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Abstract. In this paper we establish a class of Hardy–Sobolev type inequalities related to gener-
alized Baouendi–Grushin operators. Our results contain the well-known Hardy type inequality
and Sobolev type inequality for the class of operators. Furthermore, some new inequalities are
obtained.
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1. INTRODUCTION

In [6], a Hardy type inequality for the generalized Baouendi–Grushin vector fields

Zi D
@

@xi
; ZnCj D jxj

˛ @

@yj
; .1� i � n; 1� j �m/

where x D .x1;x2; : : : ;xn/ 2 Rn, y D .y1;y2 : : : ;ym/ 2 Rm, ˛ > 0, is given byZ
RnCm

u2

d2
 2˛dxdy �

�
2

Q�2

�2Z
RnCm

jrLuj
2dxdy; (1.1)

for u 2 L2
�
RnCm; 2˛dxdy

�
and jrLuj 2 L2.RnCm/, with rL D .Z1; : : : ;Zn,

ZnC1 : : :, ZnCm/. Using (1.1), a unique continuation for the generalized Baouendi-
Grushin operator

L˛ D�xCjxj
2˛�y D

nCmX
iD1

Zi DrL �rL

was proved. The proof of (1.1) used representation formulae of functions by the
fundamental solution of L˛ at the origin.
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The general version of (1.1) was established with a different approach in [10]. For
any open subset ˝ � RnCm, D’Ambrosio obtained also the following Hardy type
inequalities in [3]:

Let p > 1; n;m � 1; and ˇ;  2 R such that nC .1C˛/m >  �ˇ�p and n >
˛p�ˇ. Then, for every u 2D1;p

�
˝; jxjˇ�˛p d .1C˛/p�

�
it follows

c
p

Q;p;ˇ;

Z
˝

jujp
jxjˇ

d
dxdy �

Z
˝

jrLuj
p
jxjˇ�˛p d .1C˛/p�dxdy; (1.2)

where cQ;p;ˇ; D
QCˇ�

p
. If .0;0/ 2˝, then the constant (1.2) cp

Q;p;ˇ;
is sharp.

Recently, a Sobolev type inequality for the vector fields Z1; : : : ;ZnCm (see [7])
states �Z

RnCm
juj2

�

dxdy

� 1
2�

� S

�Z
RnCm

jrLuj
2dxdy

� 1
2

; (1.3)

where S is a positive constant, 2� D 2Q
Q�2

; Q D nC .˛C1/m is the homogeneous
dimension with respect to the dilations

ı� .x;y/D
�
�x;�˛C1y

�
; � > 0; .x;y/ 2 RnCm; (1.4)

which is induced by L˛. Inequality (1.3) contains the result for ˛ D 1 in [2].
We define the following distance from the origin on RnCm

d .x;y/D
�
jxj2.˛C1/C .˛C1/2 jyj2

� 1
2.˛C1/

:

It is easy to check that

rLd D
jxj˛

d2˛C1
.jxj˛ x1; jxj

˛ x2; : : : ; jxj
˛ xn;

.˛C1/y1; .˛C1/y2; : : : ; .˛C1/ym/;

jrLd j
2
D
jxj2˛

d2˛
D  2˛:

Let C k0 .˝/ be the set of functions with compact in C k .˝/ and 1 < p <1. We

denote by D1;p .˝/ the closure of C10 .˝/ under the norm
�R
˝ jrLuj

p d�
�1=p.

In this paper we will establish a class of Hardy-Sobolev type inequalities related to
generalized Baouendi-Grushin operators. Our results contain the well-known Hardy
type inequality and Sobolev type inequality for the class of operators.

This paper is organized as follows. In the next section, we prove a Hardy-Sobolev
type inequality for L˛. This generalizes the inequalities in the Euclidean space in
[1]. In Section 3, we give some new Hardy type inequalities on bounded domains.
Our results include those of [3].
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2. HARDY-SOBOLEV INEQUALITIES

In this section, set .x;y/D .x0;y0;x00;y00/D .´1;´2/2RnCm with ´1D .x0;y0/2
RkCl ´2 D .x00;y00/ 2 Rn�kC.m�l/, 1� k � n;1� l �m, and

d1 D d
�
x0;y0

�
D .

ˇ̌
x0
ˇ̌2.˛C1/

C .˛C1/2 jy0j2/
1

2.˛C1/ :

We denote by B 0R .R/ D f.x
0;y0/ 2 RkCl j d1 < Rg the open ball centered at .0;0/

with radius R > 0, and put rL0 D .Z1; : : : ;Zk;ZnC1; : : : ;ZnCl/.
We note that the polar coordinate transformation defined in [5, 8] implies

d´1 D dx
0dy0 D �kC.˛C1/l�1d�d�1; (2.1)

where d�1 D
�
1
˛C1

�l
jsin� j

k
˛C1
�1
jcos� jl�1d�d!kd!l , and !k and !l are the Le-

besgue measures of the unitary Euclidean spheres in Rk and Rl , respectively.
The main inequalities in this section are the following.

Theorem 1 (Hardy-Sobolev type inequalities). Let us assume that s satisfies the
relations 0� s � 2 < kC .˛C1/l �Q, and put

2� .s/D
2.Q� s/

Q�2
:

Then there exists a positive constantC .s;˛;k; l/ such that for every u2D1;2.RnCm/Z
RnCm

jx0j
s˛

d s˛1

juj2�.s/

d s1
dxdy � C

�Z
RnCm

jrLuj
2dxdy

�Q�s
Q�2

; (2.2)

where D1;2.RnCm/ is the completion of C10 .R
nCm/ under the norm

kuk D

�Z
RnCm

jrLuj
2dxdy

�
1
2 :

Remark 1. If s D 0; k D n; l Dm, then (2.2) is (1.3); if s D 2; k D n; l Dm, then
(2.2) is (1.1).

We prove first a lemma, which gives a representation formula of functions only
depending on vector fields .Z1; : : : ;ZnCm/ and dilation of L˛. It establishes the
connection between the function u and its generalized gradient rLu.

Lemma 1. For any u.x;y/ 2 C10 .R
nCm/, we have

u.x;y/D�

Z 1
1

"
1

� jxj2˛

*
rLu;rL

 
d2.˛C1/

2.˛C1/

!+#
ı ı�d�: (2.3)

Proof. Clearly,

rL

�
d2.˛C1/

�
D 2.˛C1/d2˛C1rLd D 2.˛C1/ jxj

˛�
jxj˛ x1; jxj

˛ x2; : : : ; jxj
˛ xn; .˛C1/y1; .˛C1/y2; : : : ; .˛C1/ym

�
: (2.4)
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By (1.4) and (2.4), one has
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D

"
1
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*
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!+#
ı ı� .x;y/ : (2.5)

Therefore, we obtain

u.x;y/D�

Z 1
1

d

d�
.u.ı� .x;y///d�

D�

Z 1
1

"
1

� jxj2˛

*
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d2.˛C1/

2.˛C1/

!+#
ı ı�d�;

as required. �

Remark 2. We note thatrL
�
d2.˛C1/

�
D 2.˛C1/d2˛C1rLd in the proof above,

and so ˇ̌
rL

�
d2.˛C1/

�ˇ̌2
D 2

�
.˛C1/d2˛C1

�2
jrLd j

2

D Œ2.˛C1/�2 jxj2˛ d2.˛C1/: (2.6)

Proof of Theorem 1. We need only to consider the cases where u � 0 and u 2
C10 .R

nCm/. Introduce the notation S1 D @B 01 D
˚
.x0;y0/ 2 RkCl .x0;y0/D 1

	
and

# D .�1; �2/D .�11; : : : ; �1k; �21; : : : ; �2k/ 2 S1. We introduce the transformation

´1 D
�
x0;y0

�
D .�;#/ ;
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where �D d1, # D .�1; �2/D ı 1
�
.x0;y0/. By Lemma 1, we get

Z
RnCm

jx0j
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�s˛
juj2�

�s
dxdy D

Z
Rn�kC.m�l/
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1
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Putting

F D
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!+
;

we obtain from (2.1) that

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy (2.8)

D�

Z 1
1

d�

Z
Rn�kC.m�l/

d´2

Z
RkCl

jx0j
s˛

�s˛Cs
F

�
ı ı�.x

0;y0/d´1

D�

Z 1
1

d�

Z
Rn�kC.m�l/

d´2

Z
S1

d�1

Z 1
0

�s˛j�1j
s˛

�s˛Cs
F

�
ı ı�� .#/�

kC.˛C1/l�1d�

D�

Z 1
1

��.kC.˛C1/l�1�s/�2d�

Z
Rn�kC.m�l/

d´2

�

Z
S1

d�1

Z 1
0

j�1j
s˛F ı ır .#/r

kC.˛C1/l�1�sdr .��D r/

D�
1

kC .˛C1/l � s

Z
Rn�kC.m�l/

d´2

Z
RkCl

jx0j
s˛

�s˛Cs
Fd´1

D�
1

kC .˛C1/l � s

Z
Rn�kC.m�l/

d´2

�

Z
RkCl

jx0j
s˛

�s˛Cs

"
1

jx0j2˛

*
rL0u

2� ;rL0

 
�2.˛C1/

2.˛C1/
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Now we consider the cases 1� s � 2 and 0 < s < 1, respectively.
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Case 1: 1� s � 2. If 1 < s < 2, then (2.6), (2.9) and Hölder’s inequality yield

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy

�
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kC .˛C1/l � s
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Z
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kC .˛C1/l � s

Z
RnCm
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u2��1 jrL0ujdxdy

�
2�

kC .˛C1/l � s

Z
RnCm

jx0j
˛.s�1/

�˛.s�1/

u2�
s�1
s

�s�1
u2�

1
s
�1
jrLujdxdy

�
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kC .˛C1/l � s

�Z
RnCm

jx0j
s˛

�s˛
u2�

�s
dxdy

� s�1
s
�Z

RnCm
u2
�

dxdy

� 2�s
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�

�Z
RnCm

jrLuj
2dxdy

� 1
2

: (2.10)

By the Sobolev type inequality (1.3) we have

Z
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy

�

�
2�

kC .˛C1/l � s

�s�Z
RnCm

u2
�

dxdy

� 2�s
2
�Z

RnCm
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2dxdy

� s
2

�

�
2�

kC .˛C1/l � s

�s
S
2�.2�s/

2

�Z
RnCm

jrLuj
2dxdy

� s
2
C 2
�

2
� 2�s
2

D

�
2�

kC .˛C1/l � s

�s
S
2�.2�s/

2

�Z
RnCm

jrLuj
2dxdy

�Q�s
Q�2

: (2.11)

For s D 1, relation (2.10) leads one to

Z
RnCm

jx0j
˛

�˛
juj2�.1/

�
dxdy �

2� .1/

kC .˛C1/l �1
S
2�

2

�Z
RnCm

jrLuj
2dxdy

�Q�1
Q�2

;

(2.12)
where 2� .1/D

2.Q�1/
Q�2

.
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If s D 2, then 2� D 2 and by (2.10), it followsZ
RnCm

jx0j
2˛

�2˛
juj2

�2
dxdy �

2

kC .˛C1/l �2

Z
RnCm

jx0j
˛

�˛C1
u jrLujdxdy

�
2

kC .˛C1/l �2

�Z
RnCm

�
jx0j

˛
u

�˛C1

�
2dxdy

� 1
2
�Z

RnCm
jrLuj

2dxdy

� 1
2

;

namely,Z
RnCm

jx0j
2˛

�2˛
juj2

�2
dxdy �

�
2

kC .˛C1/l �2

�2Z
RnCm

jrLuj
2dxdy:

Case 2: 0 < s < 1. Using

2� .s/D
2.Q� s/

Q�2
D .1� s/2�C s2� .1/

and (2.12), we haveZ
RnCm

jx0j
s˛

�s˛
juj2�

�s
dxdy D

Z
RnCm

juj.1�s/2
�

 
jx0j

˛
u2�.1/

�˛C1

!s
dxdy

�

�Z
RnCm

juj2
�

dxdy

�1�s Z
RnCm

jx0j
˛

�˛
juj2�.1/

�
dxdy

!s

� S2
�.1�s/

�Z
RnCm

jrLuj
2dxdy

� 2�.1�s/
2

�
2� .1/

kC .˛C1/l �1
S
2�

2

�s
�

�Z
RnCm

jrLuj
2dxdy

� .Q�1/s
Q�2

D S
2�.2�s/

2

�
2� .1/

kC .˛C1/l �1

�s�Z
RnCm

jrLuj
2dxdy

�Q�s
Q�2

;

and the proof is complete.
�

3. HARDY TYPE INEQUALITIES ON BOUNDED DOMAINS

In this section, let˝ � RnCm denote any bounded domain, .x;y/D .´1;´2/ 2˝,
d1 D d .x

0;y0/, B 0R .R/, rL0 as before. Define

r�´
�
�2C

ˇ̌
x0
ˇ̌2� 12

;

��´

�
Ik 0

0 r˛� Il

�
;
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and set ��r D r�L0 . For any vector field h 2 C 1.˝1;RkCl/, we shall write div�L0 D
div.��h/.

The following is the main result of this section.

Theorem 2. Let p > 1; k; l � 1; and ˇ;  2 R, be such that kC .˛C1/l >  �
ˇ�p and k > ˛p�ˇ. Then, for any u 2D1;p

�
˝; jx0j

ˇ�˛p
d
.˛C1/p�
1

�
, we get

c
p

k;l;p;ˇ;

Z
˝

jujp
jx0j

ˇ

d

1

dxdy �

Z
˝

jrLuj
p
ˇ̌
x0
ˇ̌ˇ�˛p

d
.˛C1/p�
1 dxdy; (3.1)

where ck;l;p;ˇ; D
kC.˛C1/lCˇ�

p
.

If .0;0/ 2˝, then the constant cp
k;l;p;ˇ;

in (3.1) is sharp.

Corollary 1. If 1 < p < kC .˛C1/l , then

c
p

k;l;p

Z
˝

jx0j
˛p

d
˛p
1

jujp

d
p
1

dxdy �

Z
˝

jrLuj
p dxdy (3.2)

for u 2D1;p .˝/I

c
p

k;l;p

Z
˝

jujp

d
p
1

dxdy �

Z
˝

jrLuj
p jx

0j
˛p

d
˛p
1

dxdy;

for k > ˛p; u 2D1;p
 
˝;
jx0j

˛p

d
˛p
1

!
I (3.3)

and

c
p

k;l;p

Z
˝

jujp

d
p
1

dxdy �

Z
˝

jrLuj
p jx

0j
.˛C1/p

d
.˛C1/p
1

dxdy (3.4)

for k > .˛C1/p; u 2D1;p
 
˝;
jx0j

.˛C1/p

d
.˛C1/p
1

!
;

where ck;l;p D
kC.˛C1/l�p

p
.

In order to prove our results, we will use the following statement in [3].

Proposition 1. Let � > 0; and h 2 C 1
�
˝1;RkCl

�
such that div�L0 h > 0. Then for

any p > 1 and u 2 C 10
�
˝;RnCm

�
, one hasZ

˝1

jujp div�L0 hd´1 � p
p

Z
˝1

jhjpjdiv�L0 hj
�.p�1/

jr
�
L0ujd´1: (3.5)

The following proposition is also useful. For a similar description in the Euclidean
space see [9].
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Proposition 2. If ! 2 C10
�
RnCm

�
, then

inf
!2C10 .RnCm/;!¤0

R
RnCm jrL!j

pdxdyR
RnCm j!j

p dxdy
D 0: (3.6)

Proof. Set ' 2 C10 .R
nCm/ to be a nonnegative radial function and satisfy

' .d/D

(
1 if d � 1

2
I

0 if d � 1;

with
R

RnCm '
pdxdy D 1. Letting � < 1 and putting '� .d/ D �

�
Q
p '

�
d
�

�
, we getR

RnCm '� .d/
p dxdyD 1. Note thatrL'� .d/D �

�
Q
p
�1'0

�
d
�

�
rLd . Setting d D ��

and using (2.1) in RnCm, we getZ
RnCm

jrL'� .d/j
p dxdy D ��Q�p

Z
RnCm

 p˛

ˇ̌̌̌
'0
�
d

�

�ˇ̌̌̌p
dxdy

D ��psn;m

Z
f�<1g

�Q�1
ˇ̌
'0 .�/

ˇ̌p
d� �! 0 .�!1/

where

sn;m D

�
1

˛C1

�m
!n!m

Z a2

a1

jsin� j
nCp˛
˛C1

�1
jcos� jm�1d�:

This completes the proof. �

Proof of Theorem 2. Without loss of generality, we shall consider a smooth func-
tion u 2 C10 .˝/. The general case will follow by the density argument. For � > 0,
define

d1;� D
�
r2.˛C1/� C .˛C1/2 jy0j2

� 1
2.˛C1/

and

h1� D
1

d

1;�

 
x0r

ˇ
�

.˛C1/ jx0j
2
y0r

ˇ�˛�2
�

!
:

A simple computation shows that

div�L0 h
1
� D div

1

d

1;�

 
x0r

ˇ
�

.˛C1/ jx0j
2
y0r

ˇ�2
�

!

D
r
ˇ
�

d

1;�

 
kC ..˛C1/lCˇ�/

jx0j
2

r2�

!
(3.7)
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and

jh1� j D
r
ˇ�˛�2
� jx0j

2

d

1;�

�
r2˛C4�

jx0j2
C .˛C1/2 jy0j2

� 1
2

: (3.8)

Putting f� .s/D kC ..˛C1/lCˇ�/
jsj2

�2Cs2
; s � 0, it is easy to see that

f� .s/�

(
k if .˛C1/lCˇ� � 0;
kC .˛C1/lCˇ� if .˛C1/lCˇ� < 0;

(3.9)

for every � > 0 and s � 0. Since r� � �, if kC .˛C1/l >  �ˇ, then div�L0 h
1
� > 0.

Now we choose hD h1� in (3.5) and obtain

Z
˝

jujp
r
ˇ
�

d

1;�

f�
�ˇ̌
x0
ˇ̌�
dxdy D

Z
˝2

d´2

Z
˝1

jujp
r
ˇ
�

d

1;�

f�
�ˇ̌
x0
ˇ̌�
d´1

� pp
Z
˝2

d´2

Z
˝1

jh1� j
p

ˇ̌̌̌
ˇ rˇ�d1;� f�

�ˇ̌
x0
ˇ̌��.p�1/ ˇ̌̌̌ˇr�L0ujpd´1

D pp
Z
˝2

d´2

Z
˝1

jr
�
L0uj

p
r
�ˇ.p�1/
�

�
r
ˇ�˛�2
� jx0j

2
�p�

r
2˛C4
�

jx0j2
C .˛C1/2 jy0j2

�p
2

d
p
1;�d

�.p�1/
1;� f� .jx0j/

p�1
d´1

D pp
Z
˝2

d´2

Z
˝1

jr
�
L0uj

p
r
ˇ�.2C˛/p
� jx0j

2p
�
r
2˛C4
�

jx0j2
C .˛C1/2 jy0j2

�p
2

d

1;�f� .jx

0j/p�1
d´1:

(3.10)

Let m1 Dminfk;kC .˛C1/lCˇ�g> 0: By r < r� and (3.9) the right-hand side
of (3.10) can be estimated as follows:

jr
�
L0uj

p
r
ˇ�.2C˛/p
� jx0j

2p
�
r
2˛C4
�

jx0j2
C .˛C1/2 jy0j2

�p
2

d

1;�f� .jx

0j/p�1

�
jr�L0uj

p

m
p�1
1

rˇ�˛p� d
.˛C1/p�
1;� :
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Therefore, following the assumptions kC .˛C1/l >  �ˇ�p and k > ˛p�ˇ,
and applying the Lebesgue dominated convergence theorem to (3.10), we have

Z
˝

jujp
jx0j

ˇ

d

1

f
�ˇ̌
x0
ˇ̌�
dxdy D lim

�!0

Z
˝

jujp
r
ˇ
�

d

1;�

f�
�ˇ̌
x0
ˇ̌�
dxdy

� lim
�!0

pp
Z
˝2

d´2

Z
˝1

jr�L0uj
p

m
p�1
1

rˇ�˛p� d
.˛C1/p�
1;� d´1

� pp
Z
˝

jrLuj
p

m
p�1
1

ˇ̌
x0
ˇ̌ˇ�˛p

d
.˛C1/p�
1 dxdy:

This shows the claim of (3.1).
Choosing .ˇ;/D .˛p;.˛C1/p/, .ˇ;/D .0;p/ and .ˇ;/D .�p;0/ in (3.1),

implies the inequalities (3.2), (3.3) and (3.4), respectively.
Next, if .0;0/ 2˝, we prove the constant cp

k;l;p;ˇ;
is sharp. The approach here

comes from that in [9].
Let C .˝/ be the best constant in (3.1), that is

C .˝/D inf
�2C10 .˝/;�¤0

R
˝ jrL�j

p
jx0j

ˇ�p˛
d
.˛C1/p�
1 dxdyR

˝ j�j
p jx0j

ˇ

d

1

dxdy
:

From (3.1), we easily get C .˝/� cp
k;l;p;ˇ;

. We shall prove the equality sign holds.

Put � 2 C10 .˝/ and � D � .´1/! .´2/, where � .´1/ 2 C10 .R
kCl n f.0;0/g/,

! .´2/ 2 C
1
0 .R

n�kC.m�l//: By the convexity of the function .a2Cb2/
p
2 for a; b �

0; we have

�
a2Cb2

�p
2 � .1��/1�p apC�1�pbp;

where p > 1; 0 < � < 1: Therefore, we find

jrL�j
p
D j.rL .� .´1/! .´2///

2
j
p
2

D

�
jrL0�j

2!2C�2 jrL00!j
2
�p
2

� .1��/1�p jrL0�j
p!pC�1�p�p jrL00!j

p ; (3.11)
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where rL00´ .ZkC1; : : : ;Zn;ZnClC1; : : : ;Zm/. By (3.11), this leads one to

C .˝/�

R
˝ jrL�j

p
jx0j

ˇ�p˛
d
.˛C1/p�
1 dxdyR

˝ j�j
p jx0j

ˇ

d

1

dxdy

� .1��/1�p
R
˝ jrL

0�jp j!jp jx0j
ˇ�p˛

d
.˛C1/p�
1 dxdyR

˝ j�!j
p jx0j

ˇ

d

1

dxdy

C�1�p
R
˝ j�j

p
jrL00!j

p
jx0j

ˇ�p˛
d
.˛C1/p�
1 dxdyR

˝ j�!j
p jx0j

ˇ

d

1

dxdy

� .1��/1�p
R

Rn�kC.m�l/ j!j
p d´2

R
RkCl jrL

0�jp jx0j
ˇ�p˛

d
.˛C1/p�
1 d´1R

Rn�kC.m�l/ j!j
p d´2

R
RkCl j�j

p jx0j
ˇ

d

1

d´1

C�1�p
R

Rn�kC.m�l/ jrL
00!jp d´2

R
RkCl j�j

p
jx0j

ˇ�p˛
d
.˛C1/p�
1 d´1R

Rn�kC.m�l/ j!j
p d´2

R
RkCl j�j

p jx0j
ˇ

d

1

d´1

D .1��/1�p
R

RkCl jrL
0�jp jx0j

ˇ�p˛
d
.˛C1/p�
1 d´1R

RkCl j�j
p jx0j

ˇ

d

1

d´1

C�1�p
R

Rn�kC.m�l/ jrL
00!jp d´2R

Rn�kC.m�l/ j!j
p d´2

�

R
RkCl j�j

p
jx0j

ˇ�p˛
d
.˛C1/p�
1 d´1R

RkCl j�j
p jx0j

ˇ

d

1

d´1

:

From (3.6), we get

inf
!2C10 .Rn�kC.m�l//; !¤0

R
Rn�kC.m�l/ jrL

00!jp d´2R
Rn�kC.m�l/ j!j

p d´2
D 0:

For 0 < � < 1, we have

C .˝/� inf
�2C10 .˝/;�¤0

R
˝ jrL�j

p
jx0j

ˇ�p˛
d
.˛C1/p�
1 dxdyR

˝ j�j
p jx0j

ˇ

d

1

dxdy

� .1��/1�p inf
�2C10 .RkCl/;�¤0

R
RkCl jrL

0�jp jx0j
ˇ�p˛

d
.˛C1/p�
1 d´1R

RkCl j�j
p jx0j

ˇ

d

1

d´1

:

(3.12)

We choose QD kC .˛C1/l in the best constant cp
Q;p;ˇ;

of (1.2), and let �! 0 in
(3.12), hence

C .˝/� c
p

k;l;p;ˇ;
:
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The theorem is proved. �

Proof of Corollary 1. Choosing .ˇ;/D .˛p;.˛C1/p/ ; .ˇ;/D .0;p/ and tak-
ing .ˇ;/ D .�p;0/ in (3.1), we get inequalities (3.2), (3.3) and (3.4) respectively.
The proof of the corollary is complete. �

Remark 3. We can also select h D d1�p1;� jrL0d1;�j
p�2
rL0d1;� to prove (3.2), as

in the proof of Theorem 2.
Remark 4. In (3.1), by choosing ˇ D ˛p;  D ˛p��; � 2 R, we obtain

c
p

k;l;p;�

Z
˝

jujp
�
jx0j

d1

�˛p
d�1 dxdy �

Z
˝

jrLuj
p d

pC�
1 dxdy;

where ck;l;p;� D
jkC.˛C1/lC�j

p
. If p D kC .˛C1/l , and � < �1; we let Qck;l;p;� D

j1C�j
p
; ˝ D

˚
.x0;y0;x00;y00/ 2 RkCl �Rn�kC.m�l/jd1 <R

	
; and then have

Qc
p

k;l;p;�

Z
˝

jujp
�
jx0j

d1

�˛p�
ln
�
R

d1

���
dxdy �

Z
˝

jrLuj
p

�
ln
�
R

d1

��pC�
dxdy:

In particular�
p�1

p

�p Z
˝

jujp�
d1 ln

�
R
d1

��p � jx0jd1
�˛p

dxdy �

Z
˝

jrLuj
p dxdy:

This result is more general than D’Ambrosio’s in [4].
Remark 5. We note that if k D n and l Dm, then (3.1) coincides with (1.2).

Theorem 3. Let 1 < p < k. Then, for every u 2D1;p .˝/, there exists a constant
bk;p D

k�p
p

such that the following inequalities hold:

b
p

k;p

Z
˝

jujp

jx0jp
dxdy �

Z
˝

jrLuj
p dxdy; (3.13)

b
p

k;p

Z
˝

jujp

jd1jp
dxdy �

Z
˝

jrLuj
p dxdy: (3.14)

In particular, if p D 2 and k � 3, we have�
k�2

2

�2Z
˝

u2

d21
dxdy �

�
k�2

2

�2Z
˝

u2

jx0j2
dxdy �

Z
˝

jrLuj
2dxdy:

Proof. Let us first set

h2� D
1

r
p
�

�
x0

0

�
:

A simple calculation shows that

div�L0 h
2
� D

1

r
p
�

 
k�p

jx0j
2

r2�

!
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and

jh2� j D
jx0j

r
p
�

:

Since p < k, we get div�L0 h
2
� > 0. From (3.5) we haveZ

˝

jujp

r
p
�

 
k�p

jx0j
2

r2�

!
dxdy D

Z
˝2

d´2

Z
˝1

jujp

r
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�

 
k�p

jx0j
2

r2�

!
d´1
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Z
˝2

d´2

Z
˝1

�
jx0j

r
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�p"
1

r
p
�

 
k�p

jx0j
2

r2�

!#�.p�1/
jrL0uj

p d´1

�

Z
˝

jx0j
p

r
p
�

�
k�p jx

0j
2

r2�

�.p�1/ jrLujp d´1:
Using the Lebesgue dominated convergence theorem and putting �! 0 in the esti-
mate above, we obtain (3.13). Using jx0j � d1 and (3.13), we getZ

˝

jujp

d
p
1

dxdy �

Z
˝

jujp

jx0jp
dxdy:

Hence (3.14) is obtained. �

Remark 6. From the result above, it follows that the best constants in (3.13) and
(3.14) lie in the interval Œ.k�p/pp�p; .kC .˛C1/l �p/pp�p�.

As a consequence of (3.5), we give a Poincaré inequality for the vector fields on
domains ˝ contained in a slab. More precisely, we have

Corollary 2. Let ˝ � RnCm be an open subset. Suppose that there exist R >
0;s 2 R and an integer j W 1 � j � n, such that for any .x;y/ 2 ˝, it follows that
jxj � sj �R. Then, for every u 2 C 10 .˝/, we have

c

Z
˝

jujp dxdy �

Z
˝

jrLuj
p dxdy:

where c D .pR/�p:

The proof of the corollary follows from Theorem 3 by using the vector field defined
by the formula

h´

0@ 0

xi � s

0
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