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Abstract. We study a scheme which decomposes a singularly perturbed linear system with sev-
eral small parameters into a block-diagonal form. The algorithm of the scheme contains k steps
of a successive splitting based on the integral manifold of quick and slow variables method.
The splitting substitution is defined constructively in the form of expansions by powers of small
parameters.
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1. INTRODUCTION

The theory of singularly perturbed systems of differential equations has been in-
tensively developed recently, and its methods have been widely used for the study of
various problems of science and technology. Singularly perturbed models describe
dynamic processes in physics, theory of automatic control, hydroscopic systems, eco-
nomical and biological processes [2,3]. Singularly perturbed systems have boundary
layer and stiffness property in numerical calculations. In this connection the main
results for high-dimensional systems with fast and slow variables boil down to the
construction of asymptotic expansions of the initial and boundary problems. Let us
note the surveys [0, 8, 13], where a great amount of works dedicated to this subject
were analyzed.

For qualitative studies of entire systems it is expedient to apply decomposition
algorithms. Effective methods of decomposition of singularly perturbed systems,
which are based on the ideas of the integral manifold method, were developed in
the works [11, 12]. For linear singularly perturbed systems such an approach allows
us to make the decomposition of an input system to the independent fast and slow
subsystems [7,10]. Linear non-autonomous three-time and n-time scale systems were
studied in [1,4,9].
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The aim of this paper is to justify the decomposition method of a linear singularly
perturbed system with several small parameters to the collection of independent sub-
systems. Such an approach is effective if we can find the coefficients of the splitting
transformation. The suggested approach combines both asymptotic and qualitative
methods of analysis. The splitting transformation is constructed with an arbitrary
precision as asymptotic expansions in a series of small parameters.

2. THE SCHEME OF DECOMPOSITION

Consider a linear singularly perturbed system given by

Hej)'ci = ZAinj, i =0k, 2.1

where t € R, x; € R", A;; = A;;(t), i,] = 0.k, are n; X n; matrices, &g = 1,
£1,€2,..., & are small positive parameters.

Let the following conditions be true:

1) matrices A;;(t), i,j = O,_k, are uniformly bounded in ¢ € R,

2) eigenvalues of the matrix Ay (¢) satisfy the inequality

Re/\j(Akk) <-28<0,j=1,n.

The decomposition of system (2.1) will be performed in k steps. At the first step
the substitution is made as follows

Xi = yl.1 + ]&[ sj-Hl.ly]l,i =0,k—1,
Y (22)
X = y]i + Z lex]',
j=0
where H l.l, Pl.l, i =0,k — 1 are matrix functions of appropriate dimensions.
If H l.l, Pl.l, I = O,k——l are bounded solutions of the systems

k k-1 k
l_lsjpl-l :Aki+AkkPi1_Z l_[ 8ij1 (Aji-f-AjkPil), (2.3a)
=0 j=0m=j+1

k k-1 k
l_[‘ngileik_Hil Akk—z 1_[ sijlAjk +
=0 j=0m=j+1

k-1 k&
+3° T1 em(4y+4up!)H}l @3b)
j=0m=j+1
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then system (2.1) has the form

i
[ = ZBJyJ, i=0k—1, (2.42)
j=
k
[T 9% = Bixvi- (2.4b)
j=0
k—1
where B, = Aij + A P}.i,j =0, 0,k—1, Blk_Akk—Z 1‘[ em Pl Ajg.
j=0m=j+1

To perform the second step of decomposition, we make such assumption:
3) eigenvalues of B,i_l x— satisty the inequality

Redi (Bj_y x_y) <=2y <O.

Then by making the substitution

k—1
y. —yl + ]_[ stzyk i =0k=2,
j=i+1 (2.5)

two independent subsystems are obtained from system (2.4a)

k—2
Hglyl Z ijzv i =0,k-2, (2.6a)
j=0
.2 2 2
l_[ €jVie—1 = Bic_1 k—1Yi-1> (2.6b)
2 1 2 - s 2 _ pl
where Bj; = B +Blk 1Pt j=0k=2 By 4 =By 41—
k—2 k 1 -
=2 T emP7Bj.
Jj=0m=j+1

Matrices Pl.z, H l.z,i =0,k — 2, are uniformly bounded solutions of the systems

k—1 k=2 k-1
ngjpiﬂ:Bli—l,i+Bl§—1,k—1Pi2_Z l_[ Sijz(Bl +B — 1P12)
=0 j=0m=j+1

k=2 k-1

1
T2 1 2 1 1
[[eiH =By —HBi_i 1= || emP}?B k-t

o

Jj=0m=j+1
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k=2 k-1
+ > T en(Blha+BlhorP2)HE. i=0k=2. @7
m=0n=m+1

At the step k by making the substitution

a7, el e8)
Vi = t+Pyye s
we obtain the block-diagonal system
-k _ pk \k
Yo = BgoYo -
(2.9)

i

ok—i+1 _ pk—i+1_k—i+1 ; _ T
.l_[OEJy,- = B;; Vi =1k,
J=

where BY, = BE' + BES1 PE, BY = BE1 — e PEBEY.
Here the matrices Hé‘ , Pé‘ of appropriate dimensions satisfy the equations
e1 PY = BI; + BTV PE — oy PE (B + B PE).
et HE = B — HE (BT —e1 PEBITY) + (2.10)
o1 (Bl + Bl PE) HE.
At each step of decomposition we assume that
3;) eigenvalues of matrices Bl.kl._hLl ,i = 1,k —1, satisfy the inequality
Rel (Bl.kl._""'l) <=2y <.

For the transformation of system (2.1) to block-diagonal form (2.9) the existence
of the corresponding solutions of systems (2.3a)-(2.3b), (2.7), ..., (2.10) is necessary.
Then, we have the following lemma.

Lemma 1. Let conditions 1)-2) be true. Then there exists & > 0 such that for any
ex € (0,&5) system (2.3a)-(2.3b) has a unique bounded solution fort € R.

Proof. Write the subsystem (2.3a) in the equivalent form

1 ! k-1 k
Pt = [ Qs UG- Y [] enPio)dyot
H gj—00 Jj=0m=j+1
=0

+ Aj(s,€)Pi(s,e)))ds, i=0k—1, (2.11)
where Q(¢,s,¢) is the fundamental matrix of the equation

k

[ 1% = Akrx. (2.12)
j=0
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which by 1)-2) satisfies the estimation

3
-3 (t—s)
€

2 J1
10(.s.8)|| < Ke J7=0° : (2.13)

for some K > 0 and any —oo < s <1 < 00.
We shall seek a bounded solution of system (2.11) on the entire real axis by the
method of successive approximations

! k-1 k
1
Pt — /Q(Aki_z I1 smP]”(Aj,-+AjkPi”))ds, (2.14)
gj—00 J=0m=j+1

Jj=0

i=0k—-1, n=0,1,2,...,

putting P? =0, i =0,k —1.
Using inequality (2.13) and conditions 1)-2) in the way analogous to [5] it is easy
to show that there exists &; > 0 such that for all & € (0,&) sequences P/ (t,¢),i =

0,k — 1, are uniformly convergent as n — oo and bounded for ¢ € R.
Put P;(t,e) = ILrn Pl'(t,),i =0,k —1.
n o0

Considering the correlation for matrices B;j,i,j = O,_k we shall rewrite (2.3b) in
the form

k k-1 k
[TeiH =4 +>_ [] emBijH} —HBr.i =0.k—1. (2.15)
j=0 j=0m=j+1

Denote by Q g, (z,s,¢) the fundamental matrices of the equations

ll_[&‘jxi:Bij(t,S)xi» i=0,k—1,
j=0
and by Q(t,s,¢) the fundamental matrix of the equation
k k—1 k
[Teive={4=>_ [ &P 4 | vi- (2.16)
i=0 i=0j=i+1
We can equivalently rewrite system (2.15) as follows
| L k-1 k
H =—— / QUi+ Y [] emBiyH)Omds. i =0k—1. (2.17)
[1 &0 oym=T

Jj=1
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If conditions 1)-2) are satisfied and ¢ are sufficiently small then the fundamental
matrix Q(¢,s,¢) satisfies the estimation [5]

——L—(t-s)

i

[0(.s.6)| < Ke im0™ (2.18)

Using inequality (2.18) we can prove the existence of a bounded on the entire real
axis solution of system (2.17) in a similar way as for (2.11).
The lemma is proved. U

Similar statements for systems (2.7), ..., (2.10) are true.
Let us obtain now a general decomposing transformation.

Theorem 1. Let conditions 1)-3) be true. Then for sufficiently small parameters
gi,i = 1,k, there exists a nonsingular substitution

T
T —
(-x09x1’x2’~~"xk) =¢(J7(])€,y11€,y12€ layy]l) ’

which transforms system (2.1) to (k + 1) independent subsystems (2.9).

Proof. The structure of elements of decomposition transformation

k—j I k—j+1 gk—j+1 o o
Ry "+ X [l enRm Hp, , (= )HAGE >,

m=0n=m+1

Rk—i —F Rk—i-l—l — Pk—i+1
1 ’ m m )
R;ll—}—l — R’r111 +Rn Pn+1,

k—n"m
. . j —7 —7 . . .
Pl jl=9 T emH T i< HAG> D),
m=i+1
E,i =j =0,
ElHk, i =O, J =1

Pkii=1,j=0,
E+ePkHE i=j=1,

follows from the representation of the substitution at each step of the decomposition.
Let us show that this transformation is nonsingular.
From (2.4a), (2.4b) we obtain

k
yl-lzx,-— I1 ejHily,i, i =0,k—1,
j=i+1

k—1
1 1
Ve =Xk — 2 P;x;.
Jj=0
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Now by making the next substitution we obtain
Z Dk+1 ;s
k+1 —i _ Z Dk+1 l

where forn =0,k —1, j =0,k one has
k—n—1

n+1 n n+1 nn+l
Dk —-n,j Dk —n,j Z P Dk —-n,j’
m=0
k—n
n+1 __ n _ n+1 nn+1 . —
Dl.j _Dl.j H+1 mH; Dkn/l 0,k—n—1,
m=i

DY =0,i#j, D), =E,
D"+1 (E+eHEPE) D — ey HE DY,
Therefore, there exists the inverse matrix ® L[, j] = ijﬂ_i, i =0,k.
The theorem is proved. 0

Remark 1. Condition 3;) is difficult to verify, because matrices P} and H jl can be
found only in the simplest cases. It is easy to make sure that condition 3;) will be

verified for small 1, ¢5,...,8,_1, if system (2.1) is of such form
k
X0 = Z A()])C],
o
;7 f . (2.19)
]_[ 8j5c,- = Z A,-jxj +8,~A,-,,-+1x,-+1, i =1k,
J=0 J=0,j#i+1

and the eigenvalues of the matrices A;;,i = 1.k, satisfy the inequality

Red;(A4;;) < -2y <O.
3. ASYMPTOTIC DECOMPOSITION OF THE SPLITTING TRANSFORMATION.

We can find the exact form for the coefficients of the asymptotic decomposition
only in the simplest cases, so we are interested in finding asymptotic decomposition
of these coefficients and obtaining corresponding split systems.

Let us make the following important assumption:

4) matrices A;;(t),i,] = 0.k, A,:,i (¢) and their derivatives up to (n + 1) order are
uniformly bounded in ¢ € R.

Consider the differential expression

k—1
d
7°u° = ZAk,x, + Agpu® — l_[ & —u 3.1

i=0



736 I. CHEREVKO AND O. OSYPOVA

We show that the function u°(¢, xo(), x1(t), ..., xXx—1(¢).€x), which can be rep-
resented in the form

k—1 k=1 ( n
—1 i
= E Pi (Z‘,Sk)xi = E E gljcPl{j(t) Xi, (32)
i=0 i=0 \j=0

where matrices Pl.f ; (t),j =0,n,i =0,k—1, and their (n — j + 1) derivatives are

uniformly bounded, is such that for bounded solutions of system (2.1) one has 7° (%) =
0 (Sn +1 ) )
We substitute (3.2) to (3.1) and choose the functions

Pli(1).j=0.ni=0k—1,

so thatin (3.1) all the terms that contain powers of ¢ less than (n 4 1), are vanishing.
For the coefficients in representation (3.2) we obtain

Plo(1) = —Ag] (t)Aki(l)

k—1 —
Pl%j(t)zAl:é(Z)< [l 8’” l] l(t)+ > 1_[ 81P1 m,j— 1([)Amz(t)+

m=0]=m+1 3.3)
k—1 — _
Y ZP,,ﬁ,(r)Amkalj . 1(:)) j=Tn
m=0]/=m+1 [=0

Observe that 4) implies that P (t) j =0,ni=0k—1, and their partial de-

rivatives up to (n — j + 1) order are bounded. If the functions Pl.1 ; are chosen by
formulaes (3.3), then (3.1) has the form

TO(uO):szJrl Zn?(t,sl,...,ek_l)xi ,

where n?,i =0,k — 1, are uniformly bounded functions.

k—1
.. L. —1
If we make in input system (2.1) the substitution x; = Z P;x;i+ SZ+1Z, then
i=0
for the variables x¢,x1,...,Xx—1,2 we obtain the system
i k=l . "
[Texi=> (Aij +AikPj)Xj +8Z Aixz, 1 =0k—1,
Jj=0 Jj=0

k -1 (3.4)
[Tegiz= > n?(t,sl,...,ek_l)xj + Aprz.
=0 j=0
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System (3.4) is a system of type (2.1), for which there exists an integral manifold
[17]
k—1
2=y P (t.ep)xi, (3.5)
i=0
where Pl.1 -1 =0,k —1 are uniformly bounded functions.
If system (3.4) has integral manifold (3.5), then system (2.1) has the integral man-
ifold

k—1 k—1
—1
Xp = Z (Pi +82+1Pi}*)xi = ZPl-lxl—
i=0 i=0
for which the asymptotic decomposition
k=1 (k=1
Xp = Z Z%Pi}j +8Z+1Pl-}* X; (3.6)
i=0 \i=0
is valid.
k—1
By making in system (2.1) the substitution x; = Z Pl-1 Xi y,i, we can get
i=0
i k—1
ITexi=2 (Aij +AikP,~1)Xj +Aipyg, 1=0k—1,
-’ 770 37
k . k-1 k . . (3.7
l_[gjyk: A — > 11 Sij Ajg Vi
j=0 j=0m=j+1
Consider now the differential expressions
k-1 k
T2(ugul,... . ul_ ) = Z 1_[ em(Aij + Aix P )ud—
j=0m=j+1
LI L
- ]_[ejd—u?JrAl-ky,i,i =0,k—1. (3.8)
Jj=1 !
0

Let us show, that there exist functions u
the form

i1 =0, k — 1, which can be presented in

n

o_ 7l 1 7l 1

w)=H;yp=> e H .. i=0k—1, 3.9)
j=0

where the matrices Hi1 I j =0,n, and their (n — j 4 1) derivatives, are uniformly
bounded, and these functions are such that

0,0 .0 0 N
T; (1,10,141,...,uk_1)=0(<9Z+ ),i =0,k—1.
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We substitute (3.9) to (3.8) and choose functions H}' ;,j = 0,n, so that in (3.8)
all the terms that contain powers of & less than (n + 1), are vanishing. For the
coefficients H, .1 ; we obtain

H _A,kAkk,
k—1 k— k=1 k— 1 ol
Z ]_[ glAlmH m,j— 1+ Z ]_[ €l Z Hllej 1- lAmk+
m=0]= m+1 m=0/=m+1 [=0
k—1 _ k—1 1 1 . —
+ > H erAik Z Hy o= Tl emH; | A, j=1n.
m=0[=m+1 m=0

(3.10)
Now 4) yields that Hl.1 j and their partial derivatives are bounded. In this case
differential expressions (3.8) have the form

0,0 .0 0 1 1
Ty (g uy,. .. up_q) —8n+ Wi Ot,e1, €2y EK) Vi

where ,ul(.),i =0,k — 1, are uniformly bounded functions.
If we make the substitution in system (3.7) now

—1
x,—sz+1yll+ l_[ st,-y,i, i=0k—1,
j=i+1

then for the variables yl.1 ,i = 0,k, we obtain the system

i k—1
l—[ gy =% (Aij +AikPj1)yj1 +udyg, i=0k—1,
' =0
/ el (3.11)
l—[ gjyy = (Akk_ > 1_[ SijlAjk) Vi
Jj=0m=j+1
of type (2. 1), for which there exist integral manifolds
[ &H ypi=0k—1 (3.12)
j=i+1

If system (3.11) has integral manifolds (3.12), then system (3.7) has integral man-
ifolds

k k

Xi = 1_[ (ﬁil+82+1Hzl*> li = l_[ Hilyll’ i =0k—1,
j=i+1 j=i+1

for which the asymptotic decomposition

xi= [] Zele it HE, | yi i=0k—1
j=i+1 \j=0
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is valid.
By making in system (3.7) the substitution
k
Xi = yil + l—[ stl-ly,i,
j=i+1

we obtain system (2.4a)-(2.4b) and the first stage of decomposition of (2.1) is fin-
ished.

Theorem 2. Let the conditions 1), 2), 4) be true. Then for a sufficiently small gy,
there exists a substitution (2.2), which transforms system (2.1) to form (2.4a)-(2.4b),
and the coefficients of the asymptotic decomposition of transformation (2.2) can be
uniquely found from algebraic relations (3.3), (3.10).

Consider now [ 4 l(l >1) stage of the decomposition of the system

l_[(ejyl ZBJyJ, i=0k—1, (3.13a)

]_[s,yk R AN N T ED N 3 (3.13b)

Assume the followmg condition to be true:

5;) matrices Bl.lj (i,j =0,k—1), (Bllc—l,k—l)_l and their (n 4 1) derivatives are
uniformly bounded in¢ € R .

Consider the differential expression

k—I—1 k-1
d
T'uhy= Y B,y +Bk_l,k_lul—l_[8,~5ul. (3.14)
i=0 i=0

Let us show that the function ul(t,y(l)(t),y{(t), .. .,y]lc_l_l(t),ek_l), which can
be presented in the form

k—I—1 k—=I-1( n

Z Pl ey =Y Zsk PO |y 3as)

i=0

where the matrices Pl.ljl (t),j =0,n,i =0,k—[—1, and their (n — j + 1) derivat-
ives are uniformly bounded, is such that for bounded solutions of the system (3.13a)
we have
T (ul) _ 0(8n+1)
‘We substitute (3.15) to (3.14) and choose functions

PN 0. j =0mi=0k—-1—T,
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so that in (3.14) all the terms that contain powers of ¢;_; less than (n + 1), are
vanishing. For the coefficients in representation (3.2) we obtain

PlE @) = ~(B_y ) OB (0).

. ; . k—I1—1 141 k—1—1 k—I—1 I+1 /
Pi,j (1) = (Bk—l,k—l)_ 3] H EmPl"j_l(t)"' Z l_[ SSPm,j—lei+
m=1 m=0 s=m+1

G e Ty 1+1
+ 2 I1 e 2 Puls B klij s | J=1n
m=0 s=m+1 s=0

(3.16)
Observe that 5;) implies that Pl.ljl (t),j =0,n,i =0,k —1—1, and their partial
derivatives up to (n — j + 1) order, are bounded. If the functions Pl.l }'1 are chosen by
formulaes (3.16), then (3.14) will have the form
k—I1—1
T ') = stll Z nh(t.en. ..oyl |,
i=0
where r;f ,i =0,k —1—1, are uniformly bounded functions.
If we make in input system (3.13a) the substitution
&
Ve = 0 P vi+ed]e
i=0

then for the variables y(l,, y{ yeees y,lc_l_l,z we obtain the system
Lo ME I B 1 ntlpl
Ieyi= 2 (Bij + By P )yj ey B g%
Jj=0 Jj=0
i=0k—1—-1, (3.17)
k—I k—I—1

[Tez= > nf-(l,sl,.--,ek—z—l)y,l- + B]lc_l,k_lz-
Jj=0 Jj=0

System (3.17) is a system of type (3.13a), for which there exists an integral manifold
k—I—1

z= Y P aecnyl, (3.18)
i=0

where Pl-lfl ,1 =0,k —1 —1 are uniformly bounded functions.

If syst’em (3.17) has integral manifold (3.18), then system (3.13a) has integral
manifold

k—I-1 k—I1—1

I Si+1 +1pl+1\ .70 _ I+1_1
Vet = D (Pi AT )y,- = ) Pl
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for which the asymptotic decomposition

k—I1—

yllc—l = Z
i=

1 [k—i-1
0

Z e Pl et Pl Lyl (3.19)

holds.
By making in system (3.13a) the substitution

Z l+1 l Il¢+ll’ (3.20)
we can get
d LR I+1
jl:[ogjyi N j;) (B +BisiP) )yJ+B”‘ it
i=0k—1—1, (3.21)

I1+1 ! ot R I+1 pl I1+1
Hglykl_ By jp1— 2 H mPi B )kl
=O m=j+
Consider now the differential expressions

k—1—-1 k-1
Y}I(uf),ull,...,ui_l_l)Z Z 1_[ 5m(Bl'lj+Bi,k—lel+1)“5‘_
j=0 m=j+1
k—I d
I+1 - _~n7. 71 1
—Hs,d b+ By gy tli=0k—1-1. (322

Let us show, that there exist functions u ,i =0,k —1—1, which can be presented
in the form

= =S B =0T 02

where matrices H/ }rl, j = 0,n, and their (n — j + 1) derivatives, are uniformly
bounded, and these functions satisfy

Til(ué,ull,.. ”k I 1)—0(8"“) i=0,k—1—

We substitute (3.23) to (3.22) and choose functions H; l+1 ,j = 0,n, so that in
(3.22) all the terms that contain powers of ej_; less than (n + 1), are vanishing. For
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the coefficients Hl.l;.rl we obtain
I+1 _ p. i -1
Hig = Bij-1 (Bk—l,k—l) ’

k—1—1 k-2 ] 141 k—I1—1 k—I1-1 j—1 141 41 ]
= Z H 8SBzmHm j—1+ Z H €s Z Hl',s Pm,j—s—le,k—l+
m=0 s=m+1 m=0 s=m+1 s=0
k—I—-1 k—I-1 j—1 k—I—1

J
I 141 gpl+1 TI+1 ! -1
+ I1 esB; > Py Hy'iy_— 11 EmHi,j—l) By j—t) ™

m=0 s=m+1 s=0 m=0

(3.24)
Now 5;) yields that H l.lJ.rl and their partial derivatives are bounded. In this case
differential expressions (3.22) will have the form

Lo d ool i +1,,1 I+1
7—‘1' (uo’ul"-'vuk_l_l) = 8’]:—1 /"Li(tigl’gzw"?gk_l)yk_ls

where ,ull. ,i =0,k —1—1, are uniformly bounded functions.
If we make the substitution

k—1
—I+1 . —
yl —sz+llyll+l+ 1_[ g H,; y,l:ll i=0k—1-1,
j=i+1
to system (3.21) then for variables yl’L1 i =0,k —1, we obtain the system

i k—I—1

H—l l I+1 I+1 1. 1+1 - N7 1 1
[T ¢! S (Bl.jJrBlk P! )yj + oyl i =0 k—1—1,
Jj=0 J=0
= i ok I+1 I+1
eyl =\ Beoiw—1— [ emP; " Bjk—1 |y
Jj=0 j=0 m=j+1
(3.25)
of type (3.13a), for which there exist integral manifolds
yH = 1_[ e HI T it i=0k—1-1. (3.26)

Jj=i+1

If system (3.25) has integral manifolds (3.26), then system (3.21) has the integral
manifolds

k-l —
—I+1 0 kT -1
= T] (H,. +s"+1H’+1)y,i+}_ [T @'yt i=0k—1-1,
Jj=i+1 j=i+1
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for which the asymptotic decomposition

k—1 n
yll: l_[ ng lHl+1+8n+1Hl+1 y]l€+ll’ l:O,k—l—l
J=i+1 \j=0
holds.
By making in system (3.21) the substitution
k—1
vi=yit+ ] &H v (3.27)
j=i+1

we obtain system with [/ + 1 decomposed variables and / 4 1 stage of decomposition
of the system (2.1) is finished.

Theorem 3. Let the conditions 1), 2) and 5;), | = 1,k —1, be true. Then for
sufficiently small g; there exists a substitution (3.20),(3.27), which transforms system
(3.13a) to the form

k—I1—1
HWM Z Byt i=0k-I-1. (3.282)
I+1 I+1 I+1
Hgfyk 1 =B Vil (3.28b)

and the coefficients of the asymptotic decomposition of the transformation can be
uniquely found by (3.16) and (3.24).

Remark 2. By completing k steps of the decomposition of system (2.1) by the
scheme described above, we obtain block-diagonal system (2.9). Moreover, the coef-
ficients of the asymptotic decomposition of the transformation can be found by re-
current algebraic relations analogous to (3.16), (3.24).

4. EXAMPLE.

Consider the singularly perturbed system of differential equations with constant
coefficients and two small parameters

Xo = xo +x1 + X2,
£1X1 = Xo + X1 + X2, 4.1
8182).62 = —X9— X1 —X2.

Let us make the substitution in (4.1) analogous to (2.2)

Xo = Yo +e1&2how, x1 = y1+e2h1w, x2 = w + poxo + p1X1, 4.2)
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where po, p1,ho,h1 are the solutions of the algebraic systems
{ —1—=po —8182190—8182]93 —&p1—&pop1 =0,
—1—p1—e182p0 —€162p0 1 —E2p1 —E2p3 =0,

ho(—1+¢e182+22) =1,
hi(—1+e1e2+e2) =1
By solving of these systems we obtain

1
= =—1, ho=h1=——-—7-——.
Po = P1 0 1 1 teieaten
Thus the substitution has the form
+ E1€2 n &2
Xo = —_—w, X1 = _— W,
0=Jo —l+e1e2+&2 =N —l+e1e2+e

Xo=W—X0—X1.
In this case system (4.1) at the first step is split to the collection of independent
equations
Yo =0,
81)}1 = 0, (43)
182w = (—14e162 + &2)w.
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