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1. INTRODUCTION

The study of g-parametric operators was initiated by Lupas [8] and Phillips [14].
The so-called g-Bernstein operators were introduced by Phillips in 1997 (see [14])
and they mean another generalization of the well-known Bernstein operators [4]
based on g-integers. Nowadays, g-Bernstein operators form an area of an intens-
ive research. A survey of the obtained main results and references in this area during
the first decade of study can be found in [12]. Different type of g-integral operators,
g-Bernstein type integral operators and g-summation-integral operators were studied
in [3].

The goal of the paper is to define a sequence of general g-integral type operat-
ors involving g-integers which approximate each continuous function on [0, 1] in the
uniform norm. The rate of convergence will be estimated by the modulus of continu-
ity. As special cases we recover some g-Bernstein type operators and g-Bernstein
type integral operators, respectively. For these operators we also obtain quantitative
estimations.

To present our operators we recall some basic definitions and notations of quantum
calculus (see [7]). For any ¢ > 0 and any non-negative integer n, the g-integers [n],
and the g-factorials [n],! are defined by [0]; = 0,

l+qg+...+q¢"1 if ¢#1

g = n, if g=1
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and

[n]q!:{ Mel2la ey i n = 1

For any integers »n and k satisfying 0 < k < n, the g-binomial coefficients are given

by
1]
k], [klgln—klg!

For x € [0, 1] and m non-negative integer, we set

_ _ _,m—1 .
(1—x)21:{ (1-x)(1-gx)...(1—¢ xz L{ Zié

Let0<b,0<g < 1and f areal-valued function. The g-Jackson integral of f
over the interval [0, b] is defined by

b )
| 10t =a-ap Y g (L.1)

0 2o
On the general interval [a,b] the g-Jackson integral is not appropriate to derive the

g-analogues of some well-known integral inequalities. For this reason we consider
the Riemann type g-integral defined as follows (see [0, 10]):

b 00 ) )
| r0dfi=a-ae-0 Y fa+ b-ad’ (1.2)

Jj=0

where 0 <a <b and 0 < g < 1. If a = 0 in (1.2) then we recover the g-Jackson
integral given by (1.1).

Forne{l1,2,..},0<qg<1,rr €{0,1,2,...}, f € C[0,1+r] and x € [0,1],
we consider the following g-integral type operators:

) n+r’ n4r A Sk
L= [ "] amagr (13
k=0 4
) bn.k.r.q)

R
Xb(n,k,r,q)—a(n,k,r,Q) a(n,k,r,q) f(“(n?k,Q)'i‘tU(”’k’Q))dq .
where 0 < a(n,k,r,q) < b(n,k,r,q) <1+7r', u(n,k,q) >0, v(n,k,q) >0 and
u(n,k,q)+bn,k,r,q)v(n,k,q) <1+r'forallk €{0,1,...,n+r'}. With the nota-
tion g, k.rq(t) =u(m,k,q) +tv(n,k,q), t €la(n.k,r.q),b(n.k,r.q)] €[0,14r7,
we have for f € C[0,1 + r’] that there exists M = M(f) > 0 such that
| f(8nkrqg(t)) < M for t € [0,1 +r']. Hence, in view of (1.3), (1.2) and
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0<a(n,k,r.q)+ (b0, k,r.q)—a(n,k,r.q))g’ <14+r'for j =0,1,2,..., we get

n+r’ ,
’ n—+r r_
ILE"(f1x)] < Z[ : ] xF(1—xyntr=k
k=0 q

1
% b(n,k,r,q)—a(n,k,r,q)

b(n.k,r.q) R
[ kg df
a(n.k,r.q)

n+r’ , |
n+r Xk(l _x)n-f-r’—k
s SR 9 b(k.rg) —an.k.r.q)

x(1=q)(b(n.k.r.q)—a(n.k.r.q)) Y _{q’
j=0

X | f(gnkrqglan.k,r.q)+ (bn,k,r.q)—amn.k,r,.q)q’ )}
n+r’ n ,
<w ) [ ] s
k=0 q

for all x € [0, 1] (see [14, (13)]). In conclusion the operators (1.3) are well-defined
for all continuous functions f on the interval [0, 1 + r/].

In what follows we study the uniform convergence of Lf,’,rq/( fix) to f(x) in
x €]0,1] as n — oo. The rate of convergence will be estimated with the aid of the
modulus of continuity of f € C[0,1+ r’] defined by

o(f:8) =sup{| f(x) = f()]:x.y €[0,1+7 ] [x—y| <8}, 6 > 0. (1.4)

For particular cases of a(n,k,r,q), b(n,k,r,q), u(n,k,q) and v(n,k,q) we recover
some known operators (see [1,2,5,9, 11, 13-15]), and we may introduce some new
integral type operators. As applications we give quantitative estimations for these
operators using (1.4).

2. MAIN RESULTS

Theorem 1. Let Lf,’,rq/n (f:x) be defined by (1.3), where n > 2 and gy, € (0,1) such
that g, — 1 as n — oo. If there exist Cy = C1(r,r’) > 0 and C, = Ca(r,r’) > 0 such
that

(l) ‘ u(n»k,CIn) +U(n»k,(1n){a(n»k,r’9n) + %q”(b(”»kar»Qn)
_a(n,k,r, qn))} _ [k]qn < Cl

[n+r'lg, |— [nlgy’
(i) ‘uz(n,k,qn)+2u(n,k,qn)v(n,k,qn){a(n,k,r,qn)+ﬁ(b(n,k,r,qn)
_a(’%k,raQn))}+vz(n7kaQn){a2(”’k7raQn)+2a(n7k,ern)(b(nvk7r’Qn)
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_a(nvk,r,Qn))ﬁ+(b(n’k,”»‘h)_a(”»k,r,Qn))z 2}

_ [k]cln [k_l]qn < C
[n+r'lg, [n+r'—1lg, |— Inlg,

hold true for all k € {0,1,...,n+7r'}, then Ly,", dn (f; X) converges uniformly to f(x)
with respect x € [0,1] as n — oo.

1+q +q5n

Proof. In view of Korovkin’s theorem we have to prove that Ln dn (ei;x) con-
verges uniformly to e; (x) in x € [0, 1] as n — oo, where ¢;(x) = x*, x € [0,1] and
i €{0,1,2}.

We denote the n-th order g-Bernstein polynomial associated to f by

Bug(fiv) =Y ”] kl—”k([])
() ,;)[" a0 (G

Then, (1.3), (1.2) and [14, (13)] imply that

n+r’ ,
L ()= 3 [ et ] £l =yt
k=0 4qn

= Bn+r’,qn (e0;x) = ep(x). 2.1)
Further, using (1.2), we have

b(n.k,r.qn) R
/ e1(u(n,k,qn) +1v(n,k,qn))d, t
a(nakyrsqn)

b(n.k,r.qn)
=/ ko) + 100 kg AR ¢ = u(n. K. qgu)b(n. k.7 qn)
a(n,k,r,.qn)

—a(n.k,r.qn)}+v(n.k.qn)amn.k,r.qn){b(n.k.r.qn) —a(n.k.r.qn)}

1
+v(nak»‘In){b(n,k,r»‘In)_a(n»k,r,Qn)}z1 . (22)
+qn
But
n+r’
n+r/ n+r— [k]Qn
By 1X) = — = 2.3

(see [14, (14)]), therefore, by (1.3), (2.2), (i) and (2.1), we have
Ly (er:x) —e1(x)]
n+r’

n+r' I_
<Z|: i|q XK —xynrr=k

d

u(n,k,qn) +vn,k,q,)

} _ [k]Qn
[I’l + r,]LIn
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Cq

N [n]qn .

24

If ¢, — 1 as n — oo then [n],, — oo as n — oo. Thus, by (2.4), LZ’,rq/n (e1;x) con-
verges uniformly to e1(x) in x € [0,1] as n — oo.
Analogously, using (1.2), we have

b(n.k,r.qn) R
/ e2(un,k,qn) +tv(n,k,qn))d,t
a

(n,k,raQn)
b(n,k,r.qn)
-/ 021k ) + 2001, )oK g+ 021 k)i A
a(n,k,r,qn)

= u?(n,k, gu){b(n. k., r,qn) —a(n.k,r,qn)} +2u(n, k,qu)v(n, k. qn) (1—q)

o0
x{bn,k,r,qn)—an,k,r,qn)} Z qj {a(n,k,r,qn)+ (b(n,k,r,qy)
j=0

_a(n,k»”’CIn))qj} + Uz(”ak»CIn)(l _Cln){b(nak,”,CIn) _a(”’kvr»(]n)}

o0
x> q/{a(n.k.r.qn) +2a(n.k.r.q,)(b(n.k.1r.qn) —a(n.k.r.qn))q’
j=0
+ (b(n.k.r.qn) —a(n.k,r.qn))>q> }
=u?(n,k.qn){b(n.k.r.qn) —a(n.k.r.qn)} +2u(n.k,qn)v(n.k.qn)
1
T a (b, k,r,.qn)
_a(n»k,r’Qn))}"i_vz(n’k,Qn){b(nvk,r’Qn)_a(n’kvern)}
1
I +¢n

x{bn,k,r,qn)—an,k,r,q,)} {a(n,k,r,qn) +

X {az(n,k,r,qn) +2a(n,k,r,qn) (b(n,k,r,qn) —a(n,k,r,qn))

1
+— b 7k’ ) - 9k7 ) 2} . 2'5
1JFC]MLQ%( (n.k.r.qn) —a(n,k,r.qn)) (2.5)

Because

n+r’ / ’ —1
k=0 dn ! [n tr ]CIn [n e 1]‘1n

we get, in view of (1.3), (2.5), (ii) and (2.6), that

n+r’
/ n+r _
|Ly T, (e2;x) —ea(x)] < Z |: K i| xk(l—x)er k
dn

k=0

u?(n,k,qn)
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—|—2u(n,k,qn)v(”l,k,Qn) {
g} + 00K ) (01, K ) + 2000, K ) (B, Ko )

1
- ’ki ’ + b 9k’ ) - 7ka ) 2—
a(n ”CIn))l ; (b(n,k,r,qn) —a(n,k,r.qn)) 1+C]n+q%
M k-1, | G
m+rg, n+r' —1g, |~ g,

Hence, because of [n]y, — oo as n — oo, we find that LZ’,rq/n (e2;x) converges uni-
formly to ez (x) in x € [0, 1] as n — oo. This completes the proof of the theorem. [

Theorem 2. Let LZ,ZH (f;x) and g5, n > 2, be defined as in Theorem 1 satisfying
the conditions (i) and (ii). Then

Ly, (:2) = f(0)] < {1+ v/2C1 + Ca}o(f [, )

n,qn
forall f € C[0,147r"] and x €[0,1].
Proof. Taking into account (1.4), we have
|f(u(n,k’61n)+“)(n’stn))—f(x)|
fCl)(f,|u(n,kan)+tU(n7kaQn)_x|)
< {148 Hu(n,k.qn) +tv(n,k,qn) —x[}o(f;9).

Hence, by (2.1) and Holder’s inequality,
L5, (f3x) = f(x)]

n+r’ n+r 1
< k1= )tk
Z |: j|qn ( ) b(nvk»r’qn)_a(n’ka"ﬂn)

b(n,k,r,qn) R
x/ W kegn) + 1001 qa)) — F() ] dR ¢

a(n.k,r,qn)
n+r’ 1

n4+r k _oan+r'—k
<o(f; 8)2 [ i|qn ( g b(n,k,r,qn)—am,k,r,.qn)

b(nak’rsqﬂ)
x[ {1+8_1|u(n,k,qn)+tv(n,k,qn)—x|}dqlflt
a(n,k,r,qn)
n+r’

<o(fi8) 146 12[”” ] k(1 —xyntr =k
dn
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1
. (b(n’k,”aCIn)—a(”sk”’,C]n)
b(n.k,r.qn) 1/2
X / (u(n,k,qn)—}—tv(n,k,qn)—x)qulf,t)
a

(n.k,r.qn)

n+r’ ,
qn

k=0
1
X
b(n,k,r,qgn)—a(n,k,r.qy)

b(n.k.r.dn) 1/2
X / (“(’%k,%t)+tv(”sk,CIn)_x)2quf,t) . (27)
a

(n 7k7r7qn)

On the other hand, by (2.2), (i), (2.5) and (i), we have

1 b(n.k,r.qn)

u(n,k,qn) +tv(n,k,qn)—x}>dR¢
b(n.k.r.qn)—a(n.k.r.qn) a(n.k,r,qn) tu n) ( qn) j q

1 b(n’karaqn)

- u n’k’ +tv n,ka 2th
b(”ykar,Qn)_a(n»k,r,Qn) a(n.k,r,qn) { ( qn) ( qn)} dn

[k](In [k_l]‘In . 2x
[n+r/]Qn [n+r/_1]4n b(nakanIn)_a(n,k,raQn)

b(n,k,r.qn) [k]
x/ {u(n,k,qn)—I—lv(n,k,qn)}th+2x+—q”
a

(n.k,r.qn) an [ r/]Qn
[k]qn [k - 1]%1 —2x [k]Qn + X2
[I’l + r/]Qn [n +r'— I]Qn [11 + r/]Qn
C; | 2G4 [K]g, [k—=1lg, [k]g,

+x2.

=g Plan 14 Ng AT =gy 1+l

Hence, in view of (2.7), (2.3), (2.6) and (2.1),
|Ln .qn f;x)_f(x)l

_ G 2C ndr! n+r' _
< ;8 S 1 |: :| n+r’
w(f ) {1 * ([n]Qn - [n]CIn M kgo k dn ( )

Klg, k=1, kg, 2\
% ([”‘i‘r’]qn [n 41" —1]g, _2x[”+”,]qn i )) }
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2C; +C\ /2
=w(f:8){1+671 (ﬁ) .
[n]CIn
Choosing § = [n];nl/ 2 we arrive at the required estimate. O

3. APPLICATIONS

In this section we apply the main results for some g-Bernstein type operators and
g-Bernstein type integral operators. This means that we have to verify the condi-
tions of Theorem 1, and apply Theorem 2 to obtain quantitative estimates for these
operators.

1) In [2] the following operators are introduced:

S(O(,,B)(fq X)_rg[ n+p i| _Xk(l x)n+p—kf([k]q+a)
m ENE Lk, y g +8)
where f € C[0,14+p], 0 <g <1, 0<a <pf, x €]0,1]. Using the notations

r' = p,ank.rq) = 0, b(n.k.r.q) = 1, u(n.k.q) = =g, v(n.k.q) = 0 for

k=0,1,...,n+ p, we obtain L,';’,rq/(f;x) = S,E‘f;,ﬂ)(f;q,x). Moreover, ifa = =0
then we recover the g-Bernstein-Schurer operators

~ n+p k
Brp(fian =3 | T | sa-mgrets ((30)
k=0 q 9

(see [11]), while for @ = B = p = 0 we recover the g-Bernstein operators introduced
by Phillips [14].
Now, we verify the conditions of Theorem 1:
(i)fork =0,1,...,n+ p we have
[klg, to  [klg, | _ [lklg, (7 + plg, —[nlg,) +aln + plg, —Blklg,|
[nlg, + B [n+ plg, [n + plg, ([nlg, + B)
- [n+Pla,4n(Plg, + (@ +B)n + plg,

o [n+p]Qn ([n]CIn +ﬂ)

- oz+/3+p;
- [n]qn
(ii) by (i) and
(Mg, 14anln—1lg, 1 2 3.1
[n—l]Qn [n_I]Qn [n_I]Qn T = ( ' )

forn > 2, we getforallk =0,1,...,n+ p that

([qun+a)2_ Klg, k=1,
[n]Qn + IB [I’l + p]Qn [l’l + pP— 1]Qn
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_ ([qun +a)2 B ( [K]g, )2

“| \Inlg, +B [n + plg,

( [klg, )2  [Klg, k=1,
[n + plg, [n+ plg, [n+ p—1lg,

- ; [klg, +o [k]g, } [klg, +o  [klg,
- [n]Qn + 18 [I’l + p]Qn [n]Qn + 18 [n + p]qn

kg, +o k=1l
[n+p]4n+ﬁ [n+p—1]Qn

_ ; [+ plg, +o 1} at+Btp  qp I+ p—klg,

[nlg, + B [n]q, [n+ plg,[n+ p—1lg,
<%[n]q,,+q,’,’[p]qn+a+l}oe—i—ﬂ—l—p 1
B [nlg, + B [n]g, [n+ plg,
_@tptetprp | 1 i,
B [n]q, [nlg, [n+ p—1lg,
_latpttptp 1 [n]g,
B [n]g, [n]g, [n—1lg,
<{(a+p+2)(a+B+p)+2} ! .

[n]g,

Then, by Theorem 2 with Cy =a +f+ p and Co = (¢ + p+2)(@ + B + p) +2,
we have

ISP (f1q.2) = fl < {1+ V(@ + B+ p)a+p+4) +2 (/i1 ).

2) The following g-Kantorovich type operators are introduced in [13]:

KP(f:q.x)
_ n+p Koy ontpi [ (kg 1+(q—1)[k]q)
_];)[ i Lx (I—-x);"? /0 f([n+1]q+ nE1l, t)dgt,

where f € C[0,1+ p], 0 < g < 1, x € [0,1]. Using the notations r’ = p,

k -1k
an,k,r,q) =0,bn.k,r.q) =1, uln.k,q) = [n[+]1‘1]q, v(n,k,q) = % for

k=0,1,...,n+ p, we obtain Lf,’,rq/(f;x) = KZ(f:q.x). For p =0 we recover the
operators B,’l"’q(f, x) of [9].
We verify the conditions of Theorem 1:
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(i)fork =0,1,..., n + p we have

(kg 1+ (gn—Dlklg, 1 [Klg,

[n+1]g, [n+1lg, l+gn [n+plg,
_ [Klg,lln + plg, —n+1g,| 1
[+ plg,[n+1]g, (n]g,
< g, +4ulplg, = Mgy =qul 1 _ P42
B [n+1lg, [nlg, ~ [nlg,
(ii) asin (ii) of case 1), we may write for k =0,1,..., n + p that
‘ ( [Kla, )2 R 3 P S e V13 P B (1 + (dn — DIy, )2
[n+1]g, n+1]g, [+1g,  1+gn [n+1g,

S S P

l+gn+a; [n+plg, [n+p—1lg,

<( [Klg, )2_( [Klg, )2 N ( [Klg, )2_ Klg, [k —1]g,
[n+ 1]g, [n+ Plgn [n + Plg, [n+ plg, [n+p—1lg,

[I’l + p]QH 1
[n1qn Ple | il
(k]g,, % [klg,|[n+ plg, —[n +1]g,|
[n+ l]qn [n + P]qn [n+ P]qn [n+ l]qn

[klq, [k —1]g, 2 [nlg, +4nlplg, 4 1
[n + plg, [” +p—1lg, [n]g, [n]g, [n]g,

[n—i—pqn p+1 2 2(p+1) 1
o+ 1, } o g | [l D,
[nlg, + dn[Plgn 1} p+1l  2p+5

[n]q, [n]g, (nlg,
<(p—i—2)(p—i—1) 2p+5  pP+5p+7
- [n]g, g, (g,

For C; = p+2and C, = p?+5p + 7, we have, by Theorem 2,

IKP(f1q.%)— fO)] < {14/ p2 +7p + 11 o (f:[n];}/).

3) Recently, in [ 1] the following operators were introduced:

{7
<
S
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Kn,p(f;q’x)
ntp [k+1]g/[n+1]
n+ _ _ q q
=n+1]g > [ kP ] k(1 —x)ntrky k/ feydRe,
k=0 q [k]q/["+1]q

where f € C[0,1+4 p], 0 <g <1, x € [0,1]. When p = 0 we recover the oper-

ators B (f:q,x) studied in [5]. Using the notations r’ = p, a(n,k,r,q) = [n[i]lq]q,
b(n,k,r,q)= [kt 1y u(n,k,q)=0,v(n,k,q)=1fork =0,1,...,n+ p, we obtain

[n+1]g°

Ly (fix) = Kn,p(f14.%).
Analogously to the previous two cases, and taking into account Theorem 2, we

find that
Knp (/4.0 = FOI = (1492 £ 0+ 1000, 7).

In what follows we introduce some new g-Bernstein type integral operators.
4)For f €C[0,1],0<g < 1,x€][0,1], p €{0,1,2,...}, we consider the operators

UP(f:q.x)
[k+p+1]g/[n+p+1]g

=n+p+ilg ). [ Z } xk(1 —x)g—kq—l’—k/ fydEe,
k=0 4q

[k+plg/[n+p+1],

where f € C[0,1+ p], 0 <g < 1, x € [0,1]. Using the notations r = p, r' =0,

k k 1
an,k,r,q)= %, b(n,k,r,q) = %, u(n,k,q) =0, v(n,k,q) =1 for

k=0,1,...,n, we have Ly’ (f:x) = UZS (f:q,x).
We verify the conditions of Theorem 1 as follows:
(i)fork =0,1,...,n we have

[k + pl4, 1 [k+p+1lg, —lk+plg,  [klg,
[n + p + 1]%1 1 + dn [l’l + p + 1]‘In [n]CIn
et pla,  Kay |, 1 _| Koy +d5ple, g, | 1
o [ﬂ + P + l]qn [”]qn [n]Qn [n]qn + q;tl [p + 1]411 [n]CIn [n]Qn

_ lan[Pla, Mg, =4 (p + g, Kla,| 1
[n]qn n+p+ l]qn [n]qn
Pl +(p+Dltly, | 1 _2p42,
[nlg,[n + p+1]g, [nlg, = [nlg,




888 Z.FINTA

(ii) using (3.1), we have for k = 0,1,...,n that
'( et Plan \*, 5 Wt pla, [k+p+g,—[k+plg, |
[

”+P+1]qn [”+P+1]qn [”+P+1]qn L +4qn
([k +p + g, — [k + Plg, )2 L [k, k=1,
[n+p+ l]qn I+qgn+ ‘I% [”]qn [n— l]qn
B ( [k + pl, )2_ ([k]qn)z ([km )2_ Ky, k= 1]g,
“I\[In+p+ l]qn [n]qn [n]qn [n]qn [n— l]qn
+ 2 + :
[”]qn [n]qn
- { [k + plg, [k1q. } [k + plg,  [k—1]g, 3
“lnt+ptllg, [nlg, [nlg, [n—1lg, [n]g,
2p+1 gy 'n—Klg, 3 _4p+2  nlg, 1 3
N [n]Qn [n]Qn [n - I]Qn [n]Qn N [n]QH [n - I]Qn [n]CIn [n]QH
- 4p +7

Hence, by Theorem 2,

UP(f1q.x)— f()] < {1+ /8p+ 1T} o(f:[n]5}/?).
5) For f € C[0,1+ p]. p€{0.,1,2,...}, 0 < g <1, x €[0,1], we introduce the
operators

1 n+p—1
VE(fia.0 == O +31g ) [nzp Lx"(1—x)z+p—k

k=1
Klg | 1
nlg 2
4 [nlg f(t)th+x"+pf M ‘
gl — L ! [n]q
(e (017
We setr’ = p,

a(n.0.r.9) =0, bn.0.rg)=1 u®n04) =0, v(n0q) =0
[k]q 1 (klq 1

a(nk,r.q) = ——5, bnk,rq) =%+,
g [nlg (g~ (]2

u(n,k,q) =0, vnk,q)=1,fork=12,....n+p—1;
a(n,n+p,r,q) =0, b(m,n+p,rq) =1,

[n+ plg
[n]q ’

u(n,n+p,q) = v(n,n+p,q) =0.
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Then L,r;,rq/ (f:x) = V! (f:q.x). In what follows, we verify the conditions of The-
orem 1.

(i) for k = 0 it is obvious; fork = 1,2,...,n+ p—1 we have
(k14 1 2 1 (kg

[nlg, [n) I3 1+4n  [n+plg,
_ Ko+ Pl —la) | 3 _ p+3
B [n]g,[n+ plg, [nlg, ~ [nlq, ’
and for k = n + p we have

[n+p]Qn_[n+p]Qn —
[n]g, [n + plg, [n]g,, [nlg, ~ Inlg,’

(ii) for k = 0t is obvious; fork = 1,2,...,n + p—1 we have

Koy 1\, o Wa 1) 2 1

nlg, 12 g, 02 ) 02 T+ dn

LA M k-1,

M2 1+qn+q7  [n+plg, n+p—1]g,

(¥ 1 2_( Kl )
“|\ g, 112 [+ plg,
( [Kg, )2_ Klg,  [k=1]g,

[n+ plg, [n+ plg, [n+ p—1]g,

_ [n+plg, =[nlg, _ qnlPla, _ P

4 [n+ply, 4 ‘ 1 1
7, [nlg, Mz, ' 1+gn+q7 1+4n

| Klg, 1 n (klg, [klg, 1 [klg,
| nlg, 2 In+plg, || 0lg, 02 [n+plg,
[n+ P]qn [n+p— l]qn [n]qn [”]qn

< {[”+P]qn +1+1} { [k]qn([”+P]qn—[”]qn)+ }
(7], [n+ plg,[nlg, [n]g,,
g '+ p—Klg, | 4p+2)
[n+ plg,[n+p—1lg, [n]q,
p+1 . [ng, 1 +4(p+2)<p2+7p+12

=(r+2) [n]g, * [n—1lg, [nlq, g, — e
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(see (3.1)); for k = n + p we have

([n+p1qn)2_[n+p1qn n+p—1lg, ‘

[n]q, [n+ plg, [n+p—1lg,
— [n + p]qn + [n]‘In [n + p]‘In B [n]qn

[n]QH [n]Qn
_ 2[nlg, +4nlPla, 9nlPla, _ (p+2)-L = p2+2p
[n]qn [n]qn B [n]qn [n]qn

Choosing C; = p +3 and C, = p? +7p + 12, we have, in view of Theorem 2, that

V(3400 = 0] = 1402+ 9p + 18} £ 1], 7).

6) Analogously, for

WP (f:q.x)
[+ k n+p—k ,—k Tt R
=(nlg+P Y| " T | =gt L fdf
k=0 q g +8

where f € C[0,14 p], p€{0,1,2,...},0<g <1, x€][0,1],0 <a < B, we have

(WP (f:q.x)— f(x)| <{l1+ \/m}w(f;[n];nl/z ’

where c(p,a,.B) = (@ +p+ D+ D)+ (@+B+p+HB+1)(p+1)+3a+2.
7) Finally, we consider the operators

n+p [k+1]q

> n+ _k [Ty
K,f(f;q,x>=[n+1]qz[ i ] A=yt /qmq f@0ydgt,
k=0 4 n+1lq

where f € C[0,1],0<g¢q < 1, x €[0,1]. For p = 0 we recover the operators studied
in [15]. Then, by Theorem 2, we have

RE(f1q.0— f] = {1+ 02+ Tp + 1o/ 1 ).
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