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Abstract. In this paper we obtain a condition for the tangent bundle (7'M, J. ) to be locally
decomposable Golden Riemannian tangent bundle, where J is the Golden structure on 7M and
g is the Cheeger-Gromoll metric.
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1. INTRODUCTION

The geometry of tangent bundle of a Riemannian manifold (M, g) is very import-
ant in many areas of mathematics and physics. In recent years, a lot of studies about
their local or global geometric properties have been published in the literature. When
the authors studied this topic, they used different metrics which are called natural
metrics on the tangent bundle. Firstly, the geometry of a tangent bundle has been
studied by using a new metric g, which is called Sasaki metric, with the aid of a
Riemannian metric g on a differential manifold M in 1958 by Sasaki [15]. After
that, the tangent bundle could be splitted to its horizontal and vertical subbundles
with the aid of Levi-Civita connection V on (M, g). Later, the Lie bracket of the tan-
gent bundle TM , the Levi-Civita connection V on TM and its Riemannian curvature
tensor R have been obtained in [3] and [10]. Furthermore, the explicit formulae of
an another natural metric g, which is called Cheeger-Gromoll metric, on the tangent
bundle TM of a Riemannian manifold (M, g) has been given by Musso and Tricerri
in [13] by using the Cheeger and Gromoll’s study [2]. The Levi-Civita connection
V and the Riemannian curvature tensor R of (T'M,g) have been obtained in [16]
and [6], respectively. Recently, the geometry of the tangent bundles with Cheeger-
Gromoll metric has been studied by many mathematicians (see [1,7,9,11,12,14] and
etc.).

The differential geometry of the metallic means family (and usually the Golden
mean) on Riemannian manifolds is a popular subject for mathematicians. In [4],
Gezer et al. have studied the Riemannian manifolds endowed with Golden structures

© 2016 Miskolc University Press



400 AHMET KAZAN AND H. BAYRAM KARADAG

and they have given important theorems for these manifolds. In [8], some applica-
tions of the metallic means family and generalized Fibonacci sequences on Rieman-
nian manifolds have been studied.

In this study, firstly we give the metallic structure J on the tangent bundle 7M
and obtain a integrability condition for J with the aid of the Nijenhuis tensor field of
J. Later, we find a condition for (T'M, J ,&) to be a metallic Riemannian manifold,
where g is the Cheeger-Gromoll metric on the tangent bundle 7M. And finally, we
give a characterization for locally decomposable Golden Riemannian tangent bundle
(TM, J,3).

2. PRELIMINARIES

Firstly, we shall give some notions about metallic Riemannian structures.
Fix two positive integers p and g. The positive solution of the equation

xZ— px—q=0
is named member of the metallic means family. These numbers, denoted

_Pt+Vp*t+4q
B 2

are also called (p, g)-metallic numbers ([3]).

Op.q

Definition 1 ([8]). A polynomial structure on a manifold M is called a metallic
structure if it is determined by an (1, 1) tensor field J which satisfies the equation

J?=pJ +4ql, 2.1
where p, g are positive integers and 7 is the identity operator on the Lie algebra
x (M) of the vector fields on M.

We say that a Riemannian metric g is J-compatible if
g§UJX.Y)=¢(X.JY) 2.2

for every X,Y € y(M), which means that J is a self-adjoint operator with respect to
g. For metallic structure, this condition is equivalent with

gUX,JY)=pg(X,JY)+q.g(X,Y) ([8]).

Definition 2 ([8]). A Riemannian manifold (M, g) endowed with a metallic struc-
ture J so that the Riemannian metric g is J-compatible is named a metallic Rieman-
nian manifold and (g, J) is called a metallic Riemannian structure on M .

Remark 1. If we consider p = ¢ = 1 in the above definition, then we obtain that
(g,J) is a golden Riemannian structure of M and similarly,

if p =2 and g = 1, then (g, J) is a silver Riemannian structure of M ;

if p =3 and g = 1, then (g, J) is a bronze Riemannian structure of M ;

if p =4 and ¢ = 1, then (g, J) is a subtle Riemannian structure of M ;
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if p=1and g = 2, then (g, J) is a copper Riemannian structure of M and
if p =1and g = 3, then (g, J) is a nickel Riemannian structure of M (for detail,

see [8]).

Let J be a (1,1)-tensor fieldon M, ie. J € 3% (M). A tensor field ¢ of type (r,s) is
called a pure tensor field with respect to J if

t(JX1, X2, X5 EVE2 LE) =1(X1, T X2, ... Xs  ELE2, LET)

=1t(X1, X2, ... J X ELE2, . ET)
=1(X1, X2, ... X JELE2, L ED)

=1(X1, Xa, ., X ELE2, L T'ED), (2.3)

for any X1, X»,.... X, € S(l)(M) and 51,52,...,§’ € S?(M), where J' is the adjoint
operator of J defined by
(J'X) =E(JX) = (o)) (X). X €Fo(M). £ €T (M).
So, the J-compatible Riemannian metric g is a pure tensor field.
We define an operator

Dy F3(M) — Foy1 (M)
applied to the pure tensor field ¢ of type (0,s) with respect to J by
(@)X, Y1,...Ys) = X)t(Y1,... Ys)— Xt (J Y1,.... Ys)

N
+ Y t(Y1.o (Ly, DX, LX), (2.4)
A=1
forany X,Y1,....Ys € 8(1) (M), where Ly denotes the Lie differentiation with respect

to Y (for detail, see [4]).

Proposition 1 ([8]). Every almost product structure F induces two metallic struc-
tures on M given as follows:

2 — 2 —
J1:£]_|_ “Opq — P F, J2:£]_ “Opq — P F.
2 2 2 2

Conversely, every metallic structure J on M induces two almost product structures

on this manifold:
2 p
F=7F J— 1]).
20pq—p 20p.q =P

In particular, if the almost product structure F is a Riemannian one, then J1, J, are
also metallic Riemannian structures.
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Remark 2. i) If J is a golden structure on M, then every almost product structure
F induces two golden structures on M given by

1
Na=5UF V5F)
and conversely, every golden structure J on M induces two almost product structures
on M given by
1
F=F—2J-1).
V5
Similarly,
ii) every almost product structure F induces two silver structures on M given by
J 1,2 = I F \/E F

and conversely, every silver structure J on M induces two almost product structures
on this manifold by

1
F::FE(J_I),

iii) every almost product structure F induces two bronze structures on M given
by

1
Jio= 5(31 FV13F)

and conversely, every bronze structure J on M induces two almost product structures
on this manifold by

1
F=F—(2J-3]);
_13( )

iv) every almost product structure F' induces two subtle structures on M given by
Ji2 =21 F5F

and conversely, every subtle structure J on M induces two almost product structures
on this manifold by

F = :F%(J—ZI);

v) every almost product structure F' induces two copper structures on M given by
1
Ji2= 5(1 F3F)

and conversely, every copper structure J on M induces two almost product structures
on this manifold by

1
F=F3@/-1)

vi) every almost product structure F induces two nickel structures on M given by

1
Ji2 =5 FVI3F)



LOCALLY DECOMPOSABLE GOLDEN RIEM. TAN. BUNDLES WITH C-G METRIC 403

and conversely, every nickel structure J on M induces two almost product structures
on this manifold by

1
F-?\/—1_3(2J—I).

Here, we shall recall lifts of vector fields on Riemannian manifolds to their tangent
bundles.

Let V be the Levi-Civita connection of the Riemannian metric g on M and the
differential of the bundle map = : TM —> M be the smooth map dn : TTM —>
TM. Then,

Proposition 2 ([3]). The tangent space T(p,,)TM at a point (p,u) in TM is a
direct sum of its horizontal and vertical subspaces, i.e.

Tpa TM = H(pu) & Vip.u)-
The horizontal and vertical lifts of tangent vectors on M are defined as follows:

Definition 3 ([5]). If X € T, M is a tangent vector, then the horizontal lift of X to
a point (p,u) € TM is the unique vector X" € H(p,u) such that dn(X") = X. The
vertical lift of X to (p,u) is the unique vector XV € V(,, ;) such that X* (df) = X(f)
for all functions f on M, where df is the function defined by (df)(p,u) = u(f).

Now, we can extend the notions of horizontal and vertical lifts to vector fields.

Definition 4 ([5]). The horizontal lift of a vector field X € C°°(T' M) is the vector
field X € C®(TTM) whose value at each point (p,u) is the horizontal lift of
X(p) to (p,u). The vertical lift of X € C>°(TM) to TM is the vector field XV €
C°°(T TM) whose value at each point (p,u) is the vertical lift of X(p) to (p,u).

Note that, the map X — X h is an isomorphism between the vector spaces T, M
and #(, ) and similarly the map X — X" is an isomorphism between the vector
spaces Tp M and V(,, ;). Obviously, each tangent vector Ze T(p,uyTM can be writ-
ten in the form Z = X" + Y7, where X,Y € T, M are uniquely determined vectors.

If ¢ is a smooth function on M, then
XM gor)=(Xp)omrand XV (pom) =0
hold for all vector fields X on M [5].
For local coordinates (V,x) on an n-dimensional manifold M, we define the
smooth functions
V1,V2,...,025 : TM — R

by

Vi =X;0oT

Unti(Y) =Y(x;) = dx;i(Y)
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forall Y e TM andi = 1,2,...,n. Then, (v1,v3,...,v25) : n_l(V) CcTM — R?"
are local coordinates on 7'M . Then,

Lemma 1 ([3]). Let (M, g) be a Riemannian manifold and X,Z € C°°(TM) be
vector fields on M which are locally represented by

"9 " 0
X = —and Z = .
;EZ ox; an ;7’]1 ox;

Then, vertical and horizontal lifts X and X h of X at the point Z € TM are given
by

n
5
XYz = ; ,
(X")z 2;;5 e
Wz =363 el
av; R

i=1 i,j k=1
respectively, where the coefficients F;k are the Christoffel symbols of the Levi-Civita
connection V on (M, g).

Proposition 3 ([3]). Let (M, g) be a Riemannian manifold with Levi-Civita con-
nection V and Riemannian curvature tensor R which is defined by R(X,Y) =
[Vx,Vy]—=V|x y]. Then the Lie bracket of the tangent bundle TM of M satisfies
the following:

i [XV,Y"] =0,

ii) [ X7 ] = (Vx 1),

iii)[Xh, Yh] — [X,Y]" = (R(X,Y)u)", for all vector fields X, Y € C®(TM) and
(p,u) e TM.

Here, we shall recall the notion of a natural class of metrics on the tangent bundle
TM of a given Riemannian manifold (M, g).

Definition 5 ([5]). Let (M, g) be a Riemannian manifold. A Riemannian metric g
on the tangent bundle 7'M is said to be natural with respect to g on M if

D) Z(pan(X".Y") = gp(X.Y),

ii)g(p,u)(Xh, Y?) =0, for all vector fields X,Y € C®°(TM) and (p,u) € TM.

The Cheeger-Gromoll metric is a positive definite natural metric on 7M which is
described in terms of lifted vectors as follows:

Definition 6 ([5]). Let g be a Riemannian metric on a manifold M. Then, the
Cheeger-Gromoll (C-G) metric is a Riemannian metric g on the tangent bundle
TM such that

D) & (X" Y") =g,(X.Y),
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ii) () (X", YY) =0,
iii)g(p,u)(XU’ YU) = ﬁ{gp()n Y)+gp(X’u)gp(Yau)}a for all Xa Y e COO(TM)

Here r denotes |u| = +/g(u,u).

Furthermore, for the Cheeger-Gromoll metric g, we have
X"(g(h zh) = X(g(Y.2)),
X (gt zh) =o,
XM, Z7) = §(Vx )" ZY) + 2V (VX 2)"). @3)
XU(@E(Y®.Z2%) = —ZHe(X.w)ig(Y. Z) +g(Y.u)g(Z,u)}
+418(X.Y)g(Z.u) +g(X. Z)g(Y.u)},
(for detail, see [5]).

3. LOCALLY DECOMPOSABLE GOLDEN TANGENT BUNDLES WITH
CHEEGER-GROMOLL METRIC

A metallic structure J on the tangent bundle 7'M is defined by

JX" = 3{pX" + (20p.4— p) X"} 3.0
JXV = 2{pX’ + (2054 —p)X"},

for all vector fields X z}nd Y.~Here one can easily see that, the structure J in 3.1
satisfies the condition J2 — pJ —gI = 0, actually. So, we can note that

Remark 3. The golden structure J on the tangent bundle 7'M is defined by

iyvh _ liyh
Txh = Xt 4+ 5%} 3.2)
JXV = 21XV +V5x",
the silver structure J on the tangent bundle M is defined by
JX" = x4 /2xV
=0 v A (3.3)
JX? =X+ 2X",
the bronze structure J on the tangent bundle TM is defined by
Txh = 13xh 4+ 13X} 3.4)
JXV = 2{3XV + /13X"},
the subtle structure J on the tangent bundle 7'M is defined by
Jxh=2x" 4 /5xV (3.5)
JXV =2X"+/5xh, ‘
the copper structure J on the tangent bundle TM is defined by
Jxh=Lixh43xv) 3.6)
JXV =XV +3xh} '
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and the nickel structure J on the tangent bundle TM is defined by

= MX"+V13x7} 37
v=Lixv 4 V13X '

Let N j()? ,Y) be the Nijenhuis torsion tensor field of the metallic structure J,
defined by

Ny X.Y)=[JX.JY]+ J*[X.Y]-J[JX.Y]-J[X.JY]. (3.8)

forall X,Y € T(p., TM.
From (2.1), (3.1), (3.8) and Proposition (3), we get

Ny(xXth vty =[7xh Jy" + 72 x" y" - JTx" " - J[x" jy"
p xh 20pg—P v Pyh , 20pq—D
P4 Pyyv Dy --pr4q P

= (X" + ()XY, DY 4 (=

~ 2 — = 2 —
_J[%X}l_i_( O—P,g p)Xv,Yh]—J[Xh,gYh—F( O'Pa; p)Yv]

YU+ T2 [xR Y

2
P P 20pq P P 20pq P
= XY SR (Vx ) = S () (Vr X

2 2 2
4 pJ X YT = pJ (RO, Y ) +q[X, YT" —qg(R(X, Y )u)? — gj[x, )

+ Ef(R(X, Y)u)® + (M)i(vy)()" _ gf[x, Y1*

N|“B

J(R(X, Y)u)" - (%mm)”

+
2
= (& a2l oy~ (B ) (Rex

4
:_(_f’ * q)(R(X,Y)u)” (3.9)
and similarly
Ny(X" YY) =[Jx" Ty 1+ 2 [x" v - T[T X" vV - J[X", JY"]

20p,q — 20p,q— ~
= [Ex"+ (2L xe Ly + (FRL )y 4 J2(Vxy)

J[th+( Pq )XU v] J[Xh va+(2OPq )Yh]
= I (Rex, Yy’

2
_ (”fl“‘q) (RCX., Y )u)", (3.10)
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Ny(X.Y") = [JXV, JY"+ 2 [x°, Y" - J [T x>, Y" - J[x°,JY"

20p,q — 20p,q — i
=[§Xv+( Op.q p)Xh,EYh+(M)YU]—J2(VyX)U

2 2 2
- 20, 4 — - 25, —
_J[EXU+(M)Xh,yh]_J[Xv’£Yh+(M)YU]
2 2 2 2
2 —
= (Z2L LR RV )"
244
= (55 ey G
and
N7 (X, YY) =[JX . JY"]+J?[X .Y |- J[JX . Y"]-J[X".JY"]
Py, 2000=P vh Pyv, 20pa—P h
= [EXV 4+ (2L Dy Zyv (224 Dy
[SX"+ ()X SY 4 ()Y
. 20, 0 — 5 20, o —
_J[EXU+( Op.q p)Xh,Yv]—J[Xv,EYU—i-( Op.q p)yh]
2 2 2 2
2 —
= —(2L 2R Y u)”
244
= - (p%j:q) (R(X,Y)u)", (3.12)

where R(X,Y) means the Riemannian curvature tensor of the Riemannian manifold
M.
Therefore, from (3.9)-(3.12), we have the following theorem:

Theorem 1. The metallic structure J on the tangent bundle TM is integrable if
and only if M is flat, i.e. R = 0.

Proof. If J is integrable, then N = 0. So from (3.9)-(3.12), we have R = 0.
Conversely, if M is flat, i.e. R =0, then we get N = 0 from(3.9)-(3.12). So, this
completes the proof. O

Let we define,
G(X.Y)=g(JX,Y)-g(X,JY), XY €T(p.yTM (3.13)
From the definition of the Cheeger-Gromoll metric and (3.1), we have
G(X" yhy=g(x" yh—gxh jr"
e
=2 {pX" +Qopq—p)X"}1Y")

5 1
—g(x", E{PYh + Qopg—p)Y"})
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1 -
= {pg(X".Y") + 20,4 — p)a(XV, YT

2
— pE(X" Y~ (20p0— P)E(X". YY)}
=0, (3.14)
~ h vy _ ~/Tvh N h Fvv
GXMyY)y=g(Jx" vV —g(x" JyY)
1
=2 {pX" +Q0p g —p)X"}1Y")

~ 1
—&(X" S{pY" + Qop g —p)Y"})

- (2%%])) FxY YY) —gx"yh)

_ (2%,4 —P) { gX,u)g(Y,u) —g(X.Y)g(u,u)
N 2 1+ g(u,u)

. (.15)
GX ., Yh=gJx".Yy"H—gxv.JY"
= GGUPX" + Copg— X" Y1)
XY Y+ Q0 — )Y
= (7472 ) o -y

_ (fop,q—l’) { g(X,Y)g(u,u)—g(X,u)g(¥,u)
N 2 14 g(u,u)

(3.16)
and
G(X . YY) =5(JX',Y")—5(X",JY?)
1
=2 {pX" +Q0pq—p)X"}1Y")
5 1
—&(X". (Y + Qop g —p)Y"})
1 . s
= PE(X*. YY)+ 20p4 —p)g(x" vY)
—p&(XY,Y") = (2054 — P)F(X". Y™}

=0. (3.17)
So, we have

Theorem 2. Let (M, g) be a Riemannian manifold and TM be its tangent bundle
equipped with the Cheeger-Gromoll metric g and the metallic structure J defined
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by (3.1). Then, (TM,J,g) is a metallic Riemannian tangent bundle if and only if
g(X,u)u = g(u,u)X holds on M for all vector fields X .

Proof. The proof is obvious from (2.2), (3.13)-(3.17) and Definition (2). O]

Corollary 1. Let (M, g) be a Riemannian manifold and TM be its tangent bundle
equipped with the Cheeger-Gromoll metric g and the metallic structure J defined by

(3.1). Then, § is pure with respect to the metallic structure J if and only if g (X, u)u =
g(u,u)X holds on M for all vector fields X .

Now, we shall give a characterization for Golden Riemannian manifold which is a
class of metallic Riemannian manifolds (i.e. p = ¢ = 1 in (2.1)).

A Golden Riemannian manifold (M, J, g) with an integrable Golden structure J is
called a locally Golden Riemannian manifold. If the metric g of the locally Golden
Riemannian manifold has the form

ds? = gap(x€)dx®dx? —{—gal;(xé)dxddx’;, abc=1,...m,a,b,c=m+1,...n,

that is g4 are functions of x¢ only, g_; = 0 and g are functions of x¢ only, then
we call the manifold M alocally decomposable Golden Riemannian manifold [4].
In [4], Gezer et al. have seen that, a Golden Riemannian manifold (M, J, g) is
locally decomposable Golden Riemannian manifold if and only if @r g = 0, where F
is the corresponding almost product structure. And they have had a relation between
the corresponding almost product structure F and Golden structure J as follows:

2
Prg=—Dyg.
g NG g
So, from these conclusions, we have the following theorem:

Theorem 3. Let (M, g) be a Riemannian manifold and TM be its tangent bundle
equipped with the Cheeger-Gromoll metric g and the Golden structure J defined
by (3.2). Then, (TM,J,§) is a locally decomposable Golden Riemannian tangent
bundle if and only if g(X,Y)u+ g(Y,u)X =2g(X,u)Y holds on M for all vector
fields X and Y .

Proof. From the definition of the Cheeger-Gromoll metric, (2.4), (2.5) and (3.2)
we get
@58) (X" Y" Z")
= (I XM @t zh) - x"gUrh zh)
+e(Yh Txm —Jh xh, zM + gt (2" T x" - J1z", x")
5 S

= XM XN @ 2 Xy

5 1 NG .
+ (", EX" + 7X”] —JYh xn,zh
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5 1 V5 .
+g<Yh,[zh,5xh +7X”]—J[z",xh])

= I XT — S(RO X0 + ?(vm” . xy

+J(R(Y, X u)’, Z") +g(¥", ! [z, x]" - %(R(Z,X)u)”

2
+ g(VZX)” —J[Z. X"+ J(R(Z. X)u)"
5 5
_ g(%(R(Y,X)u)h,Zh) +§(Y"»§(R(Z’X ')

= ?g(R(Y,X)u —Ru,Y)X,Z).
With similar calculations, we have
_ ; V5
V5

= h yv —~hy _ _

(@78)(X°.Y", z"h) =0,

NG
g BT DX +g(X.V)g(Z.w)

+g(X,Z)g(Y,u)},

NG
m{—Zg(Y,Z)g(X,M) +g(X,Y)g(Z,u)

+g(X,Z)g(Y,u)+g(R(Y,X)u,Z)
+&(R(Y. X)u,Z)g(u,u)j,
NG
21+ g(ww)
(@;8)(X°,Y?,Z%) =0.
Thus, from Theorem 1 and Theorem 2, if g(X,Y)u + g(Y,u)X = 2g(X,u)Y holds

on M for all vector fields X and Y, then (P 7g) (X',Y7/,Z¥*) vanishes forall i, j, k €
{h,v} and this completes the proof. O

(@;8)(X" YY", 2%) =

(@;)(X°.Y" 2" =

(®;8)(X°. Y, Z") = 2(Y,R(Z, X)),
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