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1. INTRODUCTION

The concept of convergence of sequences of points has been extended by several
authors to convergence of sequences of sets. The one of these such extensions con-
sidered in this paper is the concept of Wijsman convergence. We shall define Wijsman
A-statistical convergence for sequences of sets of order ¢, (0 < @ < 1) and estab-
lish some basic results regarding the notions Wijsman A-statistical convergence and
Wijsman statistical convergence for sequences of sets of o, (0 < < 1).

The idea of statistical convergence first appeared, under the name of “almost con-
vergence” in the first edition Zygmund [25] of celebrated monograph of Zygmund
[26]. Later, this idea was introduced by Fast [8] and Steinhaus [22] and later was
introduced by Schoenberg [2 1], also independently by Buck [1] and studied various
authors (see [5,9,20]). Mursaleen [17], introduced the notion A-statistical conver-
gence for real sequences. For more details on A-statistical convergence we refer to
[2] and many others. Over the years and under different names statistical convergence
has been discussed in the theory of Fourier analysis, ergodic theory and number the-
ory. In the recent years, generalization of statistical convergence have appeared in the
study of strong integral summability and the structure of ideals of bounded continu-
ous functions on Stone-Cech compactification of the natural numbers.

(© 2017 Miskolc University Press
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A real or complex number sequence x = (xj ) is said to be statistically convergent
to L if for every ¢ > 0

1
lim—|[{k <n:|xx—L|>¢e}|=0.
non

In this case, we write S —limx = L or x;z — L(S) and S denotes the set of all
statistically convergent sequences.
The generalized de la Vallée-Poussin mean is defined by

n@ =23 u

n kel,

where I, = [n— A, + 1,n]. A sequence x = (xg) is said to be (V,A)—summable to
number L (see [I5]) if t,(x) > L as n — oo. If A, = n, then
(V, A)—summability reduces to (C,1)-summability.

Mursaleen [17] defined A—statistically convergent sequence as follows. A se-
quence x = (xg) is said to be A— statistically convergent to the number L if for
every € > 0

, 1
nlggoﬂl{keln- |xg —L| = &}| = 0.

Let S, denotes the set of all A—statistically convergent sequences. If A, = n, then
S, is the same as S.

Let (X, p) be a metric space. For any point x € X and any non-empty subset A C X,
the distance from x to A is defined by

d(x,A) = inf p(x,y).
yeA

Let (X,p) be a metric space. For any non-empty closed subsets A, Ay C X (k € N),
we say that the sequence (Ag) is Wijsman convergent (see [23, 24]) to A if
limy d(x, Ax) = d(x, A) for each x € X. In this case we write W —lim Ay = A. The
concepts of Wijsman statistical convergence and boundedness for the sequence (Ay)
were given by Nuray and Rhoades [18] as follows. Let (X, p) be a metric space.
For any non-empty closed subsets 4, Ax C X (k € N), we say that the sequence
(Ay) is Wijsman statistical convergent to A if the sequence (d(x, Ag)) is statistically
convergent to d(x, A), i.e., for £ > 0 and for each x € X

1
lim—[{k <n: |d(x. Ap) —d(x. A)| = &} = 0.
n

In this case, we write st —lim; Ay = A or Ay — A (SW). The sequence (Ay) is
bounded if sup; d(x, Ax) < oo for each x € X. The set of all bounded sequences of
sets denoted by L . For details on Wijsman statistical convergent we refer to [1 1—14]
and many others.
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2. WIISMAN A—STATISTICAL CONVERGENCE

In this section, we will define Wijsman A—statistical convergence of sequences of
sets and will give the relations between Wijsman statistical and Wijsman A—statistical
convergence of sequences of sets.

Definition 1. Let (X, p) be a metric space and A = (A,) be a non-decreasing
sequence of positive numbers such that A, <A, +1,A; = 1,4, > ocoasn — o0
and I, = [n — A, + 1,n]. For any non-empty closed subsets A, Ay C X (k € N), we
say that the sequence (A ) is Wijsman A—statistical convergent to A if the sequence
(d(x, Ar)) is A—statistically convergent to d(x, A), i.e., for & > 0 and for each x € X

1
lim— [{k € I, : |d(x,Ag)—d(x,A)| > e} =0.
no Ay

In this case, we write S} —limy A = A or A —> A(B)V).

Example 1. Let X = R? and the sequence (Ay) is defined as follows:

(@) 4= =k it = [VE]+ 1<k <n.k
A = is square integer
{(0,0)}, otherwise

Then the sequence (Ay) is Wijsman A—statistical convergent to A = {(0,0)} since
1
limA— {k €1, : |d(x,Ax) —d(x,{(0,0)})| > e}| = 0.
n An

But it is not Wijsman convergent.

Definition 2. Let (X, p) be a metric space. Then for any non-empty closed subsets
A, A C X (k € N), we say that the sequence (Ay) is Wijsman A—Cesaro summable
to A if

o1
hlgnE > ld(x. Ap)—d(x. 4)| =0.
kel,
In this case, we write w} —limg Ax = A or Ay — A(w]”) and

1
w P
wy = (Ak).l1’£nEk€EI |d(x,Ax)—d(x,4)| =0

If A, = n, then Wijsman A-Cesaro summable becomes Wijsman-Cesiro summable,
ie.

1
wW =3 (Ag) :lim= Y |d(x, Ax) —d(x. A)| =0 .
g nke[N
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Theorem 1. Let (X, p) be a metric space and A, Ay, C X (k € N) be non-empty
closed subsets of X. Then

(a) wW < SW and the inclusion is proper:
2 A prop

(b) Let (Ag) € Loo, then SV cwl.

© SV NLoo=w) NLe.

Proof. (a)Lete > 0and (Ag) € wKV. Then we can write

D ld(x, Ap) —d(x, A)| = > |d(x, Ap) —d(x, A)|

kel, kel,
|d(x.Ap)—d(x.A)|=¢

>ellkel,: |d(x,Ar)—d(x, A)| > ¢}
which gives the result. To show that the inclusion is strict, we define the sequence
(Ap) as follows:
A = {k},ifn—[VAn]+1<k<n;
k= {0},  otherwise
It is clear that (A;) ¢ L~ and for & > 0,
1 1
lim— |{k € I, - |d(x,Ay)—d(x,{0))] > &}| = lim — [\/An] —0.
no A noA

n

So (Ay) € S)[’V, but

‘1 1 (V] (VA +1) 1
hﬁ“EkEZ, |d(x,Ak)—d(x,{0})|=h,gnE /2] [2 ] =570

Therefore (Ag) ¢ w}CV. This completes the proof of (a).

(b) Suppose that (Ag) € S}V and (Ag) € Loo. say |d(x, Ax) —d(x,A)| < M for
each x € X and for all k € N. Given ¢ > 0, we get

= Yl A - d(x,4)

n kel,
1
== > |d(x, Ag) —d(x,A)|

n kel,
|d(x, Ap)—d(x,A)|=¢
1

o > ld(x, Ax) —d(x, A)|

n kel,

|d(x.Ap)—d(x.A)|<e
M
< . Kkely: |d(x,A)—d(x,A)| > e}|+¢
n

from which the result follows.
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(c) It follows from (a) and (b). ]
If we let A;, = n in Theorem 1, then we have the following corollary.

Corollary 1. Let (X, p) be a metric space and A, Ay, C X (k € N) be non-empty
closed subsets of X. Then
(a) wW < SW and the inclusion is proper.
(b) Let (Ag) € Loo, then SW c w".
©) S"NLeo =w" NLe.

Theorem 2. S% S{V if and only ifliminf);—” > 0.

Proof. Suppose that liminf % > 0. For given ¢ > 0, we have
{k<n: |d(x,Ax)—d(x,A)| = e} Dtk €ly: |d(x,Ax)—d(x,A)| > &}.

Therefore

Ltk < 1d(x, A —d(x A)| 2 6l 2tk € I - d(x, A —d(x, A)] = e}

An 1
>R — kel |d(x,Ap)—d(x,A)| = &}|.
n Ap

Taking the limit as n — oo and using liminf 'ln—” > 0, we get the desired result.

Conversely, suppose that liminf}, % = 0. Then we can select a subsequence
(n(i))92 such that
Ao os
o 1
n(i) i

We define a sequence (Ay ) as follows:

4, = ifn(i)—[ A +1<k =n(i).i =1,2,3,...;
= o), otherwise.

Then (A) is Wijsman-statistically convergent, so (A;) € SW. But (4x) ¢ wKV.
Therefore Theorem 1 (b) implies that (Ay) ¢ S /{'V . This completes the proof. [
Theorem 3. SV 5" ifliminf22 = 1.

Au

Proof. Since lim,, 7 = 1, then for & > 0, we observe that

%I{k <n:ld(x, Ap)—d(x, 4)| = 5}]
< %I{k <n—2n:|d(x, Ag) —d(x, A)] = €}]
+%|{k € In:|d(x, Ag) —d(x, A)| = &}

A, 1
" "+;|{keln:|d(x,Ak—d(x,A)|zs}|
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—A |
=17 + Sl € Iyt |, A —d (x A)| = 6},
n

n
This implies that (Az) Wijsman-statistically convergent, if (Ay) is Wijsman A-
statistically convergent. Thus S )ICV cs”. g

Remark 1. Since limy, An—" = 1, this implies that liminf, )il—” > 0, then from Theorem

3, we have SW ¢ S}CV. Hence SIV =S,
3. WIJSMAN A-STATISTICAL CONVERGENCE OF ORDER «

The notion of order statistical convergence was introduced by Gadjiev and Orhan
[10] and after that statistical convergence of order « studied by Colak [3], A-statistical
convergence of order « studied by Colak and Bektas [4], A-statistical convergence of
order o of sequence of functions studied by Et et al., [0, 7] and many authors.

In this section, we define the concept of S /{’V o -Statistical convergence and establish

the relationship of S IV with wKV Also we introduce the notion of S /{'V —statistical
convergence of order o of real number sequences and obtain some inclusion relations
between the set of S" —statistical convergence of order .

Definition 3. Let (X, p) be a metric space, @ € (0,1] and A = (1,) be a non-
decreasing sequence of positive numbers such that 1,41 < A,, A1 =1, 4, —> oo as
n — oo and I, = [n—A, + 1,n]. We denote the family of such sequences A = (4,)
by A. For any non-empty closed subsets A, Ay C X (k € N), we say that the se-
quence (Ay ) is Wijsman A—statistical convergent to A of order « or S /{)V o —convergent
to A, if for every ¢ > 0 and for each x € X

1
lim— [{k € I, : |d (x,Ag)—d (x,A)| > &}| =0.
n /\%

In this case we write S}f/a —limAy = Aor A — A(S/{Va). If A, =nforalln e N,
we obtain the sequence space SJ;V such that

1
S;’V = {(Ak): H,fn_a fkel,: |d(x,Ax)—d (x,A)| = ¢e}| = 0}
n
and if A,, = n for all n € N and @ = 1 we obtain the sequence space S" such that
1
sV = {(Ak) D im—|[{k € I, ¢ |d (x,Ag)—d (x,A)| > &}| = o} :
non

Definition 4. Let (X, p) be a metric space, o € (0,1] and A = (A,) € A. For any
non-empty closed subsets A, Ay C X (k € N), we say that the sequence (Ay) is
Wijsman A—Cesaro summable to A of order « or w?’a—convergent to A, if for each
xeX | ’

“,En,\_a Z |d (x, Ag) —d (x,A)| = 0.
nkel,



ON GENERALIZED STATISTICAL CONVERGENCE OF SEQUENCES OF SETS ... 899

In this case we write w{‘ja —limAg = Aor Ay — A(wKa). IfA, =nforalln e N,

we obtain the sequence space w(gV such that

1
wl =3 (A): lim — D ld(x.Ap)—d (x,4)] =0
kel,

and if A,, = n for all n € N and @ = 1 we obtain the sequence space w" such that

1
w? =1 (Ap): im=)" |d (x. Ag) —d (x.A)| =0=0; .
n n 3

Theorem 4. Let (X, p) be a metric space and o € (0,1]. If S{Va —limA; = A
then A is unique.

Proof. The proof is easy, so omitted. O
Theorem 5. Let (X, p) be a metric space, o € (0, 1] and non-empty closed subsets
A,B, Ap,Br C X (k € N), then
(@) If S}V —limAx = Aand c € C, then S} —limcAp = cA;
(b) If S —limAx = A and S}’ —1lim By = B, then S} _—1lim (A + By) =
A+ B.

Proof. (a) For ¢ = 0, the result is trivial. Suppose that ¢ # 0, then for every ¢ > 0
the result follows form the following inequality

1
o k€ n s |d (cx.cAp) —d (ex.cA)| = e}
n
T
(b) For every ¢ > 0. The result follows from the following inequality.

{k €l |d(x,Ay)—d (x, A)| > Ii_l}'

1
A_‘x'{k €ly: |d(x,Ax + Br)—d (x,A+ B)| > &}|
n

< %a {keln: |d (x,Ax) —d (x,A)| = g})
n
n

If we take A,, = n in the above theorem, then we have

Corollary 2. Let (X, p) be a metric space, a € (0, 1] and non-empty closed subsets
A,B, Ap,Br C X (k € N), then
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(@) If SY¥ —lim Ay = A and c € C, then S)Y —limc Ay, = cA;
() If SY —limA; = A and S)Y —1lim By = B, then S) —1lim (A; + By) =
A+ B.

Theorem 6. [f0 <o < 8 <1, then SIVO[ C S/{'Vﬂ and the inclusion is strict.

Proof. The proof of the result follows form the following inequality.

1
)L_ﬂ Kkely: |d(x,Ax)—d (x,A)| > e}
n

1
> T Kkely: |d(x,Ar)—d (x,A)| > ¢&}].
n
To prove the inclusion is strict, let A be given and we consider a sequence (Ag) of
non-empty closed subsets of (X,p) metric space defined by

1(0,0)}, otherwise.
1 JA
=—k el :n—[yA]+1<k<n}| <~
B B
An A
Then we have (Ay) € S)IL/Vﬂ for% <B <1but(A) ¢ S}CVa forO0 <o < % O

Theorem 7. If a sequence (Ay) of non-empty closed subsets of (X, p) metric space
is SIVQ —convergent to A, then it is Sr/—convergent toAforO<a <1.

Proof. 1t is easy, so omitted. O

Theorem 8. Let (X, p) be a metric space and o € (0,1]. Then SJ;V C S)ICVa if

a
lim inf—2 > 0.
n—o00 no

Proof. If Ay — A(S})Y) then for every & > 0 and for sufficiently large n we have
1
pr Itk <n:|d(x,Ag) —d (x,A)| = &}

1
> o Kk ely:|d(x,Ar)—d (x,A)| > &}
An 1 k dd(x, A d(x,A
> n—QEI{ €lp:|d(x,A)—d (x,4)| = &}|.
Taking the limit as n — oo and using the given condition, we get Ay — A (S }CV a) .
This completes the proof of the theorem.

Corollary 3. Let (X, p) be a metric space, A = (Ay) € A and a € (0,1]. Then
sy, csW.
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Theorem 9. Let A = (A,) € A and a € (0,1]. Then S¥ C S/{}Va if and only if

AOC
lim inf -2 > 0. 3.1
n—00 n
Proof. Let the condition (3.1) holds and (4;) € S% . For a given ¢ > 0 we have
{k<n:|d(x,Ar)—d (x,A)| =e} Dtk el,:|d(x,A;)—d (x,A)| > &}.

Then we have

1 1
—lk =n:ld(x,Ax) —d (x, A)| 2 &} = ~[tk € I : |d (x, Ax) —d (x,4)| = &}
n n
A L
Con A

By taking limit as n — oo and from relation (3.1) we have

{kely:|d(x,Ar)—d (x,A)| > €}|.

Ay —>A(SW) = A —>A(Sffa).

Next we suppose that
o

lim inf—2 = 0.
n—00 n
o

AL
Then we can choose a subsequence (1;) such that —- < ll Define a sequence (Ay)
l
as follows:

4, = ) AADY itk e Iy
k=1 {(0,0)}, otherwise.

Then clearly (Ag) € SV but (4;) ¢ S/{'Va. Since SIVO‘ c S, we have (Ay) ¢ S/{'Va,

which is a contradiction. Hence the relation (3.1) holds. O

Theorem 10. Let (X, p) be a metric space, A = (A,) and 1 = (un) be two se-
quences in A such that Ay, < up foralln e Nand0 <o < g <1.If

/\a
lim inf—'l;, (3.2)
T
w w
then Sk,ﬂ C SMX.

Proof. Suppose that A, < i, for all n € N and the condition (3.2) satisfied. Then
I, C J, and so that for ¢ > 0 we can write

{keldy:|d(x,A)—d (x,A)| > e} Dik € I, : |d (x, Ag) —d (x, A)| > &}.

Then we have

1
—g Ik € Jntld (x, Ax) —d (x,A)| = &}
fin
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A% 1
> o k€l |d(x, Ap) —d (x, A)| = &},
B )\
KUn “n
for all n € N, where J,, = [n — u, + 1, n]. Taking limit n — oo in the last inequality
and using (3.2), we have S/K/ﬂ - SKM. O
Corollary 4. Let (X, p) be a metric space, A = (Ay) and p = (u,) be two se-
quences in A such that A, < Uy for alln € N. If (3.2) holds, then
@ Sy, c SV foro<a<l,
(b) S <8V forO<a <1,
© SYcsy.
Theorem 11. Let (X, p) be a metric space, A = (Ay) and (1 = (un) be two se-
quences in A such that Ay, < iy foralln e Nand0 <a < B <1.1If

lim — =1, 3.3)

then S}, < SV

Proof. Let S}‘:Va —lim A, = A and (3.3) be satisfied. Since I, C J,, for e > 0 we
can write

1
—g k€ Jnld (x, Ax) —d (x, A)| = &}
HMn

1
= —ln—pn+1 <k <n—2y:|d (x.A) —d (x, A)| = e}|
Mn

1
+ —ﬁ|{k ely:|d(x,Ar)—d (x,A)| > &}
[hn

—A 1
<En Tl kel |d (x Ay —d (x,A)] = 8}
B B
M
/Ln_kg 1
==t gl el ld (o AY —d (v, A)] 2 )
n n

Ao 1
< (B i)+ ke, |d (v, Ap) —d (x, A)| > &)
pY: b A5

n
Using the relation (3.3) and S )ICV o« lim Ay = A the right-hand side of the above in-
equality tends to zero as n — oco. This implies that S )ICV o S SZVﬂ' O

Corollary 5. Let (X, p) be a metric space, A = (Ay) and p = () be two se-
quences in A such that A, < Uy for alln € N. If (3.3) holds, then

@ S SV, for0<a <1,
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(b) SV < SYW, for0<a <1,
© Scsy.

An Orlicz function M is a function M : [0,00) — [0,00) which is continuous,
convex, nondecreasing function define for x > 0 such that M(0) = 0, M(x) > 0 and
M (x) — oo as x — oo. If convexity of Orlicz function is replaced by M(x + y) <
M (x) + M (y) then this function is called the modulus function and characterized

by Ruckle [19]. An Orlicz function M is said to satisfy A, —condition for all values
u, if there exists K > 0 such that M (2u) < KM (u), u > 0.

Lemma 1. An Orlicz function satisfies the inequality M (Ax) < AM (x) for all A
with0 < A < 1.

Lindenstrauss and Tzafriri [16] used the idea of Orlicz function to construct the
sequence space

o0
M:{(xk): ZM('xr—kl)<oo, forsomer>0} ,

k=1

which is a Banach space normed by

| Xk |
II(Xk)II—lnf{r>0 ZM( ; )51

The space [js is closely related to the space /,, which is an Orlicz sequence space
with M (x) = |x|?, for 1 < p < 0.

Definition 5. Let (X, p) be a metric space. Let M be an Orlicz function, p = (pi)
be a sequence of strictly positive real numbers, o € (0, 1], A = (1,) be a sequence of
positive reals, and for p > 0, now we define

w)IL/I,/oc [M,p]=143(Ar) e X : hn;okia Z |:M(|d (X,Ak)p—d(x,A)|)i|Pk o
" kel,

for some A and for x € X} .

If M(x) = x and pg = p for all k € N then we shall write w)k M, p] = w;’ a(p)
and if M(x) = x then we shall write u))L M, p]= w)L o 2]

Theorem 12. Let (py) be a bounded and 0 < infy, py < pr < supypr = H < oo.
LetO<a < ,3 <1, M be an Orlicz function and A = (A,) be a sequence of positive
reals, then u))L M, p] C S)L 8-
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Proof. Let (Ag) € wl’Va [M, p].Let e > 0 be given. As Ay < )\5 for each n we can
write

1 1 (x, Ag) —d (x. A\ ]
w2 [ ()

" kel,
1 _ Pk
_ 1 Z |:M(|d(vak) d(X,A)I)]
A p
kel,

|d(x.Ag)—d (x.4)|=e

4 () —d (5 A\ ]
o ()

kel,
|d(x.Ax)—d(x.A)|<e

2 |d(x»Ak)—d(x,A)|)Tk
Y 2 [M( p

kel,
ld(x.Ag)—d(x.A)|=¢

4 3 [M(Id(x,Ak)p—d(X»A)l)]p"

kel,
|d(x.Ag)—d(x.A)|<e

1 e Pk
’\n kel, p
|d(x.Ag)—d(x.A)|=¢

Z min([M (81)]h,[M(81)]H)

kel,
|d(x.Ag)—d (x.A)|=e

%

>~
:‘oa| -

> )%N{k € It 1d (x, Ax) —d (x, )| = e} | min (M ()], [M(en]7 ),

where ¢; = %. From the above inequality we have (Ag) € S IV o
O

Corollary 6. Let 0 <« < 1, M be an Orlicz function and A = (Ay,) be an element
of A, then wKVa M, p] C S{Va.

Theorem 13. Let M be an Orlicz function, (Ay) be a sequence in Lo, and A =
(An) be an element of A. If limy, s oo iL—Zi =1, then S)I:Va C wKVa (M, p].
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Proof. Suppose that (Ay) isin L and S —limy Ay = A. As (Ag) € L there
exists K > 0 such that |d (x, A;)—d (x, A)| < K for all k. For given ¢ > 0 we have

%a )3 [M(Id(x,Ak)—d(x,A)l)]

" kel, P

o d (. Ap) —d (x. 4)] | ]
g 2 [M( p )]

kel,
|d(x.Ax)—d (x.A)|=e

1 Id(xAk) d (x,A)|\17*
v X )]

kel,
|d(x.Ag)—d(x.A)|<e

oy e

kel,
|d(x.Ag)—d (x.A)|=¢

1 Z [ e\ 7%
"3 ;)
o
An kel, p
|d(x.Ag)—d (x.A)|<e

com{ [ ()] [ ()]
Sl O G}

Therefore we have (Ay) € wKVa M, p]. O

1
Eld(x,Ak)—d(x,A)l > ¢

Theorem 14. Let A = (A,) € A,0 <a < <1, p be a positive real number, then
wy () Swy, (p).
Proof. The proof is easy, so omitted. U
Corollary 7. Let A = (A,) € A and p be a positive real number, then w?’ A (p) C
w
w, (p)-

Theorem 15. Let A = (Ap) € A, 0 <a < B <1 and p be a positive real number,
then w (p) - S PB

Proof. Let (Ag) € wKVa (p) and for ¢ > 0 we have

Do d (x. A) —d (x, )P = > |d (x, Ag) —d (x, A)|?

kel, kel
|d(x.Ag)—d(x.A)|=¢
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+ > \d (x, Ax) —d (x, A)|?

kel,
|d(x.Ag)—d(x.A)|<e

> 3 |d (x, Ag) —d (x, A)|?

kel,
|d(x.Ap)—d(x.4)|=e

>k ely:|d(x,Ax)—d (x,A)| > }|.e?.
Therefore we have

1 1
T Z |d (x,Ag)—d (x,A)|? > —ﬂ|{k €ly:|d(x,Ar)—d (x,A)| > &}|.eP.
" kel, An

The last inequality implies that (Az) € S )ICV B if (Ag) € wi’Va (p). This compltes the
proof of the theorem. O

Theorem 16. Let A = (A,) and p = (un) be two sequences in A such that A, <
Wn foralln € N and 0 < o < B < 1. If (3.3) holds, then wf}fﬂ (p) C wKa(p).

Proof. The proof is easy, so omitted. t
Corollary 8. Let A = () and pu = (i) be two sequences in A such that A, < py
foralln € N. If (3.3) holds, then
(a) waa(p) C wKa(p)forO <a<l,
(b) wy (p)) Cw) (p)for0<a <1,
© wl (p) Swl (p).

Theorem 17. Let A = (A,,) and p = (iun) be two sequences in A such that A, <
Un foralln € Nand 0 <o < B < 1. If (3.3) holds, then wfjfﬂ (p) C Sm.

Proof. Let (Ag) € prLVﬂ (p) and for ¢ > 0. Then we have

Do ld (x, A —d (x, )P = > |d (x, Ag) —d (x, A)|”

kel, kely
|d(x.Ag)—d (x.4)|=e

+ > \d (x, Ax) —d (x, A)|?

kel,
|d(x.Ag)—d(x.A)|<e

> 3 |d (x, ) —d (x, A)|?

kel,
|d(x.Ax)—d(x.A)|=e

> |k € In:|d (x, Ag) —d (x, A)| = }].e”.
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Therefore we have

Z |d (x, A) —d (x, A)Ip> I{kEIn |d (x, Ak) —d (x, A)| = &}].€”.
V“" kel,
Since (3.3) holds and (A4y) € wglﬂ (p). The last inequality implies that (Ag) € SV
This completes the proof of the theorem. O

Corollary 9. Let A = (Ay) and 0 = (un) be two sequences in A such that A, < iy,
foralln €e Nand 0 <« < 1. If(3.3) holds, then

(a) wu,(x(p)c ,{a’
® w (p) Sy,
© wZV(p) csV.

Theorem 18. Let A = (A,,) and p = (iun) be two sequences in A such that A, <
Un foralln e Nand 0 <a < <1.1f(3.3) holds, then Loo N wgfa(p) - w}f’ﬂ(p).

Proof. Let (Ag) € LooN w}ffa (p) and suppose that (3.3) holds. Since (Ax) € Lo,
there esists K > 0 such that |d (x, A;) —d (x, A)| < K for all k. Since A, < u and
I, C J,, for all » € N we can write

Z |d (x, Ag) —d (x, A)|”

,un kel,
1 1
=— > ldG.A)—d@ D" +—5 ) ld (x.Ap)—d (x, A)
Mn kej,—1, Hn kel,
—An
<[ En )KP+— > ld (x. Ap) —d (x. A)|
B
/’Ln /’Ln kel,
,Uvn_)‘ﬂ
< Kp—i-—ZId(x Ap)—d (x, A)|?
B
MUn Mn kel,
Y A1
< ”)KP o O 1d (. AQ) —d (x. A)P
Y- A%
n kel,

Un AY 1
<|—=-1 K”—i-——E |d (x,Ag)—d (x,A)|?.
Y B A2
n Hn kel,

This imples that (Az) € w/‘Zﬂ (p). Hence Lo N w}f{a (p) < w}{lfﬂ (p). O

Corollary 10. Let A = (A,) and (1 = (un) be two sequences in A such that A, <
Un foralln € N. If (3.3) holds, then

(a) Looﬂwl’xa(p) C w}ffﬂ(p)foro <a<l,
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(b) Loo Nw} (p) Cwy (p)for0<e <1,
© LooNwl (p) Sw) (p).

Theorem 19. Let M be an Orlicz function and if infy py > 0, then limit of any
sequence (Ay) in u)XVa [M, p] is unique.

Proof. Let limg pr = s > 0. Suppose that Ay — A, (wKVa M, p]) and A —
As (w/‘{"/a (M, p]) . Then there exist p; > 0 and p, > 0 such that

nll?éo)%a Z |:M (|d (X,Ak)—d(X,A1)|)j|Pk o

" kel p
and
.1 |d (x, Ag) —d (x, A2)| \7*
lim — M =0.
5 ’

Let p = max{2p1,2p2}. As M is nondecreasing and convex, we have

Aia Z |:M (|d(x9A1)_d(-x’A2)|):|pk

m kel Jo
52 L(|:M(|d(x,Ak)—d(x,A1)|):|PkPk
AY 2Pk
nkel, o

. [M (|d(x’Ak);d(x»A2)|):|)

D ([M(|d<x,Ak)—d(x,A1)|)]Pk
)L‘,’f kel, P

_ P
—|——D E [M(ld(x’Ak) d(x,A2)|):| — 0asn — oo,
"‘ P

nkel,

where supy, px = H and D = max(1,27~1). Therefore we get

) 1 |d (x,A1) —d (x,42)]\17*
i g & [ (FRAgEe) [ o

kel, p

As limg pp = s, we have
d(x,A1)—d (x,A Pk d(x,A41)—d (x,A $
lim |:M(| (x,A1)—d (x, 2)|):| =[M(| (x,A41)—d (x 2)|):|
k—o0 P P
and so A; = A,. Hence the limit is unique. O




ON GENERALIZED STATISTICAL CONVERGENCE OF SEQUENCES OF SETS ... 909

REFERENCES

[1] R. C. Buck, “Generalized asymptotic density,” Amer. J. Math., vol. 75, pp. 335-346, 1953, doi:
10.23072372456.

[2] R. Colak, “On A-statistical convergence,” Conference on Summability and Applications, Istanbul,
Turkey, 12-13 May 2011.

[3] R. Colak, Statistical Convergence of Order o, Modern Methods in Analysis and Its Applications.
Anamaya Pub., New Delhi, 2010.

[4] R. Colak and C. A. Bektas, “A-statistical convergence of order «,” Acta Math. Sci., vol. 31, no. 3,
pp- 953-959, 2011.

[5] A. Esi, “The A-statistical and strongly (A-p)-Cesaro convergence of sequences,” Pure and Appl.
Math. Sci., vol. XLIII, no. 1-2, pp. 89-93, 1996.

[6] M. Et, M. Cinar, and M. Karakas, “On A-statistical convergence of order « of sequences of func-
tion,” Jour. Ineq. Appl., vol. 2013, no. 204, p. 8 pages, 2013, doi: 10.1186/1029-242x-2013-204.

[7]1 M. Et, S. A. Mohiuddine, and A. Alotaibi, “On A-statistical convergence and strongly A-summable
functions of order «,” Jour. Ineq. Appl., vol. 2013, no. 469, p. 8 pages, 2013, doi: 10.1186/1029-
242x-2013-4609.

[8] H. Fast, “Sur la convergence statistique,” Coll. Math., vol. 2, pp. 241-244, 1951.

[9] J. A. Fridy, “On statistical convergence,” Analysis, vol. 5, no. 4, pp. 301-313, 1985.

[10] A. D. Gadjiev and C. Orhan, “Some approximation theorems via statistical convergence,” Rocky
Mzt. J. Math., vol. 32, no. 1, pp. 129-138, 2012, doi: 10.1216/rmjm/1030539612.

[11] B. Hazarika, “Wijsman Orlicz asymptotically ideal ¢-statistical equivalent sequences,” Journal
of Function Spaces and Applications, vol. 2013, pp. Article ID 257 181, 9 pages, 2013, doi:
10.1155/2013/257181.

[12] B. Hazarika and A. Esi, “On A-asymptotically Wijsman generalized statistical convergence of
sequences of sets,” Tatra Mountains Mathematical Publications-Number Theory, vol. 56, pp. 67—
77,2013, doi: 10.2478/tmmp-2013-0025.

[13] B. Hazarika and A. Esi, “Statistically almost A-convergence of sequences of sets,” European
Journal of Pure and Applied Mathematic, vol. 6, no. 2, pp. 137-146, 2013.

[14] B. Hazarika, A. Esi, and N. L. Braha, “On asymptotically Wijsman lacunary o -statistical equival-
ent set sequences,” Journal of Mathematical Analysis, vol. 4, no. 3, pp. 33—46, 2013.

[15] L. Leindler, “Uber die la Vallée-Pousinsche Summierbarkeit Allgemeiner Orthogonalreihen,” Acta
Math. Acad. Sci. Hung., vol. 16, pp. 375-387, 1965, doi: 10.1007/bf01904844.

[16] J. Lindenstrauss and L. Tzafriri, “On Orlicz sequence spaces,” Israel Jour. Math., vol. 10, pp.
379-90, 1971.

[17] M. Mursaleen, “A-statistical convergence,” Mathematica Slovaca, vol. 50, no. 1, pp. 111-115,
2000.

[18] F. Nuray and B. E. Rhoades, “Statistical convergence of sequences of sets,” Fasciculi Mathematici,
vol. 49, pp. 1-9, 2012.

[19] W. H. Ruckle, “FK spaces in which the sequence of coordinate vectors is bounded,” Canad. Jour.
Math., vol. 25, pp. 973-978, 1973, doi: 10.4153/cjm-1973-102-9.

[20] T. Salat, “On statistically convergent sequences of real numbes,” Math. Slovaca, vol. 30, pp. 139—
150, 1980.

[21] I.J. Schoenberg, “The integrability of certain functions and related summability methods,” Amer.
Math. Monthly, vol. 66, pp. 361-375, 1959, doi: 10.2307/2308747.

[22] H. Steinhaus, “Sur la convergence ordinaire et la convergence asymptotique,” Coll. Math., vol. 2,
pp- 73-74, 1951.

[23] R. A. Wijsman, “Convergence of sequences of convex sets, cones and functions,’
Bull. AmerMath.Soc., vol. 70, pp. 186—188, 1964, doi: 10.1090/s0002-9904-1964-11072-7.


http://dx.doi.org/10.23072372456
http://dx.doi.org/10.1186/1029-242x-2013-204
http://dx.doi.org/10.1186/1029-242x-2013-469
http://dx.doi.org/10.1186/1029-242x-2013-469
http://dx.doi.org/10.1216/rmjm/1030539612
http://dx.doi.org/10.1155/2013/257181
http://dx.doi.org/10.2478/tmmp-2013-0025
http://dx.doi.org/10.1007/bf01904844
http://dx.doi.org/10.4153/cjm-1973-102-9
http://dx.doi.org/10.2307/2308747
http://dx.doi.org/10.1090/s0002-9904-1964-11072-7

910 B. HAZARIKA AND A. ESI

[24] R. A. Wijsman, “Convergence of sequences of convex sets, cones and functions IL”
Trans.Amer.Math.Soc., vol. 123, no. 1, pp. 32-45, 1966, doi: 10.2307/1994611.

[25] A. Zygmund, Trigonometrical Series, vol. 5 of Monografias de Matematicas, Warszawa-Lwow,
1935.

[26] A.Zygmund, Trigonometric Series, Cambridge Univ. Press, Cambridge, UK, 1979.

Authors’ addresses

B. Hazarika

Department of Mathematics, Rajiv Gandhi University, Rono Hills, Doimukh-791 112, Arunachal
Pradesh, India

E-mail address: bh_rgu@yahoo.co.in

A. Esi

Adiyaman University, Department of Mathematics, 02040 Adiyaman, Turkey
E-mail address: aesi23@hotmail.com


http://dx.doi.org/10.2307/1994611

	1. Introduction
	2. Wijsman -statistical convergence
	3. Wijsman -statistical Convergence of order 
	References

