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1. INTRODUCTION

In this paper, we are concerned with the existence of three nonnegative solutions
for initial value problems for nth order functional differential equations with impul-
sive effects

y®M @)= ft,ys), teJ =0T, t#t. k=1,....m, (1.1)
Ay =1L (t7), i=1,n k=1,...,m, (1.2)
y@)=¢@), tel[-r0], (1.3)
yi=D©Oy=n;, i=2,....n, (1.4)

where f:J x D — R is a given function, D = {t:[—r,0] — R4 | ¥ is continuous
everywhere except for a finite number of points s at which 1 (s) and the right limit
V(sHexistand Y (s7) =y (s)h,peD,0<r<oo,n €ER, 0=ty <t; <+ <ty <
tmi1=T. I eCRRy) (i =1,....n, k =1,2,....m), Ayli=g = y(1;7)—y(1}),
and R is a real Banach space with the norm |- |.

For any function y defined on [—r, T'] and any ¢ € J, we denote by y; the function
defined by

ve(0)=y(+0), 0¢el[-r0].

Impulsive differential equations can be used to model and describe real processes
and phenomena studied in physics, chemical technology, population dynamics, bio-
technology and economics. That is why, in recent years, they have become an object
of investigation. We refer to the monographs of Bainov and Simeonov [5], Ben-
chohra, Henderson and Ntouyas [6], Lakshmikantham et al [14], and Samoilenko
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and Perestyuk [16] where numerous properties of their solutions are studied, and
a detailed bibliography is given.

Recently extensions to functional differential equations with impulsive effects
have been done by Benchohra et al. [7], Dong [9], and Franco et al. [11].

The existence of multiple solutions for boundary value problems for impulsive
differential equations was studied by Agarwal and O’Regan [1], Erbe et al. [10],
and Guo and Liu [13]. Notice that when the impulses are absent (i.e., I = 0,
k =1,...,m) the existence of three solutions and multiple solutions for ordinary
differential equations was studied in [2—4].

The main results here make use of the Leggett—Williams fixed point theorem [15]
in obtaining multiple positive solutions for the problem (1.1)—(1.4). This paper can
be viewed as a generalization of the recent paper [8].

2. PRELIMINARIES

In this section, we provide notations, definitions, and preliminary facts which are
used throughout the paper.

By C(J,R) we denote the Banach space of all continuous functions from J into R
with the norm

Il = sup{[y(@)]: 1 € J}.

L(J,R) denotes the Banach space of measurable functions y:J — R which are
Lebesgue integrable, with

T
Iyl = /0 Y ()ldt.

Let (E, || -||) be a Banach space and C be a cone in E. By a concave nonnegative
continuous functional ¥ on C we mean a continuous mapping ¥: C — [0, oo] with

YAx+(1=-)y) =AW (x)+(1—-VyY(y) forallx,y e Cand A €]0,1].

For k = 0,...,m, let Jp = (t,tx+1] and for y:[—r,T] — R, define y; to be the
restriction of y to Ji. In order to define the solution of (1.1)—(1.4), we shall consider
the space

2= {y:[—r,T] —R|yr € C(Ji,R), k =0,...,m, and
there exists y(t,j), k= 1,...,m},
which is a Banach space with the norm
Iyl = max{|[yells : £ =0,....mj.

Definition 1. A map f:J x D — R is said to be L!-Carathéodory if

(1) t — f(t,u) is measurable for each u € D;
(ii) u + f(t,u) is continuous for almost all ¢ € J;
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(iii) for each g > 0, there exists hy € L'(J,Ry) such that
| f(t,u)| < hg(¢t) forall|u| <g and for almostallz € J.

Our consideration is based on the following fixed point theorem by Leggett and
Williams [15] (see also Guo and Lakshmikantham [12]).

Theorem 2.1. Let E be a Banach space, C C E a cone of E and R > 0 a con-
stant. Let CR ={y € C : ||y || < R}. Suppose a concave nonnegative continuous func-
tional  exists on the cone C with ¥ (y) < ||| for y € Cr, and let N:Cr — Cr
be a completely continuous operator. Assume there are numbers o, L and K with
0<po <L <K < R such that

A {yeCW,L,K):¥(y)>L}#Dand y(N(y)) > Lforally € C(y, L, K);

(A2) [Nl <o forally € Co;

(A3) Y (N(y))> Lforally e C(yp, L, R) with | |N(y)|| > K, where C(Y, L, K) =
{yeC:y(y)=Land|y| <K}

Then N has at least three fixed points y1, 2, y3 in Cr. Furthermore, we have

11 €Cy y2€yeCW,L,R):y(y)>L},
and
y3€ CR\{C(¥.L,R)UCp}.

3. TRIPLE SOLUTIONS OF IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS

In what follows we will assume that f is an L!-Carathéodory function. Let us
start by defining what we mean by a solution of problem (1.1)-(1.4).

Definition 2. A function y € £2 such that y € 2mAC ®~V((t¢,tx4+1).R), fork =
0,....m, is said to be a solution of (1.1)~(1.4) if y satisfies the equation y@=D(p) =
f(t,y;) a.e. on J\{f1,...,tm}, the conditions Ay(’_1)|t:tk =1L, (), i =
lL...on,k=1,....m,y(t) =¢@),t € [-r,0],and yC=D©0) =n;,i =2,....n.

Here, AC(”_l)((tk,tkH), R) ={y:(tk-tx+1) > R | v is absolutely continuous,
i=0,....,n—1}

In our application of Theorem 2.1 to obtain triple positive solutions of (1.1)—(1.4),
we will draw upon the following list of hypotheses.

(H1) There exist constants c,i,i =1,....,n,k=1,...,m, such that
I,i(y) §c,i€, i=1,....,n,k=1,...,m, foreach y € R;
(H2) There exists a function 7 € L'(J,Ry) and ¢ > 0 and 0 < M < 1 such that
f(t,u) <Mh() fora.e.t € J andeachu e D
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and

T T— n—1
||¢||+Z|nl —5+ /0 %h(s)ds

(H3) There exist L > g and M < M; < 1 and an interval [a,b] C (0, T) such that,
for each y € £ with min; ¢, 51y (7)) > L,

. (t—s)"!
té?éfi]( (O”Z”’ i / —pyp S
i—1
n Z Z(t lki)' ]k(y(tk_)))
O<tr<ti=1

>M 0 S A _ d
- 1(¢()+;m(l._l)!+/o s

i—1
+ZZ(T 1)), k(y(t,:»)
k=1i=1
> L;

(H4) There exist R > L and M1 < M5, < 1 such that

Tt (T —s)n!
Il Yy + M [ S s

Theorem 3.1. Suppose that hypotheses (H1)—(H4) are satisfied. Then problem
(1.1)—(1.4) has three nonnegative solutions y1, y», and y3 with

Iyille <o. y2(t)>L fortel0,T],

and

lyslle >0 with min y3(¢) < L.
t€la,b
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Proof. In making application of Theorem 2.1, we naturally transform problem
(1.1)—(1.4) into a fixed point problem. Define an operator N: 2 — 2 by

o (1) if 1 € [-r,0],

¢<0)+an / (= 1), s, yo)ds

+ Z Z(f ki)' L))

O<tr<ti=l1

N®) = if €[0,7].

It is fairly standard that N is completely continuous. Rather than repeat the usual
complete continuity arguments, we refer the reader to [7, 8] for details. We content
ourselves in verifying that the other hypotheses of Theorem 2.1 are satisfied. Let

C={ye:yt)=0fort e[-rT]}

be a cone in £2. Since f and / ]é are all positive functions, it is immediate that N(C) C
C, and moreover, N |5R is completely continuous. In fact, if y € Cg, then by (H4),

IN(»)|le < R. In particular, N:Cg — Cg is completely continuous.
Next, let : C — [0, 00) be defined by

v(y) = mm y(t)

Then, it is clear that ¥ is a nonnegative concave continuous functional and

v(y) <|lyle foryeCg.

Now it remains to show that the hypotheses (Al) and (A2) of Theorem 2.1 are
satisfied. First, for y € Cp, we have from (H1) and (H2),

i—l T -1
INODYO <l (0)] +Z|m s [ U s

1! n—1)!
T
+ 2 Z+%I 0)
O<tr<ti=l1
Ti—1 T (T_S)n—l
SII¢II+i§|m|(l._—1)!+M/O C s
s (T — 1)
Ly
k=1i=1
<.

As a consequence, (A2) of Theorem 2.1 holds. Next, let K be such that ﬁ <K<R
andlet z(¢) = %(L + K) for t € [—r, T]. By the definition of C(y, L, K), the function
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z belongs to C(y, L, K). Moreover, ¥ (z) = %(L + K) > L, so that

{yeCW.L.K):y(y)> L} # 2.
So, if we choose y € C(y, L, K), then from (H3) we have

i—1 .
VNG = min ( (0)+Zm '+ )3 Z“ W )

O<trp<ti 1)'
n—1
s [ (s,ys)ds)

>M1(¢(O)+Zm [ s
+ZZ( L e )

k=1i=
>L.

As a consequence, (A1) of Theorem 2.1 is fulfilled.
Finally, to see that (A3) of Theorem 2.1 holds, let y € C(y, L, R) with | N(y) || >
K. Again from (H3), we have

i—-1
y(NG)) = min (¢(O)+Zm _+0;t2([ tki). Ik(y(tk))
!
# [ fsds)

Ti—l T Tn—l
2M1(¢(0)+Zﬂim+/(; mf(S’YS)dS

+ZZ(T 1), LG (zk)))

k=1i=
2M1||N(y)||9 > M K> L.

Thus, Theorem 2.1 implies that N has at least three fixed points y1, y», and y3 which
are positive solutions of problem (1.1)—(1.4). Furthermore, we have y1 € Cp,

y2€{y €C(Y,L,R) ¥ (y) > Lj,
and y3 € Cr\ (C(y, L, R) U C,).The proof is complete. O
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