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Abstract. A mathematical model of the process of gas-lift in the oil production is considered.
In this process the motions of gas and gas-liquid mixture (GLM) in annular space and in the
lift are described by the system of partial differential equations of hyperbolic type. Applying
the straight line method the initial problem is reduced to the system of ordinary differential
equations relatively to the volume of gas, gas-liquid mixture and their pressures. To determine the
coefficient of hydraulic resistance �c statistical data for the fixed well is used (volume of injected
gas at the wellhead of the annular space and GLM at the end of lift) and on the basis of these
results, constituting the corresponding functional, the functional gradient is derived that allows
one to calculate �c . On the concrete example the statistical value of the coefficient of hydraulic
resistance �Qc and the new value of the coefficient of hydraulic resistance �c are compared, it is
shown that �c differs from the real �Qc on the order of 10�3.
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1. INTRODUCTION

As it is known [7,8,12,18,20], the gas-lift method for oil production is used when
the fountain method impossible due to the lower reservoir pressure. The essence of
the gas-lift method is that due to the energy of the injected gas, the liquid can be
lifted to the ground surface. The motions [2, 18, 19] of the injected gas and GLM
are described by the partial differential equations of hyperbolic type. To solve the
corresponding optimal control problems (feeding on the estuary such minimum gas
volume, that the debit would be the highest) the method of lines are used, which leads
the initial problem to the linear - quadratic optimal control problem for a system of
ordinary differential equations [1, 3, 6].

However, there are some significant parameters such as the coefficient of hydraulic
resistance �c in the lift, included in the equation of fluid motion in the lift (the iden-
tifications or the inversions problems [16, 17]), which determines the generation rate
of GLM. In this paper we focus on the choice the parameter �c , where choosing the
corresponding quadratic functional, the posed problem is solved that allows one to
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calculate �c [8]. According to the obtained formulas is suggested the algorithm and
the program is made using Matlab. Thus, the offered algorithm allows to find the
coefficient of hydraulic resistance �c and the results coincide with accuracy 10�3

with data from mines.

2. PROBLEM STATEMENT

As it is known [1, 3, 5, 7, 9], the motions of the gas and GLM in the tubes are
described by the system of partial differential equations of hyperbolic type:(
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where P DP.x; t/– is pressure,Q– is volume of gas and GLM, correspondingly, ci -
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1;2/I g, �ic ; .i D 1;2/– acceleration of gravity and hydraulic resistance in the gas and
GLM, correspondingly, !ic ; .i D 1;2/ - averaged over the cross section of the velocity
of the gas and mixture in the annular zone and lift, correspondingly. Di ; i D 1;2-
are effective internal diameters of lift and annular space, Fi ; i D 1;2– cross-sectional
area of pump-compressor pipe and is also a constant on axes. Applying the straight
line method and denoting l D 1=2n, we obtain [14] from (2.1)(
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where
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Note that for k D nC1 an equation (2.2) has the following form [10](
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where Qpl , Ppl - are volume flow and pressure of the reservoir at the bottom of the
well.

After some transformations the system (2.2) can be reduced to

Px D A.�c/xCBuCV; (2.3)

with initial condition
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where X0 is the initial position of the well, u is controlling influence and AD
�
aij
�
;
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B D
�
bij
�
; V D

�
vij
�
;

aij D

8̂̂̂̂
<̂
ˆ̂̂:
a11; if i D j and 1� i � n;

a12; if i D j C1 and 1� i < n�1;

a22; if i D j and n < i < 2n;

a21; if i D j C1 and n�1 < j � 2n�1;

0; in other cases;

a11 D

�
0 �c21

ı
F1l

�F1=l �2a2

�
; a12 D

�
0 c21

ı
F1l

F1=l 0

�
;

a21 D

�
0 c22

ı
F2l

F2=l 0

�
; a22 D

�
0 �c22

ı
F2l

�F2=l �2a2

�
;

bij D

8<: c21
ı
F1l ; if i D 1; j D 2;

F1=l; if i D 2; j D 1;
0; in other cases;

vij D

8<: c22
ı
F2l ; if i D nC1; j D 2;

F2=l; if i D nC2; j D 1;
0; in other cases:
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0

Let’s have some statistics, which at the given initial volumes of gas the debit QQi
2n

is measured at the output, i.e. QQi
0
; and QQi

2n
are known (i D 1; N /, where N is the

number of measurements [4, 8].
It is required to find such values of the coefficient of hydraulic resistance �c

[4,8,11,13], which system (2.3) will describe the motion of GLM in the lift, closer to
practice (adequate mathematical model ). To solve this problem, the objective func-
tion based on the lowest square deviation from the real initial data QQi

2n
is constructed,

i.e. it is required to minimize the functional
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Thus, the problem of defining the coefficient of hydraulic resistance �c is reduced
to the finding the gradient of functional (2.5).
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3. CALCULATING THE GRADIENT OF THE FUNCTIONAL (2.5)

The general solution of equation (2.2) can be represented as follows
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(3.1)

where from the equation (3.1) Qi2n has the form

Qi2n D J �x.T /; (3.2)

where J D Œ0; 0; 0; 0; :::; 1�, E– is the identity matrix.
In fact, u is a function of the variable t . To get any value of the volume of gas or

the corresponding value of the pressure, we can take them in the mouth of the well in
the form of sin.bt/u0; that formula (3.1) turns into the following

x.t/D eAtx0C
tR
0

eA.t��/Bud�C
tR
0

eA.t��/Vd� DeAtx0C

C

tR
0

eA.t��/B sin.b�/u0d�C
tR
0

eA.t��/Vd� D

D .eAtx0CE.e
At �u0 cos t �Asin t /Bu0/.E�A2/�1CA�1.eAt �E/V:

Then, substituting (3.1) and (3.2) in (2.5) we have
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For the solution of the optimization problem (2.3) - (2.5) we find the gradient of the
functional f .a2.�c// and equating it to zero, we have
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Using the method [4] for the solution of the nonlinear equation we define �c in the
form

�c D 4a2D=!cC2Dg
ı
!2c :

Thus, we formulate the following algorithm for finding �c .

Algorithm:

1. The initial data and parameters A;B;V;u are introduced from (2.3);
2. The statistical (observations) data
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and the debit QQi2n from the practice for the same well (i D 1;N , N -is the number of
measurements) are introduced;

3. The matrix A;B are founded from (3.1)

x.t/D ŒP1;Q1; : : : ;PnC1;QnC1;P2n;Q2n�I

4. The functional f .a2.�c// is formulated from (3.3);
5. The solution of equation (3.4) is founded using the steepest descent method and

univariate method (golden section search method) [15].
6. The condition

ˇ̌̌
@f .a2.�c//
@a2.�c/

ˇ̌̌
< " is checked out for sufficiently small number ".

If this condition is not satisfied we go to the step 2, else calculating procedure ends.

Example. Let’s consider the realization of the proposed algorithm on the example
[10]. After applying of the proposed algorithm we obtain that �c D 0:2357157. Here
Q�c D 0:23, where Q�c is the hydraulic resistance value from practice [4, 8]. Note that
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�c differs from Q�c to the order 10�3, and it shows the efficiency of the proposed
algorithm.

4. CONCLUSION

The quadratic functional is formed for the solution of the indicated problem and it
allows to find the coefficient of hydraulic resistance. The offered algorithm confirm
the adequacy of the constructed mathematical model with practice.
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