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Abstract. In this paper, we obtain some coefficients bounds (namely, Fekete-Szegd inequalities)
for functions belonging to certain subclass of analytic functions defined by using Salagean op-
erator. Moreover, connections of the results presented here with those obtained in earlier works
are pointed out.
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1. INTRODUCTION

Let 4 denotes the class of functions f(z) of the form:

o0
f@=z+) a* (zeU), (1.1)
k=2
which are analytic in the open unit disc U = {z : z € C and |z| < 1}. Further let S
denote the family of functions of the form (1.1) which are univalent in U. A classical
theorem of Fekete-Szego [0] states that, for f(z) € S given by (1.1) that

3—4u, if w=0,
-2
las —pa2| < { 142exp (1—“) if0<p<l, (1.2)
—
4p—3, if w>1.

The result is sharp.

Given two functions f(z) and g(z), which are analytic in U with f(0) = g(0),
the function f(z) is said to be subordinate to g(z) in U if there exists a func-
tion w(z), analytic in U, such that w(0) = 0 and |w(z)| < 1(z € U) and f(z) =
g(w(z)) (z € U). We denote this subordination by f(z) < g(z) in U (see [11]).

Let ¢(z) be an analytic function with positive real part on U, which satisfies ¢(0) =
1 and ¢’(0) > 0, and which maps the unit disc U onto a region starlike with respect
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to 1 and symmetric with respect to the real axis. Let S*(¢) be the class of functions
f(z) € S for which

Z;(S) <) 2 € V). (1.3)
and C(¢) be the class of functions f(z) € S for which
zf"()
1+ @) <) (zel). (1.4)

The classes of S*(¢) and C(¢) were introduced and studied by Ma and Minda [10].
The familier class S™*(«) of starlike functions of order « and the class C(«) of convex
functions of order & (0 < & < 1) are the special cases of S*(¢) and C(¢), respectively,
when ¢(z) = % O<a<l).

Ma and Minda [10] have obtained the Fekete-Szegd problem for the functions in the

class C(¢p).
For a function f(z) € §, Salagean [ 18] introduced the following differential operator
as following:

D°f(2)=f(z). D' f(z)=2f"(2),.... D" f(2)=D(D" "' f(2))(neN={1,2,...}).
We note that
D"f(z)=z+ Y K'axzF(n € No=NU{0}). (1.5)

k=2
Using Salagean operator we introduce a new class of analytic functions as following:

Definition 1. For b € C* = C\ {0}, the class Molf,n (¢) consists of all functions
f(2) € A satistying the following subordination:

; ( dD"f@) +azZ (D" f@)"
b (I1—a)D" f(2) +az (an(Z))/

I+ 1)<<p(z),(a20;ne|]\lo;zeU).
(1.6)

Specializing the parameters «, b, n, and ¢(z), we obtain the following subclasses
studied by various authors:
@A) Mo}n (¢) = My, (¢) (see Orhan and Gunes [16]);

(ii) Mé”n (¢) = Hy p (¢) (see Aouf and Silverman [3]);

(iii) M (;,0 (p) = My (¢) (see Shanmugam and Sivasubramanian [19]);

(iv) ME,, (}igg) = HP(A,B)(~1 < B < A < 1) (see Attiya [4]);

(v) Mé),o (p) =S, (¢) and G(’;’l (¢) = Cp (p) (see Ravichandran et al. [17]);

1-z

(vi) Mé)’n (lﬂ) = S"(b) (see Aoufetal. [1]);
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(vii) Mé”o (%) = S (b) (see Nasr and Aouf [14, 15] see also Aouf et al. [2]);

(viii) Mé),1 (%) = C (b) (see Nasr and Aouf [12, 13] see also Aouf et al. [2]);
(ix) Mé’lo_p)cosne_m % = S"(p) (Inl < %.0<p<1) (see Libera [9] see also
Keogh and Merkes [8]);

(x) Mo (ﬂ) =C"(p) (|n] < Z.0 < p < 1) (see Chichra [5]).

1-z

Also we note that for additional choices of parameters we have the following new
subclasses of #A:

. 1 n ”
0 M (0 =N (0)= | @A+ HBLDY <o) 0 € Mosb e €z € U]

. - —in
(i) M5 (9) = MET (9)
oin z(D" f(2)) +az?(D" f(2))”
(1—a) D" f(z)+az(D" f(z))’
= ) EA:
@) (1—p)cosn

—pcosn—isiny
<¢(2)

(In<Z:@>0:0<p<lineNgze U)}.
In this paper, we obtain the Fekete-Szego inequalities for functions in the class M, O]l” 2 (@)

2. FEKETE-SZEGO PROBLEM

Unless otherwise mentioned, we assume in the reminder of this paper that o > 0,
beC*,neNgandz € U.
To prove our results, we shall need the following lemmas (see [10]):

Lemma 1. If p(z) = 1 4 c12 + 222 + ... is a function with positive real part in
U and p is a complex number; then

‘cz—ucf‘ <2max{l;|2u—1{}. 2.1
The result is sharp for the functions given by
1422 1

P = 5 and pa) = 1= (@ V). 2.2)
-2 -z

Lemma 2. If p1(z) = 1 +c12 + 222 + ... is a function with positive real part in
U, then
—4v +2, ifv=<0,
lco—ve| < § 2, ifo<v<l,
4v -2, ifv>1.
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1
When v < 0 or v > 1, the equality holds if and only if p1(2) = 1+Z

or one of its

2

1
rotations. If 0 < v < 1, then the equality holds if and only if p1(2) = 1+ Z2
—2Z

or one
of its rotations. If v = 0, the equality holds if and only if
1 1 14z 1 1 1-z
= (— — _ _—— _ 0< <1 s
p1(2) (2+2V)1_Z+(2 2J/)HZ( =y=1D
or one of its rotations. If v = 1, the equality holds if and only if
1 r 1 1+z 1 1 1-z
==4+-y)—+(=—=y)—(0<y <.
o Gt TG 0= =D

Also the above upper bound is sharp and it can be improved as follows when 0 < v <
1:

1
}cz—vcﬂ +vleiP<20<v< 5),
and
1
|cz—vcﬂ +(1=v)|c1]?* <2 (5 <v<l).
Using Lemma 1, we have the following theorem:

Theorem 1. Let ¢(z) = 1 4+ B1z + B2z + B3z + ..., where ¢(2) € A and
@' (0) > 0. If f(z) given by (1.1) belongs to the class Molt’,n (@) and if u is a com-
plex number, then

2 |b| B
o5 =B =5 gy o {1

The result is sharp.

B 37 (142
2+(1 (1+2a)

Z2 ST WTEeY a +a)2M) bB

B, } .23

Proof. It f(2) € Mol;,n (¢), then there exists a Schwarz function w(z) which is
analytic in U with w(0) = 0 and |w(z)| < 1 in Uand such that

1 ( z(D" f(z)) +az* (D" f(2))" .
" ((1 —@) D" f(2) +az (D" )Y 1) B o
Define the function p;(z) by
1+w(z2) 5
p1(z)=—l_w(z) =l4+ciz+cz"+.... (2.5)

Since w(z) is a Schwarz function, we see that X {p1(z)} > 0 and p;(0) = 1. Define
the function p(z) by:

(D" f(2)) +az? (D" f(2))"
(1—e) D" f(z) +az (D" f(2))

1
p(z)=1+5( 1)=1+b1z+b212+....

(2.6)
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In view of the equations (2.4), (2.5) and (2.6), we have

p1(z)—1 c1z+c2z2+ ..
r@=¢\—— )= >
p1(z)+1 24 c1z+c2z%+ ...
1 +1 c? 2,
= —C1Z — | Cr— — 8
@ ) 1% 5 2 5 Z

=1 —IB zZ+ —IB ——Cl +—IB Z°+
+ C1Z c C 4
2 1 2 ! 2 2 4 201

Thus
2
b1 =%Blcl and b2=%31 (Cz—%)—l—%BzC%.
Since
L(z(D"f(@)) +az? (D" f(2))" N\ _. (1,
5 ((1—a) D" f(2)+az (Dﬂf(z))’_l) = { b (1+°‘)a2} :

Epe

2.3 (142a)az—22" (1+a)’a2
( )as ( )4 224

Then from 2.6 and 2.8, we obtain
bBlcl
a) = ————,
2= Hn+l (1)

and

_ bBl (&) 4 C%
437 (1420)  8.3" (14 20)
Therefore, we have

[b>Bf —b(B1—By)].

as

bB;
437 (1+ 2a)

1 B 3M(1+2
p = —|:1——2+((—+a)2u—1)b31:|.
2 B 22n=1(1 + @)

az—jua; = [52_‘)0%]’

where

831

Q2.7)

(2.8)

2.9)

(2.10)

(2.11)

(2.12)

Our result now follows by an application of Lemma 1. The result is sharp for the

functions

1+

(ELU et )
s \(—) D" @) +az (D) ) =)

and

L ( 2(D" f(2) +a2 (D" f(2))"
b \(1-a) D" f(z) +az(D" f(z))
This completes the proof of Theorem 1.

1) = p(2).

(2.13)

(2.14)
O
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Remark 1. (i) Taking « = n = 0 in Theorem 1, we improve the result obtained by
Ravichandran et al. [17, Theorem 4.1];
(ii) Taking o = 0, b = (1—p)cosne™'" (|n| < 2.0 < p < 1) and (z) = 122 (equi-
valently B; = B = 2) in Theorem 1, we obtain the result obtained by Goyal and
Kumar [7, Corollary 2.10];
(iii) Taking o =n =0, b = (1—p)cosne™ " (|| < 5.0 < p < 1) and ¢(z) = {12
in Theorem 1, we obtain the result obtained by Keogh and Merkes [8, Theorem 1];
(iv) Taking & = 0 in Theorem 1, we obtain the result obtained by Aouf and Silverman
[3, Theorem 1].

Using Lemma 2, we obtain the following theorem:

Theorem 2. Let ¢(z) = 14+ Biz+ Baz?+ B3z3 +..., (b >0;B; >0;i € N).Also

let
2201 (14 «)* (bB? + B2 — B1)
o] = ,
! 37 (14 200) bB?
and
22"~ (1+a)* (bB + B2+ B1)
Oy = .

3" (1+2a)bB?

If f(z) is given by (1.1) belongs to the class Moll’n (@), then we have the following
sharp results:
(i) If u < 01, then

b 3" (1+20)
—paz| = By—(——————5u—1|bB}|: 2.15
}a3 /w2|_2.3”(1+2a)|: 2 (22;1—1(1_'_0[)2/‘ ) 1 (2.15)

(ii) If o1 < u < 09, then

b
laz —pa3| < (2.16)

=237 (1+2a)
(iii) If i > 02, then
3" (14 2a)
a3 = g s | Bt (o
2.3" (14 2a) 22n=1(14q)
Proof. For f(z) € Molf,n (¢), p(z) given by (2.6) and p;(z) given by (2.5), then
a, and a3 are given as same as in Theorem 1. Also
az — a2 — L
3R (11 20)

- 1) bB%} AV

[c2—vei], (2.18)

where v is given by (2.12).
First, if 4 < o1, then we have v < 0, then by applying Lemma 2 to equality (2.18),

we have
b 3" (142
2.3 (14 2a) 22n=1(1 4+ @)
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which is evidently inequality (2.15) of Theorem 2.
If & = o1, then we have v = 0, therefore equality holds if and only if

pl(z)—(1+y)—+< >—<o<y<1zeU)

Next, if 01 < u < g3, we note that
max{l[1_&+(—3n(l+2a) ,u—l)bBl}} <1, (2.19)
2 B 22n—1(1 4+ 0()2
then applying Lemma 2 to equality (2.18), we have
b
23" (14 2a)’

which is evidently inequality (2.16) of Theorem 2.
If 01 < u < 03, then we have

‘ Wz‘

1422
pl(Z)_ _22'

Finally, If ©>o0,, then we have v>1, therefore by applying Lemma 2 to (2.18), we

have
b 37 (1 4 2a) 5
—1)bBy— B> |,
a3 ““2‘—23n(1+2a)[(22n—1(1+a)2” ) ! 2}

which is evidently inequality (2.17) of the theorem. If u© = o5, then we have v = 1,

therefore equality holds if and only if
1 I1+y 142 l—y 1—-
= + 0<y<l;zeU
P e P U ).

To show that the bounds are sharp, we define the functions Ky (s > 2) by

1 ( 2(D"K(2)) +az® (D" Kp(2))"
(1-a) D"K$(z)+az (D" K5(z))

,—1) =p(z* 1), K5 (0)=0=K, (0)-1,
(2.20)

and the functions F; and G; (0 <t <1) by
141 (Z(D"Fz(z)) +az? (D" Fi(2))" 1) B (z(z+t)
(1—a) D"F;(2)+az(D"Fi(z)) ) "\ 141z

) Fi(0)=0=F/(0)-1.
2.21)

and
L (z(D”Gt(z)) +az2(D"G(2)) 1): (_z(z—l—t)
(1—a) D"G,(z)+az (D"Gy(2)) ez

),G,(O):O:G;(O)—l.

(2.22)
Cleary, the functions K, F; and G € Mo}f,n (¢). Also we write Ky = K(%.
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If 4 < o1 or > 02, then the equality holds if and only if f is K, or one of
its rotations. When 01 < i < 07, then the equality holds if f is K; or one of its
rotations. If u = o1, then the equality holds if and only if f is F; or one of its
rotations. If u = o3, then the equality holds if and only if f is G; or one of its
rotations. g

Remark 2. (i) Taking b = 1 and n = 0 in Theorem 2, we improve the result ob-
tained by Shanmugam and Sivasubramanian [19, Theorem 2.1];
(ii) Taking » = 1 in Theorem 2, we obtain the result obtained by Orhan and Gunes
[16, Theorem 2.1];
(iii) Taking @ = 0 in Theorem 2, we obtain the result obtained by Aouf and Silverman
[3, Theorem 2].

Also, using Lemma 2 we have the following theorem:

Theorem 3. For ¢(z) =1+ B1z2+ B2z?>+ B3z +..., (b > 0; B; > 0;i € N) and
f(z) given by (1.1) belongs to the class Moll’,n (¢) and 01 < 0 < 02, then in view of
Lemma 2, Theorem 2 can be improved. Let

227=1(1 +a)* (bB2 + B,)
3" (1 +20) bB}

03 =

’

(i) If o1 < u <03, then

22n—1(14¢)2 3" u(14+20)—2%""1 (1+a)? 2 bB, __.
‘613 Ma2{+3”(1+2(1)b312|: I_Bz—"_ 22n— 1(1+0l)2 bB ]|02| 52.3’1(1_1’_20[),
(2.23)

(ii) If 03 < u < 02, then
227-1(140)% 3 u(1420)—22""1(1+a)? ;. p2 __bBi
jas— /w2| 37 (1+2a)bB? [B1+B2 22n=1(14a)? bB ]Iazl = R
(2.24)

Proof. For the values of 01 < u < 03, we have

|as —pa3| + (n—o01) |az|* = 3tigg [ca—vel]
e e Ul
%{%(\cz ve?|[+ver] )} (2.25)
Now apply Lemma 2 to equality (2.25), then we have
az— paj|+ (p—o1)lazf* < %

which is evidently inequality (2.23) of Theorem 3.
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Next, for the values of 03 < < 0, we have

2 2 bB 2
ay—paz| +(o2—p)las]” = gmirfae 2 —vei|

2211 (14+a)*(bB}+B2+B1) b2 B3
317(1 +2a)b312 22n+2(140)

2
5 le1]

1
= s % > ([e2—ved|+(1-v) |c1|2)} . (2.26)

Now apply Lemma 2 to equality (2.26), then we have

bB
— na? — 2 7L
a3 = pa3| + @2~ el = 5 s
Which is inequality (2.24). This completes the proof of Theorem 3. g

Remark 3. (i) Taking b = 1 and n = 0 in Theorem 3, we improve the result ob-
tained by Shanmugam and Sivasubramanian [19, Remark 2.2];
(ii) taking o = 0 in Theorem 3, we improve the result obtained by Goyal and Kumar
[7, Remark 2.8].
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