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Abstract. In this paper, we study the existence of nontrivial symmetric solution for the second-
order three-point boundary value problem for a function f W Œ0;1��R! R which is continuous
and f .t; �/ is symmetric on Œ0;1�. We shall formulate conditions on f which guarantee the
existence of nontrivial symmetric solution. As an application, we also give some examples to
demonstrate our results.
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1. INTRODUCTION

In this paper, we study the existence of nontrivial symmetric solution for the three-
point boundary value problem

u00.t/Cf .t;u.t//D 0; 0 < t < 1; (1.1)

u.0/D u.1/D ˛u.�/; (1.2)

where � 2 .0;1/, ˛ 2 R, f 2 C.Œ0;1��R;R/, f .�;x/ is symmetric on Œ0;1� for every
x 2 R, and RD .�1;C1/.

The three-point boundary value problems for ordinary differential equations arise
in a variety of different areas of applied mathematics and physics. For example, the
vibrations of a guy wire of a uniform cross-section and composed of three parts of
different densities can be set up as a three-point boundary value problem; also many
problems in the theory of elastic stability can be handled as a multi-point problem.
Many authors studied nonlinear three-point or multi-point boundary value problems
and many excellent results have been established. For detail, we refer the reader
to [2–9, 11–17, 19] for some recent results of nonlinear three-point boundary value
problems. But the problems of the existence of symmetric positive solutions to the
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second-order three-point boundary value problems has received very little attention
in the literature to the best of the author’s knowledge. Very recently, Kosmatov [10]
studied the existence of triple symmetric solutions for a multi-point boundary value
problem by Leggett–Williams fixed point theorem. In [18], we studied the existence
of symmetric positive for boundary value problem (1.1), (1.2) by Schauder’s fixed
point theorem. Motivated by the above mentioned papers, in this paper, we shall
study the existence of nontrivial symmetric solution for the boundary value problem
(1.1), (1.2) and establish some simple criteria of this problem.

The paper is organized as follows. In Section 2, we obtain some existence results
for nontrivial symmetric solution of the boundary value problem (1.1), (1.2). In Sec-
tion 3, as an application, we give some examples to illustrate the results we obtained.
The key tool in our approach is the following Leray–Schauder nonlinear alternative,
see for example [1].

Theorem 1.1. Let E be Banach space and ˝ be a bounded open subset of E,
0 2 ˝, T W x̋ ! E be a completely continuous operator. Then, either there exist
x 2 @˝ and � > 1 such that T .x/D �x, or there exists a fixed point x� 2 x̋ .

2. MAIN RESULTS

Let E D C.Œ0;1�/ be a Banach space equipped with norm kyk D supt2Œ0;1� jy.t/j
for any y 2 E. A solution u.t/ of the boundary value problem (1.1),(1.2) is called
a nontrivial symmetric solution if u.t/ 6� 0 and u.t/D u.1� t / for all t 2 Œ0;1�. To
state and prove the main results of this paper, we first give some lemmas.

Lemma 2.1. Let h 2 C.Œ0;1�/;˛ ¤ 1, � 2 .0;1/, then the three-point boundary
value problem

u00Ch.t/D 0; 0 < t < 1; (2.1)

u.0/D u.1/D ˛u.�/ (2.2)

has a unique solution

u.t/D

Z 1

0

G.t;s/h.s/dsC
˛

1�˛

Z 1

0

G.�;s/ds; (2.3)

where

G.x;y/D

(
x.1�y/ for 0� x � y � 1;
y.1�x/ for 0� y � x � 1:

Proof. From (2.1) we have u00.t/D �h.t/: For t 2 Œ0;1�, integrating from 0 to t ,
we get

u0.t/D�

Z t

0

h.s/dsCB:
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For t 2 Œ0;1�, integrating from 0 to t yields u.t/ D �
R t
0

�R x
0 h.s/ds

�
dxCBt CA;

i. e.,

u.t/D�

Z t

0

.t � s/h.s/dsCBtCA:

Thus, u.0/D A and

u.1/D�

Z 1

0

.1� s/h.s/dsCBCA;

u.�/D�

Z �

0

.�� s/h.s/dsC�BCA:

Combining with (2.2) we conclude that

B D

Z 1

0

.1� s/h.s/ds;

AD
˛�

1�˛

Z 1

0

.1� s/h.s/ds�
˛

1�˛

Z �

0

.�� s/h.s/ds:

Therefore, the three-point boundary value problem (2.1), (2.2) has a unique solution

u.t/D�

Z t

0

.t � s/h.s/dsC t

Z 1

0

.1� s/h.s/ds

C
˛�

1�˛

Z 1

0

.1� s/h.s/ds�
˛

1�˛

Z �

0

.�� s/h.s/ds

D

Z 1

0

G.t;s/h.s/dsC
˛

1�˛

Z 1

0

G.�;s/ds:

This completes the proof. �

The following lemma is obvious.

Lemma 2.2. For any x;y 2 Œ0;1�, we have

(1) G.x;y/DG.1�x;1�y/,
(2) G.x;y/�G.y;y/D y.1�y/� 1

4
.

Lemma 2.3. Let ˛ ¤ 1, � 2 .0;1/, and h 2 C.Œ0;1�/ be symmetric on Œ0;1�. Then
the unique solution u.t/ of the boundary value problem (2.1), (2.2) is symmetric on
Œ0;1�.

Proof. From (2.3) we have

u.t/D

Z 1

0

G.t;s/h.s/dsC
˛

1�˛

Z 1

0

G.�;s/h.s/ds:
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Therefore, for any t 2 Œ0;1�, by Lemma 2.2 we get

u.1� t /D

Z 1

0

G.1� t; s/h.s/dsC
˛

1�˛

Z 1

0

G.�;s/h.s/ds

D

Z 0

1

G.1� t;1� s/h.1� s/d.1� s/C
˛

1�˛

Z 1

0

G.�;s/h.s/ds

D

Z 1

0

G.t;s/h.s/dsC
˛

1�˛

Z 1

0

G.�;s/h.s/ds

Du.t/:

i. e., the solution u.t/ is symmetric on [0,1]. �

Define an integral operator T WE!E by the formula

T u.t/D

Z 1

0

G.t;s/f .s;u.s//dsC
˛

1�˛

Z 1

0

G.�;s/f .s;u.s//ds: (2.4)

By Lemma 2.1, the boundary value problem (2.1), (2.2) has a solution u D u.t/ if
and only if u is a fixed point of the operator T defined by (2.4). So we only need to
seek a fixed point of T in E. By the Ascoli–Arzela theorem, we can prove that T is
a completely continuous operator.

Now we present and prove our main results.

Theorem 2.1. Suppose that f 2 C.Œ0;1��R;R/, f .t;0/ 6� 0 ˛ ¤ 1, and there
exist two non-negative symmetric functions a;b 2 L1Œ0;1� such that

jf .t;x/j � a.t/jxjCb.t/ for a. e. t 2 Œ0;1� and all x 2 R

and Z 1

0

G.s;s/a.s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/a.s/ds < 1:

Then the boundary value problem (1.1), (1.2) has at least one nontrivial symmetric
solution u� 2 C.Œ0;1�/:

Proof. Let

AD

Z 1

0

G.s;s/a.s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/a.s/ds (2.5)

and

B D

Z 1

0

G.s;s/b.s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/b.s/ds:

Then we have A < 1. Since f .t;0/ 6� 0, there exists a subinterval Œ�;��� Œ0;1� such
that

min
��t��

jf .t;0/j> 0:
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On the other hand, the inequality b.t/� jf .t;0/j holds for a. e. t 2 Œ0;1� and thus we
know that B > 0. Put r D B.1�A/�1 and

˝ D fu 2 C.Œ0;1�/ W u is symmetric on Œ0;1� and kuk< rg:

Suppose that u 2 @˝ and � > 1 are such that T uD �u. Then

�r D �kuk D kT uk D max
0�t�1

j.T u/.t/j

�

Z 1

0

G.s;s/jf .s;u.s//jdsC
j˛j

j1�˛j

Z 1

0

G.�;s/jf .s;u.s//jds

�

Z 1

0

G.s;s/.a.s/ju.s/jCb.s//ds

C
j˛j

j1�˛j

Z 1

0

G.�;s/.a.s/ju.s/jCb.s//ds

�

�Z 1

0

G.s;s/a.s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/a.s/ds

�
kuk

C

Z 1

0

G.s;s/b.s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/b.s/ds

D AkukCB D ArCB:

Therefore,

�� AC
B

r
D AC

B

B.1�A/�1
D AC .1�A/D 1;

which contradicts the inequality � > 1. By Theorem 1.1, T has a fixed point u� 2 x̋ .
By f .t;0/ 6� 0, the boundary value problem (1.1), (1.2) has a nontrivial symmetric
solution u� 2 C.Œ0;1�/. This completes the proof. �

Theorem 2.2. Suppose that f 2 C.Œ0;1��R;R/, f .t;0/ 6� 0, ˛ ¤ 1, and there
exist two non-negative symmetric functions a;b 2 L1Œ0;1� such that

jf .t;x/j � a.t/jxjCb.t/ for a. e. t 2 Œ0;1� and all x 2 R

Assume that one of the following hypotheses is satisfied:
(1) There exists a p > 1 such that a 2 LpŒ0;1� andZ 1

0

ap.s/ds <

 
4j1�˛j.1Cq/1=q

j1�˛j.1Cq/1=qC4j˛j�.1��/

!p
;

where 1=pC1=q D 1.
(2) There exists a constant � > �1 such that

a.s/�
41C�j1�˛j

j1�˛jC j˛j
Œs.1� s/�� for a. e. s 2 Œ0;1�:
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(3) The function a satisfies

a.s/�
6j1�˛j

j1�˛jC3j˛j�.1��/
for a. e. s 2 Œ0;1�

and

mes
�
s 2 Œ0;1� W a.s/ <

6j1�˛j

j1�˛jC3j˛j�.1��/

�
> 0:

Then the boundary value problem (1.1), (1.2) has at least one nontrivial solution
u� 2 C.Œ0;1�/.

Proof. Let A be given by formula (2.5). In order to apply Theorem 2.1, we only
need to prove that A < 1.

(1) By using the Hölder inequality, we have

A�

�Z 1

0

ap.s/ds

�1=p(�Z 1

0

ŒG.s;s/�qds

�1=q
C
j˛j

j1�˛j

�Z 1

0

ŒG.�;s/�qds

�1=q)

�

�Z 1

0

ap.s/ds

�1=p�
1

4
C
j˛j

j1�˛j

�.1��/

.1Cq/1=q

�
<

4j1�˛j.1Cq/1=q

j1�˛j.1Cq/1=qC4j˛j�.1��/

j1�˛j.1Cq/1=qC4j˛j�.1��/

4j1�˛j.1Cq/1=q
D 1:

(2) In this case, we have

A�
41C�j1�˛j

j1�˛jC j˛j

�Z 1

0

G.s;s/Œs.1� s/��dsC
j˛j

j1�˛j

Z 1

0

G.�;s/Œs.1� s/��ds

�
�
41C�j1�˛j

j1�˛jC j˛j

�Z 1

0

Œs.1� s/�1C�dsC
j˛j

j1�˛j

Z 1

0

G.s;s/Œs.1� s/��ds

�
<
41C�j1�˛j

j1�˛jC j˛j

�
1

41C�
C
j˛j

j1�˛j

1

41C�

�
D
41C�j1�˛j

j1�˛jC j˛j

j1�˛jC j˛j

41C�j1�˛j
D 1:

(3) In this case, we have

A <
6j1�˛j

j1�˛jC3j˛j�.1��/

�Z 1

0

G.s;s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/ds

�
D

6j1�˛j

j1�˛jC3j˛j�.1��/

�
1

6
C
j˛j�.1��/

2j1�˛j

�
D 1:

The proof is complete. �
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Corollary 2.1. Suppose that f 2 C.Œ0;1��R;R/, f .t;0/ 6� 0, ˛ ¤ 1, and

� WD limsup
jxj!1

max
t2Œ0;1�

ˇ̌̌̌
f .t;x/

x

ˇ̌̌̌
<

6j1�˛j

j1�˛jC3j˛j�.1��/
:

Then problem (1.1), (1.2) has at least one nontrivial solution u� 2 C.Œ0;1�/.

Proof. Let us put "D 1
2

�
6j1�˛j

j1�˛jC3j˛j�.1��/
��

�
. Then there exists c > 0 such that

jf .t;x/j �

�
6j1�˛j

j1�˛jC3j˛j�.1��/
� "

�
jxj

for .t;x/2 Œ0;1��Rn.�c;c/. SetM Dmaxfjf .t;x/j W .t;x/2 Œ0;1�� Œ�c;c�g. Then

jf .t;x/j �

�
6j1�˛j

j1�˛jC3j˛j�.1��/
� "

�
jxjCM

for .t;x/ 2 Œ0;1��R. Consequently, the assumption of Theorem 2.2(3) is satisfied,
where

a.s/D
6j1�˛j

j1�˛jC3j˛j�.1��/
� "

and b.s/DM for s 2 Œ0;1�. �

Corollary 2.2. Suppose that f 2C.Œ0;1��R;R/, f .t;0/ 6� 0, ˛ 2 .0;1/, and there
exist two non-negative symmetric functions a;b 2 L1Œ0;1� such that

jf .t;x/j � a.t/jxjCb.t/ for a. e. t 2 Œ0;1� and all x 2 R:

Let one of following assumptions hold:

(1) There exists constant p > 1 such that a 2 LpŒ0;1� andZ 1

0

ap.s/ds < .4.1�˛//p :

(2) There exists constant � > �1 such that

a.s/� 41C�.1�˛/.s.1� s//� for a. e. s 2 Œ0;1�:

(3) The function a satisfies the estimate

a.s/� 6.1�˛/ for a. e. s 2 Œ0;1�:

Then the boundary value problem (1.1), (1.2) has at least one nontrivial solution
u� 2 C.Œ0;1�/.

Proof. The validity of the corollary follows immediately from Theorem 2.2 by
using the inequality �.1��/� 1

4
. �
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Corollary 2.3. Suppose that f 2 C.Œ0;1��R;R/, f .t;0/ 6� 0, ˛ 2 .0;1/, and

� WD limsup
jxj!1

max
t2Œ0;1�

ˇ̌̌̌
f .t;x/

x

ˇ̌̌̌
� 6.1�˛/:

Then the boundary value problem (1.1), (1.2) has at least one nontrivial solution
u� 2 C.Œ0;1�/.

Proof. The validity of the corollary follows immediately from Corollary 2.1 by
using the inequality �.1��/� 1

4
. �

3. EXAMPLES

In this section, in order to illustrate the results obtained, we consider some exam-
ples.

Example 3.1. Consider the three-point boundary value problem

u00Cminft;1� tgu.5sinu�7/C sin.t.1� t //D 0; 0 < t < 1;

u.0/D u.1/D�u.1=2/:
(3.1)

Set ˛ D �1, � D 1
2

, f .t;x/ D minft;1� tgx.5sinx� 7/C sinŒt .1� t /� for .t;x/ 2
Œ0;1��R, and a.t/D 12minft;1� tg and b.t/D sinŒt .1� t /� for t 2 Œ0;1�. It is easy
to see that a;b 2L1Œ0;1� are non-negative, symmetric, and the inequality jf .t;x/j �
a.t/jxjCb.t/ holds for all .t;x/ 2 Œ0;1��R. Moreover, we have

AD

Z 1

0

G.s;s/a.s/dsC
j˛j

j1�˛j

Z 1

0

G.�;s/a.s/ds D
5

8
C
1

4
< 1:

Hence, by Theorem 2.1, the boundary value problem (3.1) has at least one nontrivial
symmetric solution.

Example 3.2. Consider the three-point boundary value problem

u00C
2
p
6t.1� t /

1Cu4
u5e�u

2

C5et.1�t/ D 0; 0 < t < 1;

u.0/D u.1/D 2u.1=4/:

(3.2)

Set ˛ D 2, �D 1
4

, f .t;x/D 2
p
6t.1�t/

1Cx4 x5e�x
2

C5et.1�t/ for .t;x/ 2 Œ0;1��R, and

a.t/D 2
p
6t.1� t / and b.t/D 5et.1�t/ for t 2 Œ0;1�. It is easy to prove that a;b 2

L1Œ0;1� are non-negative, symmetric, and the inequality jf .t;x/j � a.t/jxj C b.t/
holds for all .t;x/ 2 Œ0;1��R. If we put p D q D 2, thenZ 1

0

ap.s/ds D

Z 1

0

24s.1� s/ds D 4;

and  
4j1�˛j.1Cq/1=q

j1�˛j.1Cq/1=qC4j˛j�.1��/

!p
D 64.7�4

p
3/:
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Therefore Z 1

0

ap.s/ds <

 
4j1�˛j.1Cq/1=q

j1�˛j.1Cq/1=qC4j˛j�.1��/

!p
:

Hence, by Theorem 2.2(1), the boundary value problem (3.2) has at least one non-
trivial symmetric solution.

Example 3.3. Consider the three-point boundary value problem

u00C
4u3

p
t .1� t /

5.1Cu2/
C4t.1� t /u�maxft;1� tg D 0; 0 < t < 1;

u.0/D u.1/D�2u.�/:

(3.3)

Set ˛D�2, � 2 .0;1/, f .t;x/D 4x3
p
t.1�t/

5.1Cx2/
C4t.1� t /x�maxft;1� tg for .t;x/ 2

Œ0;1��R, and a.t/D 4
5

p
t .1� t /C4t.1� t / and b.t/D maxft;1� tg for t 2 Œ0;1�.

It is easy to prove that a;b 2L1Œ0;1� are non-negative, symmetric, and the inequality
jf .t;x/j � a.t/jxjCb.t/ holds for all .t;x/ 2 Œ0;1��R. If we put �D 1

2
, then

a.s/D
4

5

p
s.1� s/C4s.1� s/�

24

5

p
s.1� s/

D
41C�j1�˛j

j1�˛jC j˛j
Œs.1� s/��

for s 2 Œ0;1�. Hence, by Theorem 2.2(2), the boundary value problem (3.3) has at
least one nontrivial symmetric solution.
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