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Abstract. In this paper, the order of simultaneous approximation and

Voronovskaja-type results with quantitative estimate for complex g-Kantorovich polynomials
(g > 0) attached to analytic functions on compact disks are obtained. In particular, it is proved
that for functions analytic in {z € C: |z| < R}, R > g, the rate of approximation by the g-
Durrmeyer - Stancu operators (¢ > 1) is of order ¢~ versus 1/n for the classical g-Durrmeyer
- Stancu operators.
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1. INTRODUCTION
For each integer k > 0, the g-integer [k], and the g-factorial [k],! are defined by
1— k

q“ . +

=1 Tog TIERNL forken and [0, =0,
k if g=1

[kl ! :=[1]4[2],.--[k], forkeN and [0],!=1.

For integers 0 < k < n, the g-binomial coefficient is defined by

|: n j| L [n]q'
k g [Klgtn—kl,!
For fixed 1 # g > 0, we denote the g-derivative D, f (z) of f by

HERa, 2 #0,

f(0), z=0.

Dqyf(2)=
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The g-analogue of integration in the interval [0, A] is defined by

4 o0
/f(f)dqf =A(l-q))_ f(Ag")q", 0<g<1.
0 n=0

For 0 < ¢! <1 we have
[m—l]q—1![l’l—l]q—1!

B =
g—1(m.n) m+n—1],-1!

In [2], Durrmeyer introduced the following Bernstein-Durrmeyer operator and [8]
obtained simultaneous and ordinary approximation for these operator

n 1
Du(fix)=(m+1)Y pug(g:x) / puk @) f(Od1, xe€[0.1] (L)
k=0 o

where
pas) =} )5Fa=xr .

For 0 < o < B, Stancu [ 3] introduced the Bernstein-Stancu operator as follows:

~ k+a
By o 3 X) =
wp(f:) ];)f(nﬂ3

In [4] Gupta defined g-Durrmeyer type operators:

)Pn,k(x)- (1.2)

n 1
Dpg(fix)=Mn+11; > q % pus(g:x) / O pag @) dgt, x€[0.1]  (1.3)
k:0 0

where
n—k—1

Pni(q;x) = [ Z } < T a=4/x.
q j=0

In [4] and [3] (Gupta and Finta) some local and global direct results for different g-
analogues of Durrmeyer operator is studied. In [0], Gupta and Wang defined the
following g—Durrmeyer operator and estimate the rate of convergence for these
operator;

My g (fix) 1.4)

n 1
=l+1; > ¢ Fpuk (q;x)/f(t)pn,k—l (q:q1)dgt + f(0) puo(q:x), x €[0.1]
k=1 0
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Also Gupta and Finta [5] studied some direct results for the certain g-Durrmeyer
operator(1). In [1], Agarwal and Gupta introduced and studied complex case of
q—Durrmeyer operators (1). In [12], Gal, Gupta and Mahmudov obtained some ap-
proximation properties for the following g-Durrmeyer operators;

My 4(f;2)

n 1
— 0y Y. 0" a0 [ FOparao @i dyt + FOpno(aia). €€
k=1 0

In [9] Mahmudov and Gupta introduced the complex genuine Durrmeyer -Stancu
operators as follows:

o

aByr n+uo
U P (f:2) = pno@@) f (n+’3)+pn,n(z)f (n+ﬂ)

n—1 1
L= pur(@) [ Prcane (t)f(ntJra)dt-
b / 01 (2

where «, B are given two real parameters satisfying the condition 0 < o < .In [11]
, M. Ren, X. Zeng and L. Zeng introduced the following complex Stancu-type Dur-
rmeyer operators and obtained the approximation properties of these operators.

n 1
wprro o nt+uo
M@B(f:2) = puo(@) f (n +ﬁ) +n];pn,k(z)[pn-1,k_1(t)f ( Py )dz.

In[7], Gupta and Karsli considered Stancu type generalization as follows

n 1
MED(f12) = puo() f (L)Hnm > k@) [ usa0) (’” +“)d:
k:1 0

n+p n+p

Recently, Mahmudov (2014) [10] introduced and obtained the following approxima-
tion results of the complex g-Durrmeyer type operator in the case of ¢ > 1.

Dn(f32) = pno(q:4%2) £(0)

1

n

4110 qk_lpn,k(q;qzz)/pn,k—l(q_l;q_lt)f (qk_”t) dyjqt.
k=1 b

In the present paper, for ¢ > 1,we introduce the complex g-Durrmeyer-Stancu oper-
ators as follows

&P (fiz)=f ([n];%ﬂ) pno(4:4°2) (1.5)
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1

n k—n—2
_ o q [n] 1 +o
Hin+1,-10> ¢ pa (q;qZZ)/pn,k_l(q g7 f 2 dt.
k=1 0 [n]q +IB q

Notice that The case « = 8 = 0 and ¢ > 1, studied in [10].

Let Dg be a disc Dg := {z € C: |z| < R} in the complex plane C. Denote by
H (Dp) the space of all analytic functions on Dg. For f € H (Dg) we assume that
f @)=Y _oamz™ forall z € Dg. The norm || f ||, := max{| f(z) : |z| < r|}. We
define e,,(z) = z™ for all m € NU{0}.

The paper is organized as follows. In Section 2 we give some auxilary results, in
particular we prove a which includes some properties of the complex g—Durrmeyer-
Stancu operators in the case ¢ > 1. In Section 3 we study approximation properties
(Theorem 1), Voronovskaja type quantitative estimation ( Theorem 2) and exact order
of approximation (Theorem 3).

2. AUXILIARY RESULTS

In this section we find relation between the moments of g—Durrmeyer operators

Dn,q(ej;2) and g—Durrmeyer-Stancu operators @S,szlﬂ )(em;z).

Lemma 1 ([10]). Form = 0,1,2,we have

q*[nl,

[n+2],
q2 [n]q (1 + q) q3 [n]q ([n]q - 1) 2

Qn,q(eO;Z):l, 33n,q(eIQZ): Z,

Dnyqlez;z) = 3, [n+2]qz T [n+2]qz ,
where
o m1y " o, Te+m—1],!
On,qlem;z) = [n—l—m——l—l]q!gp"’k(q’q Z)[k——l]q! 2.1

In Lemma 2, we define the moments for complex g-Durrmeyer-Stancu operators
(g>1).

Lemma 2. Forallm,n € No,z € C and 0 < a < B, we have the following recur-
rence relation

m [n]] am—J
D@ (e,:2) = ( m )q—msa,,, (¢j:2),
q \em: < j;o J ([n]q+,3) s
where en, (z) = 2.

Proof. By using 2.1 and simple computation,
Form =0,

P (e0:2)



g-DURRMEYER - STANCU POLYNOMIALS 863

1

n

=[+1]-1 ) qk‘lpn,k(q;qZZ)/pn,k_l(q‘l;q‘lt)dl/qt + Pn0(9:4%2)
k=1 0

Secondly, we calculate the first order monomial

D@P(e1:2) = — pyo(g:4%2)
(Inlg +8)""
1
‘ k—1 2 1. -1 qk_n_zt[”]q"‘“
+ln+10-1 Y d"  paslaiq Z)/Pn,k—l(q g ) .+ f di/qt
k=1 0 q

1

] " N -

= [n] j‘,B [n+1]q_1 qu lpn,k(q;QZZ)/qk n ztpn,k—l(q l;q lt)dl/qt
1 k=1 A

o

Tl )
n 1
{[n 11 Y qk_lpn,k(q;qzz)/pn,k—l(q_l;q_lt)dl/qt - Pn,O(‘I§q2Z)}
k=1 0
[n],

= ———2Ongle1:2) +

[n]q +,3 Qn,q(eOQZ)

o
([n]q +13)
nl, 4], . o
(nlg+B) In+2,"  [nlg+B

Finally, For m = 2,

2
o
D (e2:2) = ——— pno0(4:4°2)

([n]q + ,3)

(qk_”_zt [n], —i—oz)z

(Inly +B)°

[n]; 2[n],« a2
=—1 9, 4(e2:2)+ 1 Dpq(e1:2) + —————Dng(e0:2)

(Inlg +B) ([n], +B) ([]y +B)
_ [n]é q*[nl, 1+q) g’ [nly ([, =1) ,
(In), +B)* [ In+3lg [n+2]g " I +3]gln+2],

1
+{ln+1],-1 ) qk_lpn,k(q;qzz)/pn,k—l(q_l;q_lt) di/qt
0
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2[n]qu q2 [n]q o?

(nly+ 8 20" (il + B

O
Next lemma estimation of the moments © ,(fff )(em :7) in the compact disks Dg.
Lemma 3. Forallm,n € Ng, z € Dg,0<a < B andr > 1, we have
DB (em:z) < (¢Pr)™.
Proof. Using the inequality !@n,q(ej;z)} < (q2r)? ([10])
m S
nlg o
9(""’3)(em:Z)‘ < ( " )q—@n,q(ej;Z)}
n.q ;} Jj ([n]q +'3)m
m J oym—j
m [n]; o
S(qzr)mZ( j )q—m
= ([nlg +B)
n], +o "
=@ =] =@
[nly + B
O

Remark 1. By simple computation, we have

o= (2, +P),
g+

3. APPROXIMATION BY COMPLEX ¢—DURRMEYER-STANCU POLYNOMIALS

DB ((e1—eo):2) =

We start with the following quantitative estimates of the convergence for complex
g-Durrmeyer-Stancu operators attached to an analytic function in a disk of radius
R > 1 and center 0.

Theorem 1. Let0<a <B,1<g<R<ooand1<r < q—lg.Forallz € D, and
n € N, we have the following inequality
1+q*r+a+p
],

o (fi) -1 @) = ( ) > famlm (m+1) (¢%r)"
m=1

where f € H (Dg).
Proof.

m J ym—j
@B (f12)— f(2) = Z( " ) g

Jj=0 W|@n,q(€j;z)_(ej;z)|
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i( ) —[’T ::8)] z/ —z7™.

Using the estimation
q2r

[n +2]

\Qn,q(ej;z)—(ej,z)\_ LiG+ D@y

(See [10]). Then we can easily obtain

3 \m—1 [n]m _ ) m
2qu(m“)(q & +(([n]+ﬂ)m bz

- Jym—j

Z( i) m=i (A"

- 1—|—q2r 3 \m—1 mlB m ﬂ m—1

Sy, D@ e T T
(1+¢*r+a+B)

=< m(m+1)(g>r)" 1.
[n],

0P (101G <

0

The next theorem gives Voronovskaja type result in compact disks, for complex
q-Kantorovich operators attached to an analytic function in Dg, R > 1 and center 0.
In orders to formulate the results we introduce

(1-¢?2)Dq f(z) — (1 =2)Dy—1 f(2)
Ly(fi2) = 1 q .
q—1
Theorem 2. Let0 <o <fand1<r < q%. Then for all z € D, and n € N, we
have the following inequality

—([21,+B)z 1

R O gl
s%i(mm g*r)™
(H([q;?;) oy ,,; amlm n 1) (a*)"

where f € H (DR).
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Proof. We immediately obtain

@B o o 2 (2l +B)z 1 .
Ong (f12)—f(2) ]+ p f'(2) [+2]qu(f»Z)

=Dng (f12) = f (@) ———=—Lq(f:12) + D& (f12) =D g (f:2)

n+2l,
o
=”§am (Qn,q (eniz) —em(@) ~ T +12]qu (em z))
+mi;lam (@S)ff) (f:2)=Dnq (fi2)— —([ 5 Pz mz""l)

For the first estimate, using the Theorem 3 in [10], namely

O (1)~ /@)=L (32 = [n+2]q Z<m+1> (g*r)™.
For the second series, we rewrite it as follows.
(a 8) — (21, +8)z
(f:2)=Dnq(f:2)— —[n]+ﬂ /(@)
X_:( )[n]f - (ej;2) + =2 g (em:2) — Dn.g(em;2)
= (] +B)" Dnales: (] +B)™ Drnglem; A
Ot—([2]q+,B)Z m—1
{ ]+ B }mz

N () e ly .
¢ )([n]+ﬁ)m Prater; Z)+<([n]+ﬂ)m_1 Dug(emi2)

j=0
e~ (214 +8)z mzm=1
]+ B

m—2 1
— m\ [n ]J m=Jj . mn]g « ‘
- ( ) (1] + B)™ i Dn,q(eji2) + WDn,q(em—l,Z)

m—1 [ ]] pm=i a—([2]q+ﬂ)z m—1
" ( )([n]+ﬂ)’" ”("’Z)_{W "
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— []] m—j []m—l )
= Z( )W n.q(€j;2) + [’]1_;{’3):1[ (Dn,q(em—1;z)—zm 1)

] B Pt Y e
;( )([n+ﬁ)’" Pralen )+(([n]+ﬁ)’"‘1 1) DET A

mnly " (21, + B)

W+ A" (Zm —Dn,q(€m§Z))
B [y~ (2l +B)z | .
+(1 ([n]+ﬂ)""1)[ s |
6
=Y I
k=1
We use the inequality
[l i _ KB
I [n]q+/3 ]y + B

to estimate I, I3, I3,14,15 and I¢.

m—2 o
N
j=0( J )WDn,q(ej,z)

m '\ [nlge™™/

m—2
< q
=. (J )([n1+ﬁ>’"’ na(€/i2)

( m—2 ) m(m—1) [n]] o=
J (m—j—1(m—j)(n]+p)"
- m(m—1) o ( 5 )m_z

ST 2 (mapr Y

min]7 e
" 1+h)
[n]q (1+q r) 3 \m—2
= Wi+pr e, O
mz(m—l)oz(l—l—qzr) 3 \m—2
W pnra, ¢

‘Dn,q(ej§2)|

|I2| m| nq(em IZ) " 1|
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2 i —;
R kg L me =D
|I3| _;)( J )([n]‘l‘ﬁ)m |Dn’q(€m,Z)| — ([n]+,3)2 (C[ I’) ’

nly ™ ¢y _mm=Dap
|14] < (([n]—i—,B)m‘l_l) [n]—l—,BmZ _Wr .
mn]y =" (2], + B)
(] +B)"
- m?(m+1) (21, +8) (1 +4°r)
- ([n]+B)[n+2],
m(m—1) B (12, +B) o
([n]+ B)? .

|Is] < |Zm_Dn,q(em§Z)‘

(q3r)m—l’

|1g| <

Then we get

a—([2,+8)z
mep
_mm—1) o? s xm—2  mEm—=Da(1+4%r)  ; mo2
TS (n+B)n+2], ()
mm—-0p%, , m mm—ap ,,_,
—gr) +——r1
@iep? 47 (1], +B)°
m*(m+1) (2, +B8) (1 +4%*r) 5 . mm—=DB(2,+8) ,
Wpnr2, T apr
_mm=1)(e?+ 8%+ (2],+8)) ()"
- (] + B)
m2(m+1)(1+q2r) (0{+[2]q+,3)( 4r)m
(n+B)[n+2], 70

DB (f12) =D g (fi2)—

0

In the following theorem, for g-Durrmeyer-Stancu polynomials, we obtain the ex-
act order of approximation.

Theorem 3. Let 1 < g < R, 15r<q%(or0<q51,1§r<R)andfeH(|DR).

If f is not a constant function then the estimate

[0 -1, =5 +11]q

holds, where the constant Cy 4 () depends on f, q and r but is independent of n.

Cr,q(f)7 flEN,
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Proof of Theorem 3. For all z € Dg and n € N we get

D& (fi2)— f(2) =

[ +2],
b (@ (24 B) S @+ Ly (f:2)
+[n+2], (@gf,ﬂ) (f:2)-f@)- %J’/(z) — 31, La (f;z))

We apply
|F+Gl, = IFll,~Gll,| = | Fll, - IGl,
to get
1
@B (ry_ H >
+2 ’
e (ceo—(@lg+B)enf )+ Ly (N
, —([2],+8 ’ .
—[n+2]q‘©;(10fqﬂ) ()= f =P - o Ly (29|

Because by hypothesis f is not a constant in Dg, it follows
n+2
[2]+ B

Indeed, assuming the contrary it follows that

2 (weo= (@, +B)en ) + Ly (1) =0

for all z € Dg that is

> 0.

r

(weo— (121, +B)en f ) + Lo (f)

[n]+ B —
> [m], —m L [m]g—1 m) m—1 2
+ am( — < (l_q Z)
mgl q-1 g -1
- [mlg=1 ey, 2 _
_mX=:1am q-1 ( b=
[n+2], — oy m+2], & .
TR, mX::lamoemz Ry ”;lam ([2] + B)ymz

+ Z am ([771](1%1171 +q—1w) M1

g~'—1
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m=1
3 [mlg=t . o —
_”;amﬁz (q _])_0
[n+2],a [n+ - n+2), ~ )
( nl+p )a1+ ]+ Zam“a(mH) g 2 on @ Bms
00 [m+1]q (m+1) _1[m+1]q_1—(m+1) .
+m§1am+1( P +q e )Z
3 [rlg—m [l mg = ]q L
+2_:1am(qT+q —1_1) Zam — —1)=0
So,
ar =0
1], — 1 Mooy — |
am+1([n]+ﬂ0(( +1)+ ([m+ ]qq_l(m+ )+61_1[m+ ]qq_l_im+ )))
n+2 [m] —m _ [m] —m [m] .
) ([ Er ( -1 lq‘ql—l)q2+q+1(q2—1))
(g (el )
Am+1 = ( n+2 [m]q m 1 [m]q —m m ] - 2
iy @+ Bym = (M55 4 ) 2 -1)

forall z € ER\{O}. Thus a,, =0, m = 1,2,3,...Thus, f is constant, which is con-
tradiction with the hypothesis.
Now, by Theorem 2 we have

@B (o g 20— (Rlg+B)er
[i’l+2]q gn,q (f:2)—f(2) ]+ B mz [ +2] q(f )
<11(1+q2r)2 o s a
szl(mﬂ) (4*r)
2 2
= +ﬁ[?—fg)] ) Z' mlmim=1) (g*r)"
m=2
(1+¢%r) (a+[2l;+B) &

Z| mlm?(m+1) (¢*r)" — 0as n — oc.

m=1

([n]+B) [n +2],
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Moreover,

+2 :
[;] +134 (weo— (21, +B)en) ') +Lg

— qu (0560 — ([2]q + ﬂ)el)f/) +Lq(f) Hr

Consequently, there exists 71 (depending only on f and r) such that for all n > n;
we have

02 (aco (2 + e )
2y |0 (- gt Bt R e L
]+ A n+2], )
02 (aco (2 + e )
which implies
il
[n+2 2”q (aeo—([Z]q+,8)e1)f) forall n > nj.
For 1 <n <n;—1 we have
[ogp S (4202 1| ) = g Mo ()50

which finally implies that

loePrn-7| = ] Crg (1),
for all n, with
Cra ()
=i | M (F) o M1 ()5 [ (o= @1+ e £ ) + Ly ()] ]
]
REFERENCES

[1] R. P. Agarwal and V. Gupta, “On g-analoque of a complex summation-integral type operators in
compact disks,” Journal of Inequalities and Application, vol. 111,2012, doi: 10.1186/1029-242X-
2012-111.

[2] J. L. Durrmeyer, “Une formule d’ inversion de la transformee de laplace: Applications a la theorie
des moments,” These de 3e Cycle, Faculte des Sciences de I’ Universite de Paris, 1967.


http://dx.doi.org/10.1186/1029-242X-2012-111
http://dx.doi.org/10.1186/1029-242X-2012-111

872
(3]
(4]
(5]

(6]

(7]
(8]
(9]

[10]

[11]

[12]

[13]

M. KARA

Z. Finta and V. Gupta, “Approximation by q-durrmeyer operator,” Applied Mathematics and Com-
putation, vol. 29, pp. 401-405, September 2008, doi: 10.1007/s12190-008-0141-5.

V. Gupta, “Some approximation properties of q-durrmeyer operators,” Applied Mathematics and
Computation, vol. 197, pp. 172-178, Marc 2008, doi: 10.1016/j.amc.2007.07.056.

V. Gupta and Z. Finta, “On certain q-durrmeyer type operators,” Applied Mathematics and Com-
putation, vol. 209, pp. 415-420, March 2009, doi: 10.1016/j.amc.2008.12.071.

V. Gupta and W. Heping, “The rate of convergence of g-durrmeyer operator for 0;q;1,” Math-
ematical methods in the Applied Sciences ;, vol. 31, pp. 1946-1955, November 2008, doi:
10.1002/mma.1012.

V. Gupta and H. Karsli, “Approximation for certain class of durrmeyer-stancu operators in compact
disks,” Southeast Asian Bulletin of Mathematics, vol. 38, pp. 359-368, 2014.

M. m. Derriennic, “Sur I’approximation de functions integrable sur oe0Q; 1 par des polynomes de
bernstein modifies,” J. Approx. Theory, vol. 31, pp. 323-343, 1981.

N. Mahmudov and V. Gupta, “Approximation by genuine durrmeyer-stancu polynomials in com-
pact disks,” Mathematical and Computer Modelling, vol. 55, pp. 278-285, Feb 2012, doi:
10.1016/j.mecm.2011.06.018.

N. I. Mahmudov, “Approximation by g-durrmeyer type polynomials in compact disks in the
case qil,” Applied Mathematics and Computation, vol. 237, pp. 293-303, june 2014, doi:
10.1016/j.amc.2014.03.119.

M. Ren, X. Zeng, and L. Zeng, “Approximation by complex durrmeyer-stancu type operator in
compact disks,” Journal of Inequalities and Application, vol. 442, Sep 2013, doi: 10.1186/1029-
242X-2013-442.

V. G. S. Gal and N. Mahmudov, Approximation by a complex g-Durrmeyer type operator. Uni-
versita degli Studi di Ferrara, 2012. doi: 10.1007/s11565-012-0147-7.

D. D. Stancu, “Approximation of functions by a new class of linear polynomial operators,” Rev.
Roumanie Math Pure. Appl, vol. 13, pp. 1173-1194, 1968.

Author’s address

M. Kara
Eastern Mediterranean University, Gazimagusa, TRNC, Mersin 10, Turkey
E-mail address: mustafa.kara@emu.edu.tr


http://dx.doi.org/10.1007/s12190-008-0141-5
http://dx.doi.org/10.1016/j.amc.2007.07.056
http://dx.doi.org/10.1016/j.amc.2008.12.071
http://dx.doi.org/10.1002/mma.1012
http://dx.doi.org/10.1016/j.mcm.2011.06.018
http://dx.doi.org/10.1016/j.amc.2014.03.119
http://dx.doi.org/10.1186/1029-242X-2013-442
http://dx.doi.org/10.1186/1029-242X-2013-442
http://dx.doi.org/10.1007/s11565-012-0147-7

	1. Introduction
	2. Auxiliary results
	3. Approximation by complex q-Durrmeyer-Stancu polynomials
	References

