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Abstract. This paper is devoted to finding explicit formulas for two kinds of reproducing kernels
in some reproducing kernel spaces. Usually for calculating the reproducing kernel of space
W,"[a.b], one must solve a large system of ordinary differential equations with 4m equations
in 4m unknowns. Hence, it is worthy to have explicit formulas to save time and computational
efforts. The advantage of using these formulas is clearly seen in the plotted graphs.
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1. INTRODUCTION

In recent decades, the reproducing kernel Hilbert space method has been con-
sidered by many authors. Reproducing kernel Hilbert space method is an effective
method for solving many problems, including ordinary, partial, integro-differential,
integral equations, etc. [1-25].

To obtain reproducing kernel we have to perform complex calculations at high
volumes. So we decided to introduce, in this paper, explicit formulas to calculate
unknown coefficients of the reproducing kernel. That will save time and reduce the
high cost of computing. First, we divide reproducing kernel spaces in terms of the
types of problems, different initial and boundary conditions, the inner product, and
the necessary norm on the environment. The first class (i.e. W)"[a,b]) is inten-
ded for problems without initial and boundary conditions and the second class (i.e.
Wz"’jl [a,b]) is devoted to the problems with the initial conditions. The findings of
this article for readers, especially for users of reproducing kernel method, is helpful
in time saving.

The structure of this paper is as follows. In Section 2 we introduce some reprodu-
cing kernel spaces. We devote Section 3 to finding explicit formulas for reproducing
kernels. We end the paper with conclusions.

© 2015 Miskolc University Press
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2. REPRODUCING KERNEL HILBERT SPACES

In this section, we first define the reproducing kernel and reproducing kernel space,
and then we introduce some reproducing kernel spaces.

Definition 1 ([1,4]). Let
H ={f| fisareal valued functionon X, X is an abstract set}
be a Hilbert space, with inner product

(f(O).ggw. [ ge.
If there exists a function K(x,.) € J# for each fixed x € X and for any f € #

(fO). K(x.)) g = f(x),

then K(x,.) is called the reproducing kernel of # and Hilbert space # is called the
reproducing kernel space.

For solving some functional equations such as integral and differential equations
using the reproducing kernel Hilbert space method, we use the reproducing kernel
space W,"[a,b] defined as follows.

Definition 2 ([4]). Form € N,
Wytla,b] = {ulu®™ Y isan absolutely continuous function,u™ € L?[a,b]}.

The inner product and the norm in the function space W,"[a, b] are defined as

m—1 . . b
(U V)= u(’)(a)v(’)(a)+/ u™ (@™ (r)dr, u,ve W) a,b]
i=0 a

ullm = v (u.u)m, we W, [a,b].

To solve initial value problems including ordinary differential equations, integro-
differential equations and differential equations of fractional order, we define the
reproducing kernel space WZ”, :{1 [a,b] as follows.

Definition 3. Forn € N,
Wy a, bl = {u e W3 a,blu (@) =0, j =0,....n—1}.
The inner product and the norm in the function space Wz",;;l [a,b] are defined as

b
(U, V)n.a = u™ (@)v™ (@) + / u D (et (@) dr, uv e Wy a,b]

a

1
[lulln,a = V (U, U)pg, ue Wzn’; [a,b].
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3. EXPLICIT FORMULAS FOR REPRODUCING KERNELS

In this section we investigate explicit formula for each one of the reproducing
kernel Hilbert spaces introduced in Definitions 2 and 3.

3.1. Reproducing kernel of the space W,"[a,b]

Assume that function K (x,r) € W,"[a,b] satisfies the following generalized
differential equation

2m g lm}
(—1ym ) = §(1 - x),
a-iK{’"}(x,t)| — (—1ym—i-1 82’"_1'“K{’"}(x,t)|

7 t=a — 9r2m—J—1 t=a-

3.1

Im+I KA (x 1)

5emF7 lt=p=0,0=<j <m.

where § is the Dirac delta function. The following theorem holds.
Theorem 1 ([4]). Under the assumptions of Eq. (3.1), Hilbert space WJ"[a,b] is

a reproducing kernel Hilbert space with the reproducing kernel function K {’"}(x, ),
namely for each u € W)"[a,b] and any fixed x € [a,b), it follows that

(), K™ (x,))m = u(x).

While x # ¢, function K {m}(x,1) is the solution of the following linear homogen-
eous differential equation of order 2m,
82m K{m} .t
(ym KD
at2m

with the boundary conditions:
g #lt:a:(_l)m Jj—1 (x,1)

3.2)

. 9t2m—j—1 |t=a» (3.3)
gm—+J gim; x,t . .
athrj( )|t=b:0, 05] <m.

We know that Eq. (3.2) has characteristic equation A2 = 0, and the eigenvalue A = 0
is a root with multiplicity 2m. Hence, the general solution of the system (3.1) is

2m . _ i—1 <
K" (x.t) = i=1¢i(x)( a). , =x, 3.4
(0 {Ziz':nldi(x)(t—a)’_l, > x. 34
Now, we are ready to calculate the coefficients ¢; (x) and d; (x), i = 1,...,2m. Since
92m KM (x, 1)
(_l)mv =4§(t —x),
we have N
P tm t=x
YET @D~ j=0.....2m—2,
o R (3.3)
VERGCOl ™ = (—1ym, j=2m- L.
t=x
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Therefore, using Egs. (3.1) and (3.5), we have a system of 4m equations with 4m
unknowns (¢;(x) and d;(x), i = 1,...,2m). By solving this system the unknown
coefficients of Eq. (3.4) are uniquely determined. Solving the above system needs
high CPU time.

We have obtained the following formula for calculating the reproducing kernel of
W)a,b].

Theorem 2. Let

R™}(x,1), t<x,
L{m}(x,t), t>x,

be the reproducing kernel function of the reproducing kernel Hilbert space W)"[a, b].
Then, R} (x.1) is given by the following formula

m—1 1 ; 1) i
(m) B N (x _a)z+(m—21—1)j (l _a)mj +i
K (x”)_zz<( D =2 m Oy £ )

i=0j=0

K™ (x,1) = {

and LY (x,1) = R (¢, x).

Proof of Theorem 2. 1t is enough to prove that the function K"} (x,r) satisfies
Egs. (3.2), (3.3) and (3.5). For this purpose we first rewrite R{m}(x,t) as

m—1 2m—1

i Y] 2m—i—1 _ i
R = 3 ORIy G
i=0

For j =0,...,2m, the jth—derivative of the function R{m}(x,t) with respect to 7 is
computed as

37 R (x,1)

m—1 ( )1 (t— )1 J 2m—1 —m (x— )Zm i—1 (t )l J .
i=j x”a (i— = r+limm & l)l " rz i—D! (laJ)’ s 0=j<m,
2121_7!/ 1(_1)z—m (X a)Zm i—1 (1— a)l J

ot/ . @m—i=DT ~ G—H1 > m<j<2m,
0, Jj=2m.
(3.6)
Hence,
8/ R™ (x,1) S e J=0,.,m—1,
a7 | T hiem et @)
' t=a )" ==, J=m,....2m—1,
j -1 (x—a)2i—J — i _g)2m—i—1
PR | | S G+ S D Gy, 0= <m,
7 = 2m—1 m (—a)2m—i=1
dt r=x Yiz, DT gmsieha=nt m=<2m.
(3.8)

Also, we rewrite L (x,1) as

m—1 i i B ;
L (x,) = R (,x) = Y {(X”)H pym—i—1 =) 1}0 a)’

—i—1 i
= CcCm—i—1)! i!

Furthermore, for j =0,...,2m, the j’h—derivative of the function L{m}(x,t) with
respect to ¢ is
; _ 2m—i—1 o Ni—J .
97 L{W’}'(x,t) _ lm:jl ((x a)t + (=1)m—i—1 ()EZrZ)—i—l)! ) (t(iz)j)z/ . 0<j<m,
ot/ 0, m<j<2m.

(3.9
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Therefore,
: _ N . . \2m—i—1 _yi—J .
VLM @) _ | Sy (S 4y St Gea 0 <m,
atJ 1=b o, m<j<2m.
(3.10)
. _ o N\2i—j e —\2m—j—1 .
a7 L{m}.(xat) — ,m:_jl (()Eg(ialj)[j +(_1)m i—1 (2%_?11)!(;_]'”) , 0<j<m,
ot/ - 0, m<j<2m.
(3.11)
32m KAm3 (x 1) .
Thus, by Egs. (3.6) and (3.9), g = 0. Also, Eq. (3.7) implies
87 Kim3(x,1) —(—pym—i 92m—Ji—1 gtm} (% 1)
ot/ dr2m—j—1
t=a t=a
_ 87 R (x,1) —(epym—i—1 §2m—i—1 Rim} (x 1)
7 2m—j—1
3’_’ t=a g2m=J t=a (3.12)
= M _ (_l)m—j—l (_1)(2m—j—1)—m (x_a)2m7(2m7171)7]
j Cm—-2m—j—1)—1)!
J
I i) a) eyt ey G o e,
j! ]'
and Eq. (3.10) implies
3/ K (x,t) 8/ L} (x,1) .
8tj |t=b= Btl |l=b=0>J=ma'-~a2m_1' (3.13)

According to Eqgs. (3.12) and (3.13), Eq. (3.3) is proved. Also, using Eqgs. (3.8) and
(3.11) we have

37 K3 (x,1) AL (x,1)
8tj |[:x+ = a[j |t=x
0, m<j<2m, G.14)
= m—1 ( (x—a)2i—/ —i—1_ (x—a)2m—/ -1 .
i=j ( - TN (2m—i—1)!(i—j)!)’ 0=j<m,
AL SICRY _ VR,
ot/ r=x— = ot/ t=x

i=j G- am—j—na—pi: 0=/ <m,
2m 1( 1)1 m_ (x— —q)2m—i—1

m—1 (x—a)2i—J +sz_1( l)l m_ (x—a)?m—Ji—1 . (3.15)
@m—j == msj<2m.
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TABLE 1. Explicit expressions of R} (x, 1) form =1,...,5
l m R} (x,1)
1 l—a+t
2 1+x—a)t—a)+(x—a)t—a)?/2—(t—a)3/6
3 1+(x—a)t—a)+(x—a)?2(t—a)?/4+ (x—a)2(t—a)3/12
—(x—a)(t—a)*/24+(t —a)°/120
4 [1+(x—a)it—a)+(x—a)?(t—a)?/4+(x—a)’(t—a)’/36+ (x—a)3(t—a)?/144
—(x—a)?(t—a)°/240 + (x —a)(t —a)®/720— (t —a)7 /5040
5 1+(x—a)t—a)+(x—a)’>(t—a)?/4+(x—a)>(t—a)/36+(x—a)*(t—a)*/576

+(x—a)*(t—a)>/2880—(x —a)3(t —a)®/4320+ (x —a)%(t —a)” /10080
—(x—a)(t—a)8/40320+ (t —a)® /362880

So, Egs. (3.14) and (3.15) imply that

3/ K (x,1)

3 BjK{m}(x,t)

o7 =t at =
m—1 (_1)m+i—1(x_a)2m—j—1 2m—1 (_l)m+f—l(x_a)2m—j—l .
i=j (Z'm—i—zl)!(il—j)! ltgzilzm Cm=i=DiG—pt > 9=J<m,
= (x—a)z’”_f_lziﬁj ms m=<j<2m-—1,
(=)™, j=2m-—1.
— _ji—1v2m—1 —1)! .
) =" Yx—a)2m=/ IZ,-':"_,- m, 0<j=<2m-2,
(=)™, j=2m—1.
—1ym+i—1(y—g)2m—i—1 2m—i—1 . i .
_) &P (Zm—();—(;))! YL T DI T, 0 s2m-2,
=nm, j=2m—1.
_) Gyt x—a)2m /Tt a—1)?" T o< j <am-2,
1™, Jj=2m-—1.
% 0 0<j<2m-—2,

(=)™, j=2m-—1.

0

Explicit expressions of the reproducing kernel functions in W) [a,b] for 1 <m <5
are shown in Table 1.

3.2. Reproducing kernel of the space WZ", ;1 [a,b]

Suppose that function Kénﬂ}(x,t) € Wzn,;l [a, b] satisfies the following general-
ized differential equations

a2n+2K{n+1} *
(_1)n+1% — 8(t—x),

gn+1 Kt{,""i_l}(x,t)
8t”+1

37 KT (x,0)
ot/

37 KT (x,0)
ot/

gn gin+1; x,t A
= 3t—n() . 0<j=n,

t=a

=0, 0<j<n,

t=a

=0, n<j<2n,
t=b

r=a (3.16)
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where § is the Dirac delta function. Similar to Theorem 1, we have the following
theorem.

Theorem 3. Under the assumptions of Eq. (3.16), Hilbert space Wzn’ ZIH [a.b] is a
reproducing kernel Hilbert space with the reproducing kernel function KérH_l} (x,.),
namely for each u € Wz’t;rl [a,b] and any fixed x € [a,b], it follows that

() KD ))na = u(x).

While x # ¢, function KénH}(x, t) is the solution of the following linear homo-
geneous differential equation of order 2n + 2,

82n+2Ké”+1}(x’ 1)

+1 _
(—1)" ST =0, (3.17)

with the boundary conditions:

IR (5.0 Kt (k) .
atn+1 t=a - otn t=a 0 S J S n,
3 K (x,0) _ <<
el =0, 0<j=<n, (3.18)
3jKC{¢n+]}(XJ) . .
B e 0, n<j<2n.

We know that Eq. (3.17) has characteristic equation A?” 72 = 0, and the eigenvalue
A = 0 is a root with multiplicity 2n + 2. Hence, the general solution of the system
(3.16) is

2n+2 . _ i1 <
Kty = ) Zi=1 ei()t—a)y™. r=x 319
@ ST Bi(x)(t —a) Tl > x. (3.19)
Now, we are ready to calculate the coefficients «; (x) and B;(x), i = 1,...,2n + 2.
Since
32n+2K{n+1}(x 1)
n+1 a s _
(1) p2nt2 =06(t —x),
we have
1} t=xt
aJKaat-i (x,t)‘t_ =0, j=0,....2n,
97 gint1d e (3.20)
aa—‘(x’t) = (D"t j=2n+1
£ P

Therefore, using Egs. (3.16) and (3.20), we have a system of 4n + 4 equations with
4n + 4 unknowns («; (x) and B;(x), i =1,...,2n + 2). By solving this system the
unknown coefficients of Eq. (3.19) are uniquely obtained. Solving the above system
needs high CPU time.

Now, we present the following formula for calculating the reproducing kernel of
Wyt a.b).
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Theorem 4. Let
1
a ’ L‘{,"H}(x,t), t>x,

be the reproducing kernel function of the reproducing kernel Hilbert space
:l[a,b]. Then, R({lnH}(x,t) is given by the following formula.

wy
2n+1 _ .
R{n—}-l}(x 1) = (x—a)"(t—a)" N nX: (_l)i—n—l (x —a)2"—it1(; —q)
¢ ’ nin! et @2n—i+ 1! ’

and LYY (x,1) = R Y ¢, x).

Proof of Theorem 4. 1t is enough to prove that the function Ké"H}(x, t) satisfies
in Egs. (3.17), (3.18) and (3.20). For j =0,...,2n + 2, the j’h-derivative of the
function Rénﬂ}(x, t) with respect to ¢ is computed as follows:

—a)" (t—a)—J
x—a)" (t—a) +

n! (n—j)!
J Rint1 2n+1 ( 1yi—n—1 G=a)?" 7t ¢—a)i—/ ;
M= Z;=n-{_l( 1A) (2n2_nij‘_+l)l! (i_ii‘}g , 0<j<n+1, (3.21)
! Ztij_ (_1)l_n_1 ();2_”“_)[4_1)! (t(;z)j)! 5 n<j<2n+2,
0, Jj=2n+2.
Then,
a_ijln+l}(x’t) 06777)’ j=n,
At/ f=a= J—n—1 x—a?—i+1 . (3.22)
x—a)?"—J
3‘/R{"+l}(x,t) ni(n—]/)! ) it .
#|t=x = ZiiL](—l)l_”“(z‘,f_,-‘ﬂﬁlw, 0<j=<n, (3.23)
2041 qyi—n—1__(x—a)>1=J+1 .
Zi=j (_l)l n Cn—i+DIG=,)1"* n<yj <2n.
n+1
For L; + }(x,t) we have
n 2n—i+1 N\
413 13 x—a)" ¢—a)" n—i (x—a) (t—a)
L‘n+ '(x,t) =R t,x)= —1 ” ;
@ (x,0) “ @) n! n! +i;0( ) 2n—i+1)! i!

Furthermore, for j = 0,...,2n + 2, the j*"-derivative of the function L;{,"H}(x, t)
with respect to ¢ is computed as follows:

—a)" (t—a)"—/ +

8/ L (x, 1) n! (=) 2n—i+1 i—j
a[.f = Z?:j(_l)nil ()2211“—)1'+1)! (t(l‘ﬁ)j)! 5 ij <n+1, (3.24)
0, n<j<2n+2.
Therefore,
x—a)" (b—a)'~J
At -t T
(3.25)

= n i (x— )2n7i+1 (b— )ifj .
li=b Zi:j(_l)n ! fzna_H_l)! (jilj)g , 0<j<n+1,
0, n<j<2n+2,

¥ LY (x,0)
ot/
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(x_u)Zn—j

a'iLc{ln+1}(xal) =)t + i ( 2n—j+1

T =T X GO T g S ey 0<J <n+l, 320
0, n<j<2n+2.

Thus, Bgs. (3.21) and (3.24), it is clear that " 2Ka' @0 _ o Also, Eq. (3.22
, Egs. (3.21) and (3.24), it is clear that T2 . Also, Eq. (3.22)
implies that

8/K§,"+1}(x,t)| 3/ LT (x, D o me1
atj t=a = Bt/ t=a s J =0, s
an+'K§"+”(x,t)| B anK§"+”(x,t)| _
grn+1 t=a atn t=a — 3.27)
LI (1) MLV (x,0) x—a)" (x—a)" '
grnt a0 T T
and Eq. (3.25) implies that
37 KU (x,t 3/ LT (x,1 .
T”l[_b:[laf()lt=b:0,n<] <2n. (328)

According to Egs. (3.27) and (3.28), Eq. (3.18) is proved. Also, using Egs. (3.23)
and (3.26) we have

a-in;”+”(x,z)| 3/ LY (x, 0,
at/ r=xt = 9t/ r=x
0, n<j<2n, (3.29)
=) a7 n 1—i_(x—a)?"—/+1 ;
=t T 2i=; V" @S o=, 07 =,
af'Ké"*”(x,t)| L afRé”*”(x,t)|
ot/ r=xm ot/ r=x
Z2n+l( 1)i—n—1 a2 n<j<2n
_ J, @i DG / ’
(x—a)-"—J J 2n+1 i—n—1_(x—a)“"— .
nin—nt T Ximnt1 CD T i = 0=/ =n.
(3.30)
So, Egs. (3.29) and (3.30) imply that
3 KT (x,0) 3 KTV (x,0)
3lj I[:x+_ 311 |t=X_
n (71)”+"(x7a)2”*j+1 2n+1 71)n+i(x7a)2nfj+l .
i= (zn—z‘+1>22(z:{)! —(i_li):’ll:ln-i-] Gn=i+Dii=pnT > 0=Jj<n+1,
= 2n—j+15§-2n — ;
(x—a)” J+ Zl=j Cn—i+DIG—1)1° n<]<2n+1,
(-t j=2n+1.
_; 2n+1 i .
={ (—1)"£rxl—a)2” j—HZii—}_ Gn= 1(4»])!(,7])!’ 0<j<2n,
(=1t j=2n+1.
—ntJ (x—aq)2n—J+1 2n—ji+1 i 2n—j+1 .
_ =D (2n(xj—|£i)l)' Ziio_/-i- (_1)1( n l_j+ )’ 0<j<2n,
(=)t j=2n+1.
_ (—1)"+f'(x—a>2"—f‘+‘(1—1)2”‘-"“, 0<,j<2n,
(—=1nntt, j=2n+1.
{ 0, 0<j<2n,

Dt j=2n41.
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TABLE 2. Explicit expressions of sz"H}(x, t)yforn=1,...,4

[ ] R en) |
1 —a)t—a)+(x—a)it—a)?/2—(—a)3/6
2 [ (x—a)2(t—a)?/4+(x—a)’(t—a)’ /12— (x—a)(t —a)*/24 + (t —a)> /120
3 x—a)3(t—a)3/36+ (x—a)3(t—a)*/144— (x —a)Z(t —a)° /240
+(x—a)(t—a)®/720—(t —a)7 /5040
4 x—a)*t—a)*/576 + (x —a)*(t —a)>/2880— (x —a)3(t —a)®/4320
+(x—a)?(t—a)7 /10080 — (x —a)(t —a)®/40320 + (t —a)® /362880

-+
<
7 —+
6
-5}
E 51 -
5 | Proposed
Formula
/4
S -+
—+ System of
31 &+ Equations
27 -+
1 —+
+
+
(0]
10 20 30 40 50 60 70 80 90100
m

FIGURE 1. Comparing CPU time to compute the reproducing kernel
for space W)"[a, b]

g

Explicit expressions of reproducing kernel functions in W{’jl [a,b]forn=1,...,4,
are shown in Table 2.

Remark 1. For some values of m (or 1), we have calculated the reproducing kernel,
using two methods: the proposed explicit formula, and also by solving the system of
4m (or 4n 4 4) equations in 4m (or 4n + 4) unknowns. Figures 1 and 2, represent the
advantage of the explicit formulas.

4. CONCLUSIONS

In this paper we examined some reproducing kernel spaces and we obtained ex-
plicit formulas for the reproducing kernel of these spaces. Usually finding the repro-
ducing kernel for solving large systems of differential equations is required (espe-
cially for high-order differential equations). For an nth-order differential equation,
we must solve a system of 4(n + 1) equations in 4(n + 1) unknowns which is very
time-consuming and therefore an explicit formula for these reproducing kernels is
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P —+
7
64 —+
o 5
= -+
— - Proposed
E 44 Formula
()
3 + -+ System of
Equations
-+
>
-+
11 -+
+ —+

o
10 20 30 40 50 60 70 80 90100
n

FIGURE 2. Comparing CPU time to compute the reproducing kernel
for space W, t![a, b]

very useful (see Figures 1 and 2).
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