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1. INTRODUCTION

Ibragimov and Linnik [6] proved a central limit theorem (CLT) for stationary se-
quences satisfying certain ¢-mixing conditions. Bolthausen [1] and Guyon [11] ex-
tended it to e-mixing random fields. Fazekas [10] and Fazekas and Kukush [8] pre-
sented the so-called infill-increasing versions of Guyon’s result for the bounded and
the uniformly integrable cases, respectively. These papers do not contain the proofs
of the theorems mentioned (a sketch of the proof can be found in [9]). The aim of
our paper is to give proofs for the above mentioned theorems. The importance of
the detailed proof is the following. It turns out that the original proof by Ibragimov
and Linnik [6] and Guyon [11] can be applied if the random field satisfies a certain
uniform integrability condition. Guyon [11] does not assume the uniform integra-
bility but he does not describe the step from the bounded case to the general case.
Therefore we do not know if his result is valid in the general case. We mention that
Ibragimov and Linnik [6] assumed stationarity, so their proof is complete.

Our Theorem 1 contains the bounded case (it is a version of the result of [10])
while Theorem 2 is the general central limit theorem (it is contained in [7]). Theo-
rems 3 and 4 are the p-dimensional extensions of Theorems 1 and 2, respectively.

There is a vast literature of mixing random processes. Bradley [2] gives a recent
survey of mixing conditions. Recent advances in the central limit theorems for ran-
dom sequences are considered by Merlevede, Peligrad and Utev in [13].

In [4] a general CLT is proved for stationary random fields. As is pointed out in
[4], certain mixing conditions imply the assumptions of the general CLT.
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Note that our mixing conditions are not comparable with the ones in [4]. Moreover,
in that paper stationary field and fixed designs are studied, while in our paper we do
not assume stationarity and consider an infill-increasing setup.

2. NOTATION AND PRELIMINARY REMARKS

The following notation is used. Z is the set of all integers, Z< is the set of d-
dimensional lattice points where d is a fixed positive integer. R is the real line, RY
is the d-dimensional space with the usual Euclidean norm ||x||. In R¢ we shall also
consider the distance corresponding to the maximum norm

o(x,y) = max |x; — yil
1<i<d

where x = (x1,...,x4), ¥ = (J1,...,¥q). The distance of two sets in R corre-
sponding to the maximum norm is also denoted by o : o(A4, B) = inf{o(x, %) : x €
A, y € B}.

For real valued sequences {a,} and {b,}, a, = o (by) (resp., a, = O (b,)) means
that the sequence @, /b, converges to 0 (resp., is bounded). We shall denote different
constants with the same letter ¢. 1{A} denotes the indicator function of the set A.
|D| denotes the cardinality of the finite set .

We shall suppose the existence of an underlying probability space (£2, ¥, P). The
o-algebra generated by a set of events or by a set of random variables will be denoted
by o{-}. The sign E stands for the expectation. The variance and covariance are
denoted by var (-) and cov (-, -), respectively. The L,-norm of a random (vector)
variable 7 is defined as

1/
Inll, = {Elnl?} 7. 1 < p < 0.

The sign “=" denotes the convergence in distribution. N (1, X') stands for the (vec-
tor) normal distribution with the mean (vector) m and covariance (matrix) X

The scheme of observations is the following. Let 77, 75, ..., and T», be domains
in RY. Suppose that Ty C T, C T3 C ..., Uloil T; = Too. Assume that 7; is
compact for each i, Ty is of infinite Lebesgue measure. Let {e(x), x € Two} be
a random field. The n-th set of observations consists of values of the random field
&(x) taken at points xg € Ty, where £ € D, C Z“. The choice of points x4 is the
following. Divide R¢ into hyperrectangles

d
Mnk) =] (k—’ 1 1]

j=1 Zv] n N, jn
where £ = (ky,....kg) € Z% is a d-dimensional integer lattice point and { N in} is
an increasing and unbounded sequence of positive integers for each j = 1,...,d.

Now, select the n -th data sites xp, £ € Dy, by choosing an arbitrary point xg,
from each A, (&) N Ty, which is non-empty. Actually, each xp = xz’) depends on
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n but to avoid complicated notation we often omit superscript (7). We suppose that
limy,— o0 |Dp| = o0.

As the locations of the observations become more and more dense in an increas-
ing sequence of domains, we call our setup infill-increasing (see [3, 12] for infill
asymptotics).

Define the discrete parameter random field Y, (&) as follows. For arbitrary n =
1,2,... and £ € Dy, let Y, (&) be a Borel measurable function of s(ng)).

We need the notion of «-mixing (see, e. g., [5, 11]). Let A and B be two o-
algebras in . The o-mixing coefficient of 4 and B is

a(A, B) = sup{|P(A)P(B) —P(4AB)|: A € A, B € B}.
The a-mixing coefficient of {e(x) : x € T} is
a(rou,v) = sup{a(Fr,, F1,) + o1, 1) Z r || = u, |l < v}
where I and I, are finite subsets in Too, 7, = o{e(x) :x € I;},i = 1,2.
We say that the random field {e(x)} is & -mixing if its mixing coefficients satisfy
some conditions. All of these conditions mean a weak defence of the field, that is

a(r,u,v) is small if r is large.
We list the conditions that will be used in our theorems.

o0
/ sd_loc2+7f(s, 1,1)ds < oo forsome 0 <t < I; 2.1
0
o0
/ s¥ V(s i, j)ds < cofor i + j < 4; (2.2)
0
as,1,0) =0 (s_d) as s — 00; (2.3)
An = O (Ay) asn — oo, 2.4)
where
Ap = max Njp, Ap = min Njp. 2.5)
1<j=<d 1<j=<d

Actually (2.3) means that limy,— o0 ®(Sp, l,kn)sg =0if s, — oo and k;;, — o0.
Let o, (7,1, j) denote the a-mixing coefficients of Y,(&). As xp € A,(f) and
xg € Ay(£) (Where £ = (I4,...,15)), we have

—L]—1 — 1y -1 —1
o(xp,xg) = max{ i Nlllnl [ka NZ' } = Q(k’/f: (2.6)
and (k) +1
o(xp,xg) = Q’A— 2.7)

where A,, A, are given in (2.5). Therefore the a-mixing coefficients ay, (7,7, j) of
Y, (R) satisty

| -1
a(r):: ,i,j) Ean(r,i,j)foz(rAn ,i,j), r=1,2,....
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Lemma 1. For y > 0 and positive integers i, j, n, the relation
o0 o0
> ri ey (i) < (1 b [t j)dr) 28)
0
r=1

holds, where the constant ¢ depends only on d.

PROOF. We have

o0 o0 p
Yol (rij) <c (1 + ) e (A—IJ))
n

r=1 r=1

oo r
N
< 1 d=lyy —,i,j)d
=c +Z/r_ls o (Anl]) s)

o S
/ s4= 1Y (—,i,j) ds)
0 An
o0
Ag/ sd_lay(s,i,j)ds),
0

which leads us to (2.8). (]

_l’_

A
o

T R
+

Remark 1 (Davydov’s inequality [5, p. 9]). The following well-known covariance
inequalities are basic tools for mixing fields.

1
|cov (X, Y)| <8[a(a(X),a(X )] | XY llg (2.9
forr, p,g > 1,r=! 4+ p~1 4 ¢~ = 1. In the special case where X and Y belong to
Lo, we have

|cov (X, V)| = 4[a(o(X), o (X)] [ X oo 1Y [l co- (2.10)

The following inequality is a special case of the Rosenthal inequality. For the
proof, see [5].

Lemma 2. Let &g, £ € Z2, be centered random variables with E|g5|' 7 < 00,
k € Z%. Introduce the notation
h
Lh7.0) =Y (Elgl™")"

keD

ifl <h <2 t©>0andD is a finite set in Z9. Let

o0
e =14 s o (s, 1, D]

s=1
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where ag(s, 1, 1) is the a-mixing coefficient of the field {p}. Now, let 1 <1 < 2 and
T > 0. Assume that cﬁ < 00. Then there is a constant ¢ such that

D Ea

ReD
for any finite subset D of Z°.

[
E <c-IL, T, D) @.11)

We remark that the proof of the Rosenthal inequality (2.11) follows from (2.12)
below, by using the so-called interpolation lemma. Details and the general form of
the Rosenthal inequality can be found, e. g., in [8].

Remark 2. Using the notation of Lemma 2, let ¢ > 0, and assume that cﬁ < 00.
Then there is a constant ¢ such that

Z |cov (£, &p)| < c-cgffL(lr, D) (2.12)
R LD

for any finite subset & of z4.

PROOF. For the sake of completeness we prove (2.12). By (2.9),

> Jcov (e Ep)l <

R,LeD

< S 3+ > 8[aele — £ 1 D] fgaloselEelzre.

keD kLD
kR#L

By the inequality between the geometric and arithmetic means, the above expression
is majorized by

o leel3e+ D 8lag(le— L1, D)7 g3, <

ReD Rk, LeD
rEL
o0
< D el + Y] D s og(s. 1D £ 13
keD ReD s=1
This gives (2.12). 0

3. MAIN THEOREMS

Theorem 1. Let e(x) be a random field and let Y, (R) be a Borel measurable
unction of e(x" R € Dy,. Suppose that EY,(R) = 0 and |Y,(R)| are uniformly
3
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bounded for k € Dy, n = 1,2,.... Let S, = Zkei)n Y.(k), n = 1,2,...,
02 = var (S,). Let conditions (2.2), (2.3), and (2.4) be satisfied. Assume that

n

0.2
lim inf p n > 0. 3.1

Thenan_lSn = N(0,1)asn — oo.

PROOF. We follow ideas of [11]. Throughout the proof we shall suppose that
the random variables Y, (£) are uniformly bounded with the bound 1: |Y,(&)| < 1,
keDy,,n=12,....

Choose a sequence {m,} of positive integers such that lim,—o #1, = 00,

_d
lim @(mn, 1,00)|Dnl2 Ay 2 = 0 (3.2)
n—>00
and
. —d 1 —%
lim m, “|Dy|2 A, > = oo. (3.3)
n—>oo

IR

To thisend, let x, = a(n, 1,00), y, = n9andz, = |°T)n|%A; in Lemma 3 below.
Then, by (2.3), x5,/ yn — 0. Moreover z, — oo because |i)n|A;d > cu(Ty) — oo.
Here, u(T;) is the Lebesgue measure of 75,.

Let Sn(R) = 3 e, o(xp.xg)<m, Yn(£) and Sy (k) = S, — Sy(k) for any £ €
Dp. Letan = yep, E(Yn(£)Sn(L)), Sy = a;%S,,, and S, (k) = a;%S,,(k). We
have

op =var(Sp) =an+ Y E(Y4(H)Sy(L)).
LeD,
Using (2.10) and the same argument as in Lemma 1, we obtain

of —an=|»_ E(Ya(£)S; (L))

LeD,
< > lcov (Ya(k), Ya(£)))|
R, LDy, 0(xp,xe)Zmy
> s—1
<c|D g [ —— 1.1
< ¢|Dy| Z s ( i )
s=muAp—1
© —1
< c|Dp| s 1y (S ,1,1) ds
muhp—2 Ay
o0
< c|§O,,|AZ/ - sl (5,1, 1) ds < c|i)n|A,dl co(l) < 0,% 2o(1).

An
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In the last steps we used (2.2) and (3.1). Hence

lim 2% — . (3.4)

n—00 g’%

Therefore it is sufficient to prove the asymptotic normality of Sh.
Since sup, ES?2 < oo, by Stein’s lemma (see Remark 3) it is sufficient to prove
that

lim E ((n — §n)e”§n) — 0 forevery 7 € R. 3.5)
n—>oo
Consider the decomposition
(it —8p)e'"Sn = Ay — Ay — 45,
where
5 1
Ay = iteiSn (1 -— ¥ Yn(z)sn(z)),

" peD,

1 B o
Ay, = ay ZeltSn Z Yn(£) (1 —itSu(L) — e—ztSn(l)) ’
LeD,

1 .. o
A3 =ay,? Z Yn(t)e”(S"_S"“)).
LeD,,

First we prove that lim, o E|A4;|> = 0. We have

El4,]* = 2a,?var [ Y Yu(£)Sa(8) | =
LeD,
= t%a,? E cov (Ya(4)Yn(£), Yu(4)Ya(£)). (3.6)
7.4, L UED,,

o(xj,x¢g)<my,
Q(xj/,xlr)ﬁmn

Now we distinguish two cases. First suppose that o(x;,x;/) = k > % Then
o({xj,xg},{x 4, %g}) = k —2m,. Then, by the covariance inequality (2.10),

[cov (Ya(d) V(). Ya(G)Yu ()| < 4tk — 2my.2.2).

because |Y,(£)| < 1 for each £ and n. Now, we can choose 4 in |D,| ways, then
£ at most in m% A% ways, and when 4’ is chosen, then we can choose £ at most in
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m? AZ ways. So the expression in (3.6) is less than or equal to

ctza;2|i)n|m,%dA,%d sup Z a(o(xz,x3r) —2my,2,2)
$€Dn (37 0(xy ) =k=¥1phny
- 1
< cl2a;2|£n|m,2,d/\,2,d Z s (S — —2my.2, 2) .
s=3muA,—1 An

In the last step we used (2.6) and (2.7). We can majorize the above sum by the
following integral:

(o.¢]
ctza;2|£l),,|m,%d/l,%d/

—1
971y (S —2mn,2,2) ds
3y Ap—2 A

n

o
< 124, ?| Dy |m24 A2F / (An(s + 2my) + D9 (s, 2,2)ds
mp+o (1)

o0
§clza;2|i)n|mﬁd/l,3,d/ Sd_loz(s,2,2)ds.
0

Now, we can use (3.1) and (3.4) to show that a;l < c|i)n|_1A;d. Therefore the
above expression is majorized by ¢|D,|™! m,%dAg , which converges to 0, asn — oo,
by the choice of m,, (see (3.2), (3.3)).

In the second case we suppose that o(x;,x;/) = k < % Let

h=inf{o(x;,%3),0(x;,%xg),0(x;,%x¢)}.

Then, by the covariance inequality (2.10),

[cov (Ya(#)Ya(£), Yu(3") Ya(2)]
< |[E (Yn(j)Yn(l)Yn(j,)Yn(l,))‘ + |E (Yu(£)Yn(£))] |[E (Yn(j/)Yn([/)H
<4a(h,1,3) + 4a(h,1,1) < 8a(h,1,3),

because |Y,(£)| < 1 for each £ and n. Suppose that 1 = o(x;,x¢) (the other two
cases can be studied similarly). Then we can choose £ in |D,| ways, #’ at most in

Al (3mu An (kn)_l)d ways, and £’ at most in AZm? ways. So the expression in
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(3.6) is less than or equal to

d
3 A
czza,;zmnmff( m)\,, ”) A9l Y a(h, 1,3)
n

{:o(x;,x¢)=h<my}

k—1
=< clza;2|°‘Dn|A,31dmﬁdk;d Z o ( 1 1, 3)
{£: 0(4.£)=k=<Apmy+1} "

Apmy+1 k—1
< @Dl AV m 14+ ) kd_la(A ,1,3)
k=1 "

Apmy+1 g—1
< cr2a,?| Dy | A2 m2 (1 + /0 s 1o (A— 1, 3) ds
n

< ctza;2|§Dn|A,31dm,21d — 0, n— oo,

as it was shown above. Therefore both parts of the sum in (3.6) converge to 0, so
lim, 00 E|41]* = 0.
Now, we turn to A,. By Taylor’s expansion, we have

11— i18,(8) — e S5 ®) < ¢252(8)
and, therefore,

_1 _ o
E|4z| < ap? Z E )1 —itSp(L) _e—ll‘Sn(l)‘
LeD,

_1 .
< ;2| Dyl sup E (czzsf,(t))
LeD,

| Dp| sup > |cov (Ya(4), Ya(4")]
L oo,:5)<Aumn, o(,:4))<Anmy,

[SIN]

< cay

[SIoN]

<ca, |i),,|mffA,21d —0

as n — oo, because of the choice of m,,, the relation between a, and a,f, (3.1) and

(3.2). In the above calculation, we have applied the covariance inequality and the

majorization of the sum by an integral as we did before. Hence, lim,— E|43| = 0.
Now, we shall prove that limy, o EA3 = 0.

_1 o
Eds| < ay® Y Joov (Ya(8), e SmSi®) | <
LeD,
1
< a2 | Dula (i, 1,00) < ¢| An|™%|Dn|Za (i, 1, 00) — 0,

by the choice of m,,.
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So (3.5) is proved and, therefore, the theorem is proved. (]

Theorem 2. Let e(x) be a random field and let Y, (R) be a Borel measurable
function ofa(xgl)),k € Dy. Suppose that EYy(R) = 0 fork € Dy, n = 1,2,....
Let S, = Zkei)n Ya(k), n=1,2,...,02 = var (Sy,). Suppose that there exists a
T > 0 such that (2.1)is satisfied and

{(Y,(R)|*TF ik € Dy, n=1,2,...} are uniformly integrable. (3.7
Then

> lcov(Yu(k). Ya())] < co. (3.8)
k., LeD,
If, additionally, conditions (2.2), (2.3), (2.4), and (3.1) are satisfied, then o, lSn =
N(0,1) asn — oo.

lim su
nsoa. Ad|D,|

PROOF. First we prove (3.8). By the Rosenthal inequality (2.11),
D lcov (Ya(k). Yu(£))] <

R, LD,

<c (1 + i[an(s, 1, 1)]2irsd—1) Z ([ElYk|2+-c) 7t .

s=1 keD
Due to Lemma 1, this expression is majorized by

o0
c- (1 + Ag/ sd_laZTT(s, 1, l)ds) X
0

x |;o,,|sup{||Y,,(/sa)||§+r CheDy n= 1,2,...}.

Therefore, (3.7) and (2.1) imply (3.8).

Now, we show that it is sufficient to prove the theorem for uniformly bounded
random variables {Y,(R) : £ € D,, n = 1,2,...}. So Theorem 1 will imply the
result. We follow the ideas of Ibragimov and Linnik [6]. Let L > 0 and define the
truncated variables by the superscript (L) and the remainder by breve and superscript
(L): XD = X . {X e [L. L]}, XB) = x — XL Let Z, = S,/on be the
standardized sum,

1
Zh=—y (Yn(L)(k) - [EYn(L)(k))
" e,

be the normalized sum of the truncated variables, and
o 1 o o
Zh =y (Yn(L)(k) - [EYn(L)(k))
" keD,

be the normalized sum of the remainders. Then Z, = Z,SL) + Z,(,L) and [EZ,% =1.
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By the Rosenthal inequality, (2.8), and (2.1),

2
EZP) =E|— Y (VP -EVP®)| <
" heD,
A4 D .
< cM sup |V, P (k)3 — 0 (3.9

(9 ReD,
as L — oo. We remark that this convergence is uniform in #. In the last step we used
(3.1) and (3.7).
Let 07 (L) = var(Y_gcp, Yn(L)(k)) be the variance of the sum of the truncated
variables. Now

oa(L) _

2
On

1=E(Z") - E(Z)* =

= E(Zy — ZI)2 — E(Z0)? = E(ZP)? - 2E(2, Z(1)).

By (3.9), and using the Cauchy inequality for the second term, the above expression
converges to 0, as L — oo, uniformly in n. Therefore,

2
. o, (L)
lim sup |2 —1| =0. (3.10)
L_’°°n21 (o
Now,
|[Eeith _e—rz/z‘ <
02 (L) 42 ofg(L) ;2
.. 5 (L) . (L) —Zn =’ 1= _Yn =)= t2
< E |¢f?%n —1‘+ Eeitn —¢ o Zl4le on > —e 2|<
2

< t|E|1ZP| + sup Ee!'VUn — o= 2

¢
T8, (311
vell—87 1467 ] 2

()2 ‘

2
where §7, = sup,>, )U’;(’%L) — 1‘ and U, = m D keD, (Y,,(L)(k) — [EY,,(L)(k)) .
By (3.10), limz, o 67 = 0. If the theorem is valid for bounded random variables,

then U, is asymptotically standard normal, therefore (3.11) implies that

. . 12
limsup |Ee’?%n — e_tz/z‘ < |t] [sup [E(Z,SL))2 + L.
n—00 n=>1 2

However, using (3.9), the last expression converges to 0, as L. — oo. Therefore, the
theorem is valid. O

In the proof of Theorem 1 we used the existence of the following subsequence #1;,.
For the sake of completeness we give a proof of the existence.
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Lemma 3. Let x, | 0, v, | 0, 2, — 00 be real sequences such that y, = n—4

with d > 0 and x,/y, — 0. Then there exists a sequence my, of positive integers
such that my — 00, X, zn — 0, and ym, zn — 00.
PROOF. AS 1, = X,/yn — 0 we can find an increasing unbounded sequence
of positive numbers such that t,, < k=2ifn > u,lc/ d . As z;, — oo, we can find
an increasing unbounded sequence {n(k)} of positive integers such that z,, > kuy if
n > n(k). Now let a,, = 1/k if n(k) < m < n(k 4 1) for each positive integer k.
Therefore, o, — 0 and for each positive integer k we have zy,0, > kug/k = uy
ifnk) <m<nlk +1).
Now let m, = [(zaatn)'/¢] + 1 for each n, where [-] denotes the integer part of
a number. It is easy to see that m, 1 oco. Using the above considerations, for each
positive integer k£ we have
Tmp k=2 -1 .

<— =k iftntk) <n<ntk+1). (3.12)
oy k1

Therefore, by the definition of 7, the definition of m, and (3.12), we get

1

_ -1 _ -
XmpZn = TmpYmpZn = Tm, (Zn®n)~ Zn = Tm,0, — 0

if n = oo. Moreover, by the definition of «;, we obtain
d
Vo Zn = In _ Zn (Znan)l/d = 00
Mn = md  zyap [(znocn)l/d] +1

asn — oo. O

Remark 3 (Stein’s lemma [11, 14]). Let {v,} be a sequence of probabilities on R
such that sup,, [p x?v,(dx) < oo and

lim /(it —x)e!™v,(dx) =0
R

n—o0

for every ¢t € R. Then v, = N (0,1) asn — oo.

4. EXTENSIONS OF MAIN THEOREMS

Corollary 1. In Theorems 1 and 2, instead of (3.1), assume that

: —d|qy |-152 _ 2
,,ILH(}OA'! |Dpn|" "0, =0".

Then (Aff|i)n|)_%Sn = N(0,0%) asn — oo.
PROOEF. First assume that 2 > 0. Then (3.1) is satisfied and therefore o, 1S, =
N(0,1). So

2

2

_1 o _

(A4]D,)) éS”z(Ad|jT)|) 0,18y = o N(0,1) = N(0,02).
n n
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If 62 = 0, then Var[(Ag|§O,,|)_%Sn] = (A2|Dy])" 02 — 0 asn — oo. There-
fore, (A,‘f | Dy, |)_%Sn converges to 0 in L2, so it converges to the degenerate normal
law N (0, 0) in distribution. O

Now we turn to p-dimensional extensions of Theorems 1 and 2. Our Theorem 3
is the same as Theorem 3.1 of [10].

Theorem 3. Let £(x) be a random field and let the p-dimensional random vector

Yu(R) be a Borel measurable function Ofe(xgl)), k € D,. Suppose that EY, (k) =
0 and || Y, (R)| are uniformly bounded for k € Dy, n = 1,2,.... Let S, =
Zkei)n Yo(R), n =1,2,..., X, = var(Sy). Suppose that conditions (2.2), (2.3),
and (2.4) are satisfied. Assume that the limit

lim (A,9]0,7'Zp) =
n—00

exists. Then (Ag|§Dn| _%Sn = N(0,X)asn — oo.

PROOF. Consider the one dimensional random field {a " Y,, (&)}, where a € R? is
arbitrary (a' is the transpose of ). Apply Theorem 1 and Corollary 1 to the field
{aTYn(k)}. O

Our Theorem 4 is the same as Remark 4.3 in [7].

Theorem 4. Let e(x) be a random field. For eachn = 1,2,..., and for each

k € D,, let Y,(R) be a centered p-dimensional random vector that is 8(%21) )-
measurable. Let S, = Zke@n Yo(R), n = 1,2,..., X, = var(Sy). Assume that
conditions (2.2), (2.3), and (2.4) are satisfied. Moreover, assume that there exists a
T > 0 such that (2.1) is satisfied, and

U Yn(R)?PTT i k€ Dy, n=1,2,...} are uniformly integrable.
Assume that

liminf 2 (A;d| i),,|_12,,) > 0.

n—
_1
Then X, *S, = N(0,1p) asn — oo.

Here, Amin(A) denotes the minimal eigenvalue of the matrix 4 and [, is the p x p
type unit matrix.

PROOF. Apply Theorem 2 to the field {a " Y, (k)}. O

Several other versions of the above theorems can be obtained. For example, the
uniform integrability condition can be substituted by a strong stationarity condition
and an integrability condition.
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