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Abstract. The paper introduces some sets of double lacunary invariant sequences defined by four
dimensional RH -regular matrices and Orlicz functions. First we study some basic properties
of such sets by equipping them with linear topological structure. Further, we investigate some
relationships among such sets under different conditions and finally compare with a set of double
lacunary statistically convergent sequences.
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1. INTRODUCTION

An Orlicz function is a function M : [0,00) — [0, 00) which is continuous, non-
decreasing and convex with M (0) = 0, M (x) > 0 for x > 0 and M (x) — oo as
X — 00.

An Orlicz function M is said to satisfy the A, —condition for all values of u,
if there exists a constant K > 0, such that M (2u) < KM(u), u > 0. Note that, if
0 <A< lthen M (Ax) <AM (x), forall x > 0.

In 1971 Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct
the sequence space for single sequences as follows:

o0
Iy = {x:(xk): ZM(%)<O®, forsomep>0},

k=1

which is a Banach space normed by

1ol =inf§p>o: ICIE 1} .

k=1
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The Orlicz sequence spaces was further investigated from sequence space point of
view and related summability theory by Esi [3], Dutta [2], Tripathy and Dutta [15],
Altin et.al. [1] and many others.

Let 0 be a one-to-one mapping from the set of natural numbers into itself. A
continuous linear functional ¢ on £ is said to be an invariant mean or a 0 —mean
provided that

(a) ¢ (x) = 0 when the sequence x = (xj) is such that x; > 0 for all k € N,

(b) p(e) =1, wheree =(1,1,1,...), and

(¢) ¢ (x) = ¢ (Xo (k) forall x = (xg) € Loo.

For certain class of mapping o every invariant mean ¢ extends the limit functional
on space ¢, the space of all convergent sequences, in sense that ¢ (x) = limx for all
x = (xg) €c.

The space [V;] is of strongly o —convergent sequence space was introduced by
Mursaleen [8] as follows: A sequence x = (xj) is said to be strongly o —convergent
if there exists a number L such that

k
1
X Z }xai(m) - L‘ — 0 as k — oo, uniformly in m.

i=1

If 0 (m) = m+ 1, then [V;] = [¢], the space of strongly almost convergent sequences,
was introduced by Maddox in [7].

A double sequence x = (xg ;) hasa Pringsheim limit L [10] (denoted by P —
limx = L) provided that given an & > 0 there exists an N € N such that ‘Xk,l — L‘ <
¢ whenever k,l > N. We shall describe such an x = (Xk,l) more briefly as " P —
convergent”.

The four dimensional matrix A is said to be RH —regular if it maps every
bounded P —convergent sequence intoa P —convergent sequence with the same
P —limit. The assumption of boundedness was made because a double sequence
which is P —convergent is not necessarily bounded. Using this definition Robison
and Hamilton, independently, both presented the following Silverman-Toeplitz type
characterization of RH —regularity.

Proposition 1 ([5, | 1]). The four dimensional matrix A is RH —regular if and
only if

RHy: P —limy, pap u k1 =0 for each k and [;

RH; : P —limy, , Z](:?[’O:ol’lam,n,k,l =1;

RH3 : P —limy, 21201(:11 ‘am,n,kﬂ = 0 for each [,

RH4: P —limy, , Z/ioliol . ‘am,n,k,l| = 0,for each k;

. 00,00
RHS * k’l=1,1 }am’n’k’l

R Hg : There exist finite positive integers A and B such that Zk,l>B ‘am,n,k,l{ <

is P—convergent;
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The double sequence 6,5 = {(k,,/s)} is called double lacunary sequence if there
exist two increasing of integers such that

ko=0, hy =k, —ky_1—>00 asr — o0
and .
lo=0, hy=I—1l3_1—> 00 ass — 0.
Notations: k, s = kylg, hys = hrm and 0, s is determined by
Irs ={(k,1): kp—1 <k <krand ;1 <l <},
ky ls
kr—l ls—l

,6]s =

qr = and qrs = qrqs-

(see [7]).
The set of all double lacunary sequences denoted by Ny, & and defined by Savas

and Patterson [13] as follows:
1
Ny, . = x=(xk1): P —lim— Z !xkl—L|=0, for some L
N s 7,8 hrs s
o (kElr s

For some relevant literature, we also refer to Savas and Patterson [14].
Let 0,5 = {(kr,l5)} be a double lacunary sequence, M be an Orlicz function,

p = ( pk,l) be a factorable double sequence of strictly positive real numbers and

A= (am,n,k,l) be a nonnegative RH —regular summability matrix method. We
now define the following new sets of double sequences:

wg (4. M, p)g, . =

Pk.1
. Xk 1
x = (x) 0 P —limy ﬁ Y kel dmnkl | M “<P—M>:| =0, ,
uniformly in (p,q),for some p >0
w? (A, M, p)g =

Dkl
) . 1 ok (p).ol @ L
X = ()Ck’l) . P —llmr,s HZ(/C,Z)GILS Am,n.k,l |:M ( o~ (p ; q ):| = 0,

uniformly in (p,q),for some p >0 and L

and
wi (A.M.p)§ =

Dk.l
Xk 1
|:M <| o (pl)).a @) ):| < 00,

— . 1
X = (xk,l) “SUPm.n,r.s,p.q Tiry Z(k,l)elr,s Am,n.k,l
for some p > 0

When M(x) = x, for all x € [0,00) we have the following sets of double se-
quences:

wg (A’p)gr..v =
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. 1 1 i
x = (X)) P =Ny =3 ety Qoo [Xok (p).01 (@) =0,
uniformly in (p,q) ,

U)2 (A’p)gr..v =

. : Pk,
x = (xksl) PP —limy ﬁz(k,l)elm Am,n.k,l }xak(p),al(q) _L| =0,
uniformly in (p,q), for some L ’

and
wa, (A, p)g, =

1
Z Am.n k.l |xak(p),af(q)}pk‘l <0

x=(xgs): sup -
7,8

m,n.r,s,p,q (k,)elrs

When o (p) = p+ 1 and 0 (g) = g + 1, we have the following sets of double
sequences:
Wy (A, M, p)g, =

Pkl
. P
X = (xk,l) D P —limy le Z(k,l)elm Am,n .kl [M | kﬂ;’Hq')} =0, ,

uniformly in (p,q), for some p > 0

W (A, M. p)g, =
|xk+p.z+q—1~|)}pk'l =0,

. : 1
x = (xpg) : P —limps EZ(k,Z)elm Akl | M 0

uniformly in (p,q), for some p > 0 and L

and
—~2
woo (A»Ms P)em =
it paral \ 17
1ZKrp.lral < 00,

_ ) 1
X = (xk,l) *SUPm.n.r.s,p.q Bys Z(k,l)EIr.x Am,n k.l |:M ( 0

for some p > 0

When pi ; =1, for all k,/ € N, we obtain the following sets of double sequences:

wg (A, M)g, ==

x = (xg) : P —lim, ﬁz(k,l)elm o |:M (xak(p;.al<q)|>:| 0.
uniformly in (p,q),for some p > 0
w? (A, M)f =
x = (x) 1 P —lims ﬁz(k,l)el,.!s s | M xak(p>.Zl(q)_L|):| =0,

uniformly in (p,q),for some p > 0 and L

and
wa, (A, M)g =
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_ . 1 ’xak(p).ﬁl(q)‘
X = (Xk,l) : supm,n’,,s’p’q Tirs Z(k,l)elr,s Am,n k,l |:M (—p < 00,

for some p > 0

2. MAIN RESULTS

In this section we shall investigate relevant properties of the sets defined in previ-
ous sections.

Theorem 1. Let p = (Pk,l) be bounded. The classes of sequences w2 (A, M, p)gr \
w? (A, M, p)g and w3, (A, M, p)g  are linear spaces.

Proof. 1t is easy, so we omit it. g

Theorem 2. Let 0 < h =inf py ; <sup px; = H < 00, and let A is a nonnegative
RH —regular summability matrix method. For any Orlicz function M, if f =
limy oo 2O > 1, then w? (4, p)§, = w? (A, M. p)§ .

Proof. Let 0 < h =infpy; <suppr; = H <ooand x = (xx;) € w? (4, p)g
and let 0 <& < 1 and § with 0 < § < 1 such that M (¢) < ¢ for 0 <t < §. We can
write for each m and n

Z Am.nk,l [M (’xa"(P),ol(q)—L\)Tk’[

(D)elr s p

= Z Am.n k,l |:M(‘xok(p)aal(q)_l“)}pk.l

(k.Delr,s p

‘xak (»).ol (q)_L‘f‘g

|xcr"(p) al(q) _L{ P
+ Z Am,n.k,l M . .

(k.Helr.s p

‘xak(p),dl (q)_L‘>8
Then
Dk.1
}xak(p),al(q) —L|
Z Am,n,k,l |:M<

(k.D)elr,s p

‘xak(p).txl(q)_l“f(s
h
<e" Y ammki @.1)

(kD)El, s
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On the other hand, we use the fact that

Yok (p),o (@)~ L]
0

|

where [|¢|] denotes the integer part of ¢. Since M is Orlicz function we have

v (\xok(p),ol(q)—L\) - M),
0

Yok (p).otiq) — L] <1 +[

Now, let us consider the second part where the sum is taken over !xgk( ».oliq)— L] >

)
—L Dkl
Z Am.n k.l [M (‘xak(p)":(q) ‘):|

Thus
(k.Delr,s

’xak(p).al(q)_L’>8

= Z Am,n.k,l |:M (1 + |:

(k.Delrs
—L‘>8

Xk (p).o (@) ~ L]
P

i

( Xk ()0l (q) — L| )pk’]

P

‘xak (»).ol@)

<M 5N Y dpai

(k,D)elr s

This and from (2.1) and RH —regularity of A, we are granted that x = (Xk,l) €
w? (A, M, p)gr .- Observe that in this part of the proof we did not use B>1.Letg>1

and x = (Xk,l) cw?(4A,M, p)grs. Since 8 > 1 we have M (¢t) > Bt for all £ > 0.
It follows that x = (xg ;) € w? (4, M, p)g, , implies x = (Xk.1) € w? (4, p)g, , and
this completes the proof. g

Theorem 3. wj (A, M,p)g , w?*(A,M,p)g and w3, (A,M,p)g are com-
plete linear topological spaces with the paranorm

g ((xk1)) =

1

pka\ T
Pk, 1 Xk l
nfd % 5 0:  sup (h 5 am,n,k,{M<M)} ) o
m.n,r.s,p.q P

DS (ke yelr.s

where T =max(1,H), H = supy ; pg,1 < 0.

Proof. Clearly g(0) =0, g(—x) = g(x).
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Let x = (xg,1), ¥ = (Vk.1) € w3 (4, M, p)g . Then there exist some prand py

such that
1
1 Yok (p).0 (@) S
sup > ampp | M [

m.n,r.s,p,q \ Pr.s (k.1)el, s Y

1
: b’ k ! { P\ T
sup Z Am,nk,l |:M (M)} .

m,n,r,s,p,q S (k)el, s p

Let p = p1 + p2. Then we have

and

=

-

1 I |xak(p),c7’(q)+y0k(p),01(q)| 1
sup 7 Z Am,n,k,1 M
ISP\ TS ey L P i
1
1 i |Xk 1(q) T Yok ! ‘ 1A
sup Z P M( a*(p),o (q)+ a”(p),o'(q) )
MALTS DA\ S (ke Dely L P P2 i
X,k 1
=< Supm,n,r,s,p,q(ﬁ,s Z(k,l)elr,s am,n,k,l[mﬁ}pzM (| - (1;))1ﬂ (Q)))
P2 4y |y0k(p),01(q)| ]pkgl)%
p1+p02 02
By Minkowsky’s inequality
1
T

Pk.1
o1 1 Xok (91,01 @]
< su Amn ki | M
(Pl +Pz) m,n,r,F,p,q hr, Z " |: ( P

"5 (kD)elr.

Dk.1
02 1 Yok (o' @]
+(——] su Amaed | M\ —— =—— =t
(P1+,Oz)m,n,r,£p,q h Z e |: ( p2

s (k.D)elr s

~-

Now b
g ((xk1) + (yies)) =inf{p™ 7 >0:

1 |x0’°(p),ol(q)+y0k(p),0’(q)i i
sup h_ Z Am.n kI M fl}

m,n,r.s,p,q TS (k1yely s P

~-

=

2l 1 Kok ot Y17
inf{p, " >0: sup Z Ampnil | M LAY 2LLa VoAl <1
m,n,r,s,p,q 7,8 k.Dyelr s P1

~-
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+

1
pka\ T
Pkl 1 '
inf{p,” >0: sup (_h > am,n,k,l|:M(—|yak(p)’al(q)|):| ) <1
m,n,r.s,p,q : P2

"5 ke yelr s

=g ((xx1)) + g (1))
Let A € C, then the continuity of the product follows from the following equality:

. Pk.l
g()t(xk,l)) =inf{p 7 >0:

1 chk(p)o’(q)‘ P
sup Z Am,n k,l M| ————————— <1,p>0}

m,n,r,s,p,q S (kD)el, s P

~-

Pk.l
=inf{(|A|r) T >0:

1 AXok (p).0l (@) o
sup Z Ampil | M| —————— <1,r >0}

mon,rs,p,q \ Pr.s (k.1)el, s Y

= |Alg ((xk.1))

_
A,

Now (xlsc,l) is a Cauchy sequence in w2, (4, M, p)gm . Then

~-

where %

g((x,scl—xltcl)) — 0ass,t — oo.
For given ¢ > 0, choose r > 0 and x, > 0 be such that % >0and M (%) > 1.

Now g <(xlsC ] —x,’C l)) — 0 as s, — oo implies that there exists 1, € N such that

g((xs —x! )) <2 foralls,t >n
k,l k,l X, 0= o
This implies

. Pkl
inf{p"7 >0:

Dkl T
1 Xk (ol (@)~ Yok (p)o (q)‘
sup Z Am,n k.l M P =< 1}

m,n,r,s,p,q hrss (k,))el, s

rXo
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Now from (2.2) we have,

M

X3 / _xtk / ‘
ak(p)ol(@) “dkpel@] | _ | < M(%)
P - 2

s _
Yok (p),0 (q) xak(p),cl(q)‘ <X

s((hi-vk)) 2

o & e

=

=

. ; rx
Yok (p).ol (q) _xak(p),cl(q)‘ < 2 rx, 2

This implies that (x(sI k(p).o! (q)) is a Cauchy sequence of real numbers.
Let limg— o0 xfyk(p) ol (q) = Yok (p).ol (q) for all k,/ € N. Using continuity of M, we

have

s ot
Yok (p)o! @ xok(p),w(q)‘ -

lim M

t—>00 1Y

1

A
P

=M 1.

Let s > n,, then taking infimum of such p’s we have g ((x]sc 1~ Xk l)) < &. Thus
(x]sc,l _xk,l> € w2 (A, M, p)gm. By linearity of the space w2 (4, M, p)gm we
have (xk,l> cw (A, M, p)gm . Hence w2, (A, M, p)gm is a complete space. [

Proposition 2. We have the following inclusions
(@) w2 (4. M. p)g,  C wk (A M.p)} .
(b) w2 (A, M, P, C w2 (A, M, P)g,, -

Proof. It is easy, so we omit it. O

Theorem 4. The spaces w2 (A, M, p)g, , and w? (A, M, p)g, , are nowhere dense
subsets of w2, (A, M, P)3, .,

Proof. The proof is clear in view of Theorem 3 and Proposition 2. O
Theorem 5. (a) If 0 <h =infpg; < px; <1, then

w? (4, M, p)g  Cw?(4,M)g .
(b) If 1 < pg, <sup pg,; < 00, then

w? (4, M) Cw?(4,M,p)j .
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Proof. (a) Let x = (xx;) € w? (A, M, p)g, .. since 0 <h =infpy; < pr;s <1,
we obtain the following:

S miaM (}xok@),al(q)—ﬂ)

(e)el, s p
Kot myot@— LI\ |7
= Z Am.n.k,l M
(k,)elr p

thus x = (x ) € w? (A, M)g_ .
(b) Let px; > 1 foreach k , I and sup pg ; < oo andletx = (xk,l) cw? (4, M)gm .
Then for each 0 < & < 1 there exists a positive integer K such that

Z a k1M<|xUk(p)’ol(Q)_L‘)<£<l
m,n.k, =

(kD)elrs P
for all n,m > K. This implies that

Y kl[M(}x(,k(p),gz(q)—L|)T’“’
m,n,K,

k)l r.s P
Xsk 1 —L
< Z A a M <| aX(p),o’(q) |) .
k)l s P
Thus x = (x¢,1) € w? (4, M, p)g . This completes the proof. O

3. DOUBLE STATISTICAL CONVERGENCE

The concept of statistical convergence for single sequences was introduced by
Fast [4] in 1951. Later, Mursaleen and Edely [9] defined the statistical analogue for
double sequence x = (Xk,l) as follows: A real double sequence x = (xk,l) is said to
be P —statistical convergence to L provided that for each ¢ > 0

1
P—lim—|{ (k,[) e NxN: k<m., <n;
m,nmn

xk,l—L‘ 28}‘ =0

where the vertical bars indicate the numbers of elements in the enclosed set. In this
case, we write st —limg ; xx ; = L and we denote the set of all P —statistical
convergent double sequences by st;.

Definition 1 ([12]). Let 6,5 = {(k,,l5)} be a double lacunary sequence, a real
double sequence x = (xx;) is said to be uniformly S(29 o) — Convergent or uni-
formly (6,0) —convergence to L provided that for each ¢ > 0

1
P —1521:%;4}{ (k.)€ Irs: |Xgr(p)ot(q)—L| =€} =0.
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In this case, we write S(z19 o) —limg ; x¢; = L and we denote the set of all P —

statistical S(ze’g) —convergent double sequences by S(zg’a).

In this section we give some relationship between the double sequence spaces
2 2 o
S(B’U) and w=(M)y

Theorem 6. If M be an Orlicz function, then w? (M )gr.s CcS (29, o)’ where

= P _1i 1 ‘xﬂk(p),ol(q)_]“) _
w2 (M)z” _ ) x= (xk,z) : P —lim, ¢ Firs Z(k,l)elm M (—p ) =0,

uniformly in (p,q) ,for some p > 0 and L

Proof. Suppose that x = (x ;) € w?*(M)g and & > 0, then we obtain the fol-
lowing for every p and ¢

1y M(M)ZL 3 M(}xaum,az@—H)
hrs g hyetss p hrs et P

Li=¢

Yok (p).ol @)~

M (g)
= s \{(k,l)elm: |xok(p),0’(q)_L|ZE}|'

Hence x = (Xk,l) € S(ZH’U). U

Theorem 7. Let M be an Orlicz function. Then S(Ze,g) Ne2 c w? (M)gr_s.

Proof. Let x = (xk,l) € S(ze o) N 2. Since x € {2, we can find a positive number
K such that M(x) < K, for all x > 0. Then for each p and g, we have

1 3 M(’xak(p),of(q)—L\)
hrs Gyt p

- L Y u (}x(,k(,,),az(q) —L})
hy,s

(k)el, s p

L

>e

’xak (».ol@)”

1 | Xk (p),0t (q) — L]
+— > M( o p)ola

RS (dyelyy p

‘xok (p).o! (11)_L‘<‘8

K
= —R&Delrs: |xorpot@— LI Z e[+ M ()
r,s

and thus the Pringsheim’s limit on r and s grant us the result. O
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