the hypothesis, there exists a weak supplement z € L such that
xBxz. Let z be a weak supplement of @ in L. Thusavz =1anda Az < L. Also,
a is a weak supplement element of z in L. Since xBxz, a is also a weak supplement
of x in L by Theorem 4 (2). ]

Remark 1. The converse of Theorem 3 is not always true. We can give an example
about that. Let K be a hollow module which is not simple. L be the lattice of the set
of all submodules of K x K with respect to the ordering relation of inclusion. Since
K is not simple, K has a submodule 7 with 7 # 0 and T <« K. Clearly we see that
Tx0<KL LandOXxT < L.But7T x0and0xT don’tlie above each other.
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