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Abstract. In this paper we establish some new Simpson type quantum integral inequalities for
convex functions. Moreover, we obtain some inequalities for special means.
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1. INTRODUCTION

A function f :J C R — R is said to be convex on J if the inequality

fu+A-nv)=tf @)+ A-1) f () (1.1)

holds for all u,v € J and ¢ € [0, 1]. We say that f is concave if (— f) is convex.
Convex functions play an important role in mathematical inequalities. The most
famous inequality have been used with convex functions is Hermite-Hadamard, which
is stated as follows:
Let f:J € R — R be a convex function and u,v € J with u < v. Then the
following double inequalities hold:

f(”“)f ! /Uf(x)dxsw. (12)

2 v—u

In recent years quantum calculus has been actively studied. There are numer-
ous applications in many mathematical areas like special functions, integral trans-
forms, quantum mechanics, information technology and mathematical inequalities.
At present q analogous of many inequalities have been established. In the view of
these developments g-convexity and convexity of q analogous of the inequalities has
also been considered, see [3-5,7,9-11].

The inequality given below is well known in the literature as Simpson’s inequality:

1 L[ f(@+f () a+b\1_ 1 | @ .
m/a f(x)dx_i[ 2 +2f( 2 ):|_288O Hf4 “oo(b_a)
(1.3)
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where the mapping f : [a,b] — R is assumed to be four times continuously differen-
tiable on the interval and £ to be bounded on (a,b), that is,

|79 = sw |r@]<oe.
%  te(ab)

Inequality (1.3) have been studied by many authors. For more details see [1, 2, 6, 8].
The aim of this paper is to establish q analogues of Simpson type inequalities based
on convexity. The consequences of Simpson type inequalities for convex functions
are given as special cases when g — 1.

2. PRELIMINARIES

In this section, we recall some previously known concepts and basic results.
Let J = [a,b] C R be an interval and 0 < ¢ < 1 be a constant. We define ¢-
derivative of a function f : J — R ata point x € J on [a, b] as follows.

Definition 1. Assume f : J — R is a continuous function and let x € J. Then the
expression

WDy f () = S )~ fgx+(1-g)a)

(I-q)(x—a) ’
is called the g-derivative on J of function f at x.

Alsoif a = 01in (2.1), then oDy f (a) = D4 f, where Dy is the g-derivative of
the function f (x) defined by

Dy f (x) =

x#a, oDgqf(a) :)}i_fgl aDq f (%),
2.1

S ()= f(gx)
(I-g)x =
For more details, see [7].

Lemma 1 ([10]). Let o € R, then we have

aDg(x—a)® = ( 11—_qq“) (x—a)* L. 2.2)

Definition 2. Let f : J/ C R — R be a continuous function. Then g-integral on J
is defined as

| f 0yt == 6-0 X" f @5+ (1=g)a) @3
a n=0

for x € J. If a = 0 in (2.2), then we have the classical g-integral [7].

Moreover, if v € (a, x) then the definite g-integral on J is defined by

/vxf(z)adqz :fo(z)adqt_[z”f(t)adq,
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=(1-9)(x-a))_q"f(¢"x+(1—¢")a)

n=0

—(A=-9)(v-a)Y_¢"f(¢"v+(1-¢")a).

n=0
Lemma 2 ([11]). For a € R\ {—1}, the following formula holds:

[(z—a) adgt = ( a+1)(x—a)°‘+1. (2.4)

3. RESULTS

We begin with the following lemma.

Lemma 3. Let f : J — R be a continuous function and 0 < q < 1. If 4 Dy f is an
integrable function on J° (the interior of J ), then the following inequality holds:

[f(a)+4f(a+b)+f( )]—L/ () adgx

= (b—a)/0 P(@)aDgf((1—=t)a+1bh) odgt (3.1

where

_fqt—% . te0})
p(t)_{qt $ el

Proof. From Definition 1 and Definition 2, we have

/2 (qt—l) aDgf ((1—=t)a+1b) odyt
0 6

1

=/ g1 aDyf (1=1)a +1b) Odq,_lfz oDy f (1—1)a+1b) odgt
0 6 Jo
Z/iqf((1—z)a+zb) f((1—qt)a+qtb)

(- (b—a) odat
12 f(=Da+1b)— £ (1-gt)a+qth) i
6 Jo (I—gq)(b—a)t ot
1 - n+1f((1_%‘1n)a+%‘1nb) 1 n+1f(( n+1)a+ anb)
_qu (b—a) _En;)q (b—a)
(1-3¢")a+3q"b) 1 & F((1-L¢" ) a+1q"T1h)
"Z (b—a) +5§ (b—a)
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I X LS (=39 a+39"0) 1, f((1-39")a+39"D)
2 . P 2(b—a) )

b
1 a+b 1 a+b
+Eb—af( 2 )_gb—a{f( 2 )—f(a)}

1 % 1 a+b 1
:_E/o f((1—z)a+tb)odqt+3(b_a)f( 2 )+6(b—a)f(a)'

For the second part of the integral, we have

1
[ (qt—g) aDg f((1—=t)a+1b) odyt

1
:/0 (qt—g) aDgf((1=t)a+1b) odyt

1

2 5
0
and similarly we obtain

1
/ (qf—g) aDgf(1=t)a+1tbh) odyt
0

5
6(b—a)

I 1
= | S =na el + s 04 s @

and

[ (a1=2) a2 @=ya510) od

1 % 1 a+b 5
Z_E/o f((l—z)a+tb)odqt—3(b_a)f( 2 )+6(b—a)f(a)'

Thus, we have

1
/0 p(t) aDgf (1—t)a+1b) odyt
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! b
_/ f((l—t)a—i—tb)odqt+3(b2_a)f(a+ )

2
6(b_ ){f(a)+f(b)}
b 2 a+b 1
Z_(b—a)Z/a f(x)adqx+3(b_a)f( 5 )+6(b_a){f(a)+f(b)}
We complete the proof. 0

Remark 1. 1f ¢ — 1, then (3.1) reduces to

[f<a>+4f( )+f<b>]——/ £ () dx

=(b—a>/ p(t) £ (th+(1—1)a)dr,
0
where
ro={""s
See also [ 1, Lemma 1].

Lemma 4. Let 0 < g < 1 be a constant. Then,
1 36¢3+12¢%+12g +1

/ (1-0lg
~ 216 43 +2¢%>+2q+1
Proof. By computing directly and using (2.4), we have

t__

odgt (3.2)

—/6q1 tdl+/2l1 dt/qutl dgt
—0 6(]0q 0‘]604 0‘]60(1

1 1

/wtl t d[+/2t t ! dgt /6lqt t ! dgt
o 6‘1 0dgq o q 6Oq o q 60q
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_16g—1 1 18¢2+18¢—7
T36g+1  216¢3+2¢2+2g +1
1 3693 +12¢%>+12g+1

T 216 3 +2¢2+2q+1

Lemma 5. Let 0 < g < 1 be a constant. Then,

[11 (1-1)|qr

Proof. By computing directly and using (2.4), we have

1
5

/1(1—t) qt—g
2

1 5 1
[ lar=2 e [

2 2

5

6a (5 1 5
:A (g—ql) odgt +/5 (qz—g) o0dgt

6q

1 12¢%>+12¢+5
216 g3 +2¢%2+2q+1°

odgt = (3.3)

s
1%

5
5 1 5
(oG [ (o= 2) o
% 6 6q

B 5 1 18¢%+18g+25

T 36(g+1) 216¢3+2¢2+2g+1
1 12¢2+12¢+5

T 206¢3+2¢2+2g + 1

0

Theorem 1. Let f : J — R be a continuous function and 0 < g < 1. If ‘aqu} is
convex and integrable function on J°, then the following inequality holds:

b
[f( )+4f(a+ )+f(b)]——/ 7 (%) adyx G
b-a)f 2¢"+2g+1 16g° +44° +4q +1
= 12 |:q3+2q2+2q+1‘a f( )‘ §q3+2q2+2q+1 ‘a qf(a)|]

Proof. Using Lemma 3 and the convexity of | aDg f | on J°, we have

' F@rar (57 )+f(b)}——/ £ () adyx
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~6-o)| [ (qz—%) WD f (th+(1=1)a) odyt

v,
<(b—a) (/0
+/;
< (- a)/

—l—(b—a)/l

_ |aqu(b)|<b—a>/07r

1
(qt — g) aDg f b+ (1—t)a) odgt

(S

(S

()dql

1
qt—g a

5
qt__ a

1—1)a)| odqt)

qt—

(t|laDg f (B)|+(1=1)|aDg f (a)]) 0dqt

qt—g (t|aDg f B+ (1 ~1)|aDy f (@)]) odgt

()dql

odgt +}aqu(a)|(b—a>/0§(1—z> gt~

1
1%

odql

s
"%

1
od,t +|aqu(a>|<b—a>/l (1-1)

1
+|aqu(b)|(b—a)/; ¢ ql_g

Applying Lemma 4 and Lemma 5, we have

b
‘ @war (G0 ) 4105 [ 7@ ades

(b a) 18¢>+18q—17 | f(b)|+
216 ¢3+2¢2+2q+1"“"1
(b—a) 18¢*>+18q+25
216 ¢3+2¢g2+2q+1

(h— a) 36¢3 +12¢%+ 12 + 1
@3 +2¢%>+2q+1

(b—a) 122 +12¢ +5
[aDy f (b)) + |
216 ¢3+4+2¢2+2g+1

b—a) 2¢*+2q+1 (b a)6q +4¢%+4g+1

= 3 2 laDg f (D)| + laDg f ().
12 g°+2¢*+2q+1 @3 +2¢>+2q+1

The proof is complete. O]

|aDg f (a)]

aDq f (a)]

Remark 2. If ¢ — 1, then (3.4) reduces to
5 (b a)

[f/ @+ f ()]

[f(a)+4f( )+f(b>]——/ £ () dx

See also [, Corollary 1].

Corollary 1. In Theorem I, if f (a) = f (agb

a+b 1 b
‘f( ) )_m/; f(x)adqx

) = f (b), then we have
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(b—a)[ 2¢>+2q+1 16¢3+4q%+4q+1

R Sy la laDg f @) |-
12 | g°>+2g°+29g+1 3 ¢342¢%2+2q+1

This inequality can be considered a product of midpoint q-Hadamard type inequality.

Dy f (b)|+ =

Remark 3. In Corollary 1, if ¢ — 1, then we obtain

a+b 1 b
H(50) =5 [ o =

See also [1, Corollary 3].

S(b a)

[f/ (@) + ' (B)].

Theorem 2. Let f : J = [a,b] C R — R be a g-differentiable function on J ° with
aDg be continuous and integrable on J where 0 < g < 1. If }aDq f }r is convex

. 1 1 _ . . . .
function where p,r > 1, >ty = 1, then the following inequality holds:

a+b

)+f(b)}——/ £ () adgx

_(-a (1-q) ’
= 2% 6p+1q(1_qp+l)

(1+(3q—1)1’+1)"(\ Dy f (@] +

‘ [f (@) +4f ( (3.5)

.
()

Proof. From Lemma 3, using the well known Holder integral inequality, we have

Do f (a—i—b)

+[6-307"" + g5 ] (}aqu<b>}’+ aD

[f()+4f( )+f(b)}——f £ () adyx

1

<(b-a) (/0

o

<(b-a) (/0é
+ (b —a) ([1

laDg f (th+ (1—1)a)| odgt

()dql)
p 1/p i
odqt) (/0 |aqu(tb+(l—t)a)|r0dqt)
Sp 1/p 1 . 1/r
odqt) ([ laDg f (tb+ (1=1)a)| odqt) .
2

1
A

5
ql‘—g a

1/
1 r
qf—g

l__
"%
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From (2.4), it is easy to see that

3 11’d 0 (1 Pd 3 1Pd
t = ——qt t t—— t
fo 6Oq /0 (6 Q)Oq+/l((l 6)0q

qt—<
(7

Pl p 0 1 14 » % 1 p
=(-1) a’ [ t—@ odqt +q 1 t_@ odgt
& 1

6 6q

p+1 p+1
=q”? 14 L +q? 1—¢ l_i
1—gPt1 \ 6¢g l—gPtt\2 64

(1+Ga=D"*") (1-q)
T ertig(l—grth)

5(7 G (1 r ! 1\?
5 odyt =L g—qt odgt +/i qt—g odgt
2

gt -
6q
1
> 5 y4 1 5 y4
:(_1)p+1qp/ (l——) odt—i—q‘”/ (l——) odgt
& 6q 1 & 6q 1
[6=39)""" + (695" |(1-9)
6P F1g (1—gP*h) '

analogously

1
/l
2

Since {aDq f ’ is convex by (1.2), we have

;  LDes @] +|eper (22)]
/0 laDg f (th+(1—=1)a)| odgt < 5
and
1 ‘aqu(b)}r‘i' aqu(anrb) '
[ laDg f (tb+(1—1)a)|" odqt < 5

So, we obtain

1 a+b 1 b
‘g[f(a)+4f (“57) +r @)= [ F @ e

RICOIAY
2

(1+6a=17"") =)\ " [ laDo f @] +
=(-a 6PF1g (1 —gPTT)

pus (42)]
2

[6-30"" =6g-5""" | 1=\ " [ |aDaf ®)] +
+B-a) s -
q(1—g7™1)
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The proof is completed. O]
Remark 4. 1f ¢ — 1, then (3.5) reduces to

[f@%HU( )+f@ﬂ————/ £ () dx

_(b-a)( 1427 s N (a+b
- (6P+lua+1)) {(Lf(a” +wf’(_7f_)

(e )]

See also [1, Corollary 4].
) = f (b), then we have

r)l/r

: _ ¢ (atb
Corollary 2. In Theorem 2, if f (a) = f (“2

a+b 1 b
‘f( )5 | 7 ades

_(-a (1-q) ’
= 2% 6p+1q(1_qp+1)

{(1 +(3g— 1)P+1); (\ D.f (@) +

ﬂ%f(a+b) )1
Dot (“57)

+[5=307 460 =571 (Dot @) +|.

)1}
Remark 5. In Corollary 2, if ¢ — 1, then we have
a+b 1 b
f( 2)—5jzltﬂwdx
1
(b—a) ( 142PFL 7 , oo | fatb
<

(st o))

See also [ 1, Corollary 6] and take s = 1.

Theorem 3. Let f :J = [a,b] C R — R be a g-differentiable function on J°
with 4 Dy be continuous and integrable on J where 0 < g < 1. If |aDq f |r is convex

r)l/r
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function, then the following inequality holds:

a+b
2

1\" [ 6g—1 \'*
S(b_“)(ﬁ) (36<q+1))

r 18¢2+18¢—7
X(‘aqu(b)‘ 31929242 1
q° +29°+29 +

1\ 5 1-3
+(6-a) (ﬁ) (36(q+1))

1892 4 18q + 25 .
x| |aD b)|" +|aD a
(le2af O 522 4 o f @)

(3.6)

1 1 b
‘g[f(a)+4f( )+ o]t [0 adgn

1/r

r 3693+ 122+ 129 + 1)

+1|aDgq f (a
[+Daf @) 4> +2¢>+2q+1

12¢% +12¢ +5 )1/’
q3+2¢%>+2q+1 '

Proof. From Lemma 3 and using the well known power mean integral inequality
and convexity of !aDq 71", we have

a+b
2

1 , b J
o|r@var (2) +ro)- = [ F @ ader

s(b—a)[/oé
+/;
f(b—a)(/j
—i—(b—a)(/ll

1
qt — G laDg f (tb+ (1—1)a)| odyt

laDg f (tb+ (1=1)a)| Odqt}

1-1 1
L) i /7
qt——
-1
5 " !
qt—g Odqt) (A
1 1-+
2 1
S(b—a)(/ qt—— odqt>
0 6
1
r 2
x(yaqu<b)| /0 r
1

1 1=
—i—(b—a)(/1 > odqt)

l’__
1%
2

s
1%

1/r
laDg f (tb+(1—1)a)|" odqt)

1
1%

5

1/r
= laDg f (tb+(1—1)a)|" odqf)

1/r
()dql)

(2 1
odgt +1uDy f @] " (1=)]gr—¢

1
M=%
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1
X ((aqu(b)V/l t

From Lemmas 4 and 5, we have

t > t
q 6 q

1/r
5
6 Odql) .

1
odyt +|aqu(a)|’A (1-1)

‘ [f(a>+4f( )+f(b>]——[ £ (3) adgx

1 6gq =7
<(b-a )(36 q+1)

(Dot B 182+ 18q—7
1 216q +2¢%2+2g+1

5 =7
+“"””(36( +1))

+ |aqu(a)|

» 1363+ 12¢2 + 12 +1\""
216 ¢34+2¢%2+2q+1

1842 + 18¢ +25 12¢2+12¢+5 \'/"
x| laDgf D) +]aDg f (@)
216q +2¢%2+2q+1 216q +2¢%2+2q+1
The proof is completed. O

Remark 6. 1f ¢ — 1, then (3.6) reduces to

[f(a>+4f( )+f(b>]——[ £ () dx

_b-a)(5 =i (29 . 61, R\

T 2167 (7_2) {(?‘f ®) +€‘f (a)})
1/r

(@l lrel) }

See also [, Theorem 7] and take s = 1.

. _ +b
Corollary 3. In Theorem 2, if f (a) = f (a2

a+b 1 b
‘f( ) )_E/L; f(x)adqx

v 6g—1 1=
=0-a) (216) (36(q n 1))

18¢%2+18g—7
x(\aqu(m\’ 4”+184

) = f (b), then we have

D
9> +2¢2+2q +1 *labaf @)

1\ 5 1-3
+0- ‘”(216) (36(q+1))

, 36q3+12q2+12q+1)”’
q3+2¢2+2q+1
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r 18¢% +18q +25

+ (gD a)|”
g3 +2¢2+2q+1 }a af( )|

12¢2 +12g +5 )1/’

D b
X(‘a qf( )‘ q3+2q2+2q+1

Corollary 4. In Corollary 3, if ¢ — 1, then we have

a+b 1 b
‘f( ) [ o

b—a) (5\" (/290 ., . 61, , A\
22()” |@iror- 2o

1/r
(@l ol

4. APPLICATIONS

For arbitrary real numbers, we consider the following means:

a+b
B
ppt1l_4p+1 i| %

The arithmetic mean : A (a,b) =

The generalized log-mean : L,(a,b) = [—
i (p+1(Ob—a)
where p € R\ {—1,0},a,b € R,a # b.

We derive some new inequalities for the above means in the following.

Proposition 1. Let0 <a <b,ne N, 0< g < 1, then

1 n 1n 2 n (”‘f‘l)(l—Q) n
‘gA(a ,b )+§A (a,b)—l_q—n_HLn(a,b)

4.1)

<(b—a)[ 2¢>+2q+1 b"—(¢gb+(1—¢q)a)" 16q3+4q2+4q+1n n_l}
T 12 |¢*+2¢°+29+1  (b—a)(1—q) 3 ¢>+2¢%>+2q+1 '

Proof. The proof is obvious from Theorem 1 applied f (x) = x". 0

Corollary 5. Let0O <a <b,n € N, g — 1, then (4.1) reduces to

< S(b_a)n[bn—l +an—1].

1 2
‘—A(a”,b")—i—gA"(a,b)—L;’z (a,b) =

3

Remark 7. If ¢ — 1 and n = 1 then (4.1) reduces to
5
|A(a.b)—L(a,b)| < i(b—a)-

See also [1, Page 13].
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Proposition 2. Let0 <a <b,ne N, 0 < g < 1, then

(n+1)(dA—-q)

1_qn+1

‘%A (a".b") + %A" (a,b)—

L (a,b)' 4.2)

1

_ - (1-9) ’
- l/r 6p+1q(1_qp+1)

X (1+(3q—1)p+1)11’ {na”_l‘r—k (a;b) _S

+ ((5—3q)1”+1 + (64 —S)P“)’l’
(e
(b%“) (1—q)

Proof. The proof is obvious from Theorem 2 applied f (x) = x". 0

AN

b"—(gb+(1-q)a)"
(b—a)(1-q)

Corollary 6. Let O <a <b,n € N, g — 1, then (4.2) reduces to

1 2
‘gA (a".b") + §A" (a,b)— L1 (b,a)

<(b—a)n( 1 )3’(1+2p+1)1/p

- l/r 6P+1(p+1)
!
) +(|bn—l}r+

y (}an_l "y (a ;b)"—l

Proposition 3. LetO<a <b,ne N, 0<gq < 1, then

(n+1)(1-q)
1_qn+1

1
a+b\"! '
2

Ly (a,b)’ (4.3)

L@ by + 247 (0. ) —
3A(a b )+3A (a,b)

L\"( 6g—1 \'*
f(b_“)(ﬁ) (36(q+1>)

« ( b"—(gb+(1—¢q)a)"
(b—a)(1—q)

1 \7 5 -7
+6-a) (2_16) (36(q+1))

" 18¢%+189—7

1
r 3643 +12¢2+12¢+1\ "
a3+2q%+2q+1

+[na""| 122 +2q+1
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» (‘ b"—(gb+(1—q)a)"

(b—a)(1—q)

1
" 1842 +18¢+25 +‘na"_1}r 12g%24+12g+5 /r
q3+2¢%+2q+1 q3+2q%+2q+1

Proof. The proof is obvious from Theorem 3 applied f (x) = x". O

Corollary 7. Let 0 <a <b,n € N, g — 1, then (4.3) reduces to

1 2
‘gA (a",b") + §A" (a,b)y— L} (b,a)

- nb-—a) (i)l_i
T 1) \72

1/r 1/r
(B (S )

6 6
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