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Abstract. In this paper we establish a class of Hardy—Sobolev type inequalities related to gener-
alized Baouendi—Grushin operators. Our results contain the well-known Hardy type inequality
and Sobolev type inequality for the class of operators. Furthermore, some new inequalities are
obtained.
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1. INTRODUCTION

In [6], a Hardy type inequality for the generalized Baouendi—Grushin vector fields

0 o O } .
Zi=—, Zn+j:|x| —, (I1<i<n,1<j=<m)
0x; dy;
where x = (x1,x2,...,X,) € R, y = (y1,¥2...,ym) € R™, a > 0, is given by
u? 2 \? 2
— dxdy <| —— Viul“dxdy, 1.1
/Wdz‘”z“ y_(Q_2) An+m| Ll dxdy (1.1)

for u € L? (R"*™ yrpqdxdy) and |Vou| € L*>(R*™), with Vp = (Z1....,Zy,
Zu+1--+» Zn+m). Using (1.1), a unique continuation for the generalized Baouendi-
Grushin operator

n+m

Lo = Ax—|—|x|2°‘Ay = Z Z;i=V.-VL

i=1
was proved. The proof of (1.1) used representation formulae of functions by the
fundamental solution of £, at the origin.
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The general version of (1.1) was established with a different approach in [10]. For
any open subset £2 C R**™ D’Ambrosio obtained also the following Hardy type
inequalities in [3]:

Let p>1,n,m>1,and B,y € Rsuchthatn+(1+a)m>y—B—pandn >
ap — B. Then, for every u € D1>? (.Q |x|B—ep d(1+°‘)1’_y) it follows

B
P pﬁd d </ Vi ul? |x|B~22 g+)r=v 4y q 12
CQ,p,ﬂ,y/QM dv xay = Q| rul” |x| xdy, (1.2)

where cg p.8.y = Q+Tﬂ—y. If (0,0) € £2, then the constant (1.2) clé DBy is sharp.
Recently, a Sobolev type inequality for the vector fields Z,..., Z,+m (see [7])
states

1 1
2% 2
<S (/ |VLu|2dxdy) , (1.3)
[Rn+m

(/ |u|2*a’xa'y)2
|Rn+m
2

where S is a positive constant, 2* = Q—?z, Q =n+ (a+ 1)m is the homogeneous
dimension with respect to the dilations

8, (x,y) = (Ax, A% 1y), A>0,(x,y) e R*T™, (1.4)

which is induced by £. Inequality (1.3) contains the result for « = 1 in [2].
We define the following distance from the origin on R+

.
d(x,y)= (|x|2(a+1) Fat+1)? |y|2) @D

It is easy to check that

_ X e o o
VLd—W(M X1, |x|" x2,..., |x|% xn,
(@+ Dy (@+Dyz,....(¢+1)ym).
|x|20l
|VLd|2= 124 = Y2q-

Let Cé‘ (£2) be the set of functions with compact in C* (£2) and 1 < p < co. We

denote by D7 (£2) the closure of C$® (£2) under the norm ([, |Vzu|? dé)l/p.

In this paper we will establish a class of Hardy-Sobolev type inequalities related to
generalized Baouendi-Grushin operators. Our results contain the well-known Hardy
type inequality and Sobolev type inequality for the class of operators.

This paper is organized as follows. In the next section, we prove a Hardy-Sobolev
type inequality for &£,. This generalizes the inequalities in the Euclidean space in
[1]. In Section 3, we give some new Hardy type inequalities on bounded domains.
Our results include those of [3].
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2. HARDY-SOBOLEV INEQUALITIES

In this section, set (x,y) = (x',y",x”,y") = (21.22) € R* ™ with z; = (x, ) €
REH 7, = x",y") e Rr—k+m=D 1 <k <n,1<1<m,and
di=d () = ([P 4 e 12y P,

We denote by B (R) = {(x',y’) € RK+1 | d) < R} the open ball centered at (0,0)
withradius R > 0, and put Vir = (Z1,.... Zk, Zn+1,---+ Zy+1)-
We note that the polar coordinate transformation defined in [5, 8] implies

dzi = dx'dy’ = p*+ @t DI=1gp40, 2.1)
where do; = (alﬁ)l |sin9|(>tL+1_1 |cos€|l_1 dfdwrdw;, and wy and w; are the Le-

besgue measures of the unitary Euclidean spheres in R¥ and R, respectively.
The main inequalities in this section are the following.

Theorem 1 (Hardy-Sobolev type inequalities). Let us assume that s satisfies the
relations 0 <s <2 <k +(ax+ 1)l < Q, and put

2(Q —s
20=255
Then there exists a positive constant C (s, o, k,1) such that for everyu € D12 (R"T™)
Q—s
e u 2 [ o
dxdy <C Viul|“dxd , 22
A;"er divot div Y= IR"+m| Lul y (2.2)

where DV2(R*1™) is the completion of C6’°([R”+m) under the norm

= (/ |vLu|2dxdy) :
|Rn+m

Remark 1. If s =0,k =n,l =m,then (2.2)is (1.3);if s =2,k =n, ] = m, then
(2.2) s (1.1).

We prove first a lemma, which gives a representation formula of functions only
depending on vector fields (Z1,...,Z,+m) and dilation of £4. It establishes the
connection between the function v and its generalized gradient Vg u.

Lemma 1. For any u (x,y) € C§°(R"*™), we have

[ee) 1 d2(a+1)
u(x,y) :_/1 W Viu, Vi m o0§dA. 2.3)

Proof. Clearly,

VL(dZ(OH—l)) — 2(O{+ 1)d2(1+1de — 2(Ol+ 1) |x|ot
(|x|“x1,|x|ax2,...,|x|axn,(oz+1)y1,(a+1)y2,...,((x+1)ym). 2.4)
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By (1.4) and (2.4), one has

d _ du(u(x,y))
_MOSA - -

di di

n m
d d
= | Y i o8 () F @+ 1) D A%y 08y (x.7)
i j=1 0y;

"\ x; du 2y du
gx A )J; % oy | 00
[ 1 T o U I ou

=|—— x| xi—+(a+1 x[**yi— | |08, (x,
P ;H Frid ),;" Tl ERLACSY
[ 1 q2e+1)

=| g\ VLu. Vo | 57— Sa(x,). 2.5
_A|X|2a LU, VL 2(0[+1) o A(X y) ( )

Therefore, we obtain

*d
utey) == [ 5 wmda

00 1 d2@+D) 5. da
=— ——(Vou,Vp | ———— ° ,
/1 AP\ T 2@+ ’

as required. (]

Remark 2. We note that V, (dz("“"l)) =2(a + 1)d?*T1V, d in the proof above,
and so

}VL(dZ(OH_I))‘Z — 2[(0[ 4+ 1)d2a+1]2 |de|2
= 2 (a4 D]? |x|>* q?@+D, (2.6)

Proof of Theorem 1. We need only to consider the cases where u > 0 and u €
C§°(R"*™). Introduce the notation S1 = dB] = {(x'.)’) € R+ (x7,y") = 1} and
U =(11,72) = (t11,-. .- T1k> T21» - - - T2k ) € S1. We introduce the transformation

1= (X/,y,) = (p,?),



HARDY-SOBOLEV INEQUALITIES FOR BAOUENDI-GRUSHIN OPERATORS 71

where p = dq, ¢ = (t1,72) =81 (x’,y’). By Lemma 1, we get
0

2
o[ Jua] > X/ u |
/ so dx d _ _ de SO S le
Rn+m p p Rn—k+(m—1) Rk+! ,O p

[e.¢]
= —[ dA dzo
1 Rn—k+(m—1)

|x/|s¢x 1 5 p2(a+1) 5 ' d
V ! *’V / 9 . 2.7
X/|Rk+l psa+sx|x/|2(x Lu L 2(O{+1) o A(x y) Z1. 277

Putting
1 p2(a+1)
F = \Y /uz*,V =),
|x/|2°‘< L L (Z(a—l-l)

we obtain from (2.1) that

| /|S(x |u| -
dxdy 2.8)
Rn+m Sa S
|x/|sa F
/ dir /IR" —k+(m—1) Ak—i—l pSOH-s )t 5,1()6 y )le
- _ d)\ d J 00 sa|T1|sa 1, (9) pr et DIl
L Ri—k+(m—1) ‘2 S o1 sa+s PYACHNY o

— _/ k_(k+(a+1)l_l_s)_2d)&/ de
1 |Rn—k+(m—])

oo
x/ dcrl/ |11 [S*F o8, (9) rFF@tDI=1=sg, Q=)
S1 0

1 |x/[*
== d Fd
k + (a + 1)1 —S /I;Qn—k+()n—l) <2 RA+! psa—i-s 21

_ ! / J
k4 @+ D) —s5 Jrp—ktm—n ‘2
e [ s o, (P
Vi Vi | —— | ) | dz1. 2.9
oo e e\ 2 ) ] =

Now we consider the cases 1 <s <2 and 0 < s < 1, respectively.
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Case 1: 1 <s <2.If 1 <s <2, then (2.6), (2.9) and Holder’s inequality yield

1
[ = . dxdy
Ri+m % p

/1sa—2a |VL/ (pz(a+1)) |
< ! / de/ L|VL/M2*| dzi
T k+(@+ 1) —s5 Jra—kt+on-n Rk+1  pSETS 2(x+1)
2« |x/|sa_2a 2,1 e e+l
S T @ DT Jowim praws 1 VLl X dxdy
24 |xl|a(s_1) 2,—1
T k+(@t)l—s [[R+ Gt [Vruldxdy
— s—1
2, WS
Skt Di—s /[Rn+m G g1 Veuldxdy
s—=1 2—s
24 |x’|m uz* s 2% 2s
= k+(@+1)—s (/[Rn-l—m o5« pS dxdy /[Rn+m u” dxdy
N
X (A . |Viul dxdy) . (2.10)

By the Sobolev type inequality (1.3) we have
715 2%
[,
Rrtm 5% pS
2 S = 3
* 2* 2
< u® dxd Viul|“dxd
- (k—i—(a—l—l)l—s) (/[;Qn-i-m y) (/;3n+m| Lu| y)

24 T 2*a-y) ’ '
< ST 2 \Y dxd
= (k+(a+1)l—s) (/Rn+m| ruldx y)

24 § 2%e—y) ) 0>
= S73 Viul*dxd . 2.11
(k+(a+1)1—s) (/[Rn+m| Luf"dx y) @10

For s = 1, relation (2.10) leads one to

2* 2—s
55

(S

ne | 12«(1) 2. (1 . g-1
/ ™ ey < D oz (/ |VLu|2dxdy) :
Rrn+m  pY P k+@+1)I—-1 R+m
(2.12)

where 2« (1) = Z(QQ__ZD.
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If s = 2, then 24 = 2 and by (2.10), it follows

/ P gy <2 / 1 9yl
Ko T 5 adX u ujax
Ritm p%2%  p2 y= k+(@+1)—2 Jgatm p*tl L Y

1 1
2 |x/|au 2 2 5 2
dxd Viul*dxdy | .
k+(a+1)l—2(/|;h+m(pa+l ) X y) (An+m| Lul X y)
namely,

/ WPl 2 2/ VouPdxd
—5—ax u X .
Rr+m p20[ p2 Y= k + ((X + l)l -2 Rn+m L Y

Case 2: 0 < s < 1. Using

24 () = % = (1—5)2% 4524 (1)

and (2.12), we have

1Se |, 124 . ne, 2,(1)\?°
[ x| Jul dxdy :/ |u|(1—s)2 |x" u dxdy
Retm 5% p3 Rr+m

pa—i—l

. 1—s ne o 24(1) §
< (/ u)? dxdy) (/ L Ul s dxdy)
Rn+m Rn+m ,O

%

2*(1—s)

* 2 2+ (1 *\*
< §2°1=9) (/ |VLM|2dxdy) ( + (1) 522)
Rn+m

k+(@+1)[—1

©@—=Ds

2 =2
X (/ |Viul dxdy)
|Rn+m

2% (2—s) 24 (1) $ / ) 6=
=S 2 \Y dxd ,
(k+(cx+1)l—1) g | VLU XY

and the proof is complete.

i8)

3. HARDY TYPE INEQUALITIES ON BOUNDED DOMAINS

In this section, let £2 C R”T" denote any bounded domain, (x,y) = (z21,22) € £2,
diy =d (x',y"), B (R), VL as before. Define

1

re = (€2+ ‘x/‘Z)i’

_(Ix O
“E‘_(o rgll)’
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and set 0V = V;,. For any vector field 7 € C 1821, RE*!), we shall write divg, =
div (oeh).

The following is the main result of this section.

Theorem 2. Let p > 1,k,l > 1,and B,y € R, be such that k + (¢ + 1) > y —
B—pand k > ap — B. Then, for any u € DVP (L2, |x/|ﬂ_ap dl(a+1)p_y), we get

p
klpﬂy/'”'

k+(ot+1)l+,3—y
Y

|x ’|ﬂ B—ap ;(a+1)
dxdy</ |VLu|p}x‘ d; PVaxdy, (3.1)

where ¢ 1, p.g.y =

If (0,0) € £2, then the constant c,fl By in (3.1) is sharp.
Corollary 1. If 1 < p <k + (¢ + 1)/, then

P |X'|*? ul|P »
ki |, yra dpd xdy < |VL”| dxdy (3.2)

foru e DVP (Q);

ckvl,p dp X y | M| X y9
/ap
fork >ap, ueDYP (.Q |le ); (3.3)
1
and
» |u|? |x /|(oe+1)p
P
Ckl,p dp —5-dxdy </ |Viul (Ot+1)p dxdy 3.4)
fork > (a+1)p uebb? | Q M
9 9 dl(a+1)p 9

In order to prove our results, we will use the following statement in [3].

Proposition 1. Let € > 0, and h € C' (21, R¥*Y) such that div§, h > 0. Then for
any p > landu € CO1 (.Q IR”"""), one has

/|u|pdiv€L,hdZ1§pp/ || P|div§, h|~P=V|VE u|dzy. (3.5)
.Q] Ql

The following proposition is also useful. For a similar description in the Euclidean
space see [9].
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Proposition 2. Ifw € CS° (R"*™), then

. fmn+m |VLa)|pdxdy
inf > =
weCPRMM),w£0  [pntm |®|F dxdy

(3.6)

Proof. Set ¢ € CS°(R"1™) to be a nonnegative radial function and satisfy

ifd

1.
EE?
ifd>1,

1
d) =
¢ (d) { 0
0
with [pntm @Pdxdy = 1. Letting € < 1 and putting ¢ (d) = ¢ 2 ¢ 4), we get
R €
Q_
Jgn+m @e (d)? dxdy = 1. Note that Vi g (d) =€ 7 Ly (%) Vid. Settingd = ep
and using (2.1) in R* T we get
d
/
/(2)

V4
Lo Vepe@laxay =0 dxdy
s [ 2T @ dp—0 (e )
{p<1}

Wpa
m

R+

where
1 m az n+pa
Snom = ( ) wnwm/ |sin 6| att 1 lcos@|™ 1 dp.
o—+1 a
This completes the proof. O

Proof of Theorem 2. Without loss of generality, we shall consider a smooth func-
tion u € Cg° (£2). The general case will follow by the density argument. For € > 0,
define

1
dic= (r€2(oz+l) + (o + 1)2 |y/|2) 2(@+1D)

s

and

hlzi x’rf _
“Tal \ @+ Pyrfe

A simple computation shows that

1 x/rﬁ
divg, hg = div—— y
Note =T <<a+1)|x/|2y/r£‘2)
B |x/|2
_ <k+((oe+1)l+ﬂ—)/) r2) 3.7)

- g7
dl,e €
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and

) rf—“—2|x/|2 plot+4 5 5 %
HE y (6 — +@+1) 1] ) . (3.9)
dl,e |)C |

Putting fe (s) =k + (¢ + 1)1+ B — y) €2+S2, s > 0, it is easy to see that

if(a+1D)I+B—y=>0,

Je(s) = k+(06+1)l+:3 y if (e+1DI+B-y <0,

(3.9

for every € > 0 and s > 0. Since re > €, if k + (¢ +1)] > y — B, then div§ , Al > 0.

Now we choose h = h1 in (3.5) and obtain

B
/|u|p re fe (|| dxdy—/ dZ2/ |u|? ; (|x]) dz1
dy ¢

rf —(p-1
EPP/Q dzZ/Q L7 | 2 fe ()| Vi Pz
2 1
y4
_ _ oy — P 7
re /3(17 1) (reﬁ o 2|xl|2) (I‘le /|2 —|—(Ot+l) |y| >2
=7 [ az [ vl —— : dzy
2 2 di%d; I fe (1P
ya
ﬂ +a)p |x/|2p( " /|2 +(Ol+1) |y| )2
=Pp/ de/ |V ul? — dzy.
2 21 df  fe (Ix'P!
(3.10)

Letm; = min{k,k + (¢ + 1)/ + B —y} > 0. By r < re¢ and (3.9) the right-hand side
of (3.10) can be estimated as follows:

ya
2

.3 (2+ot)P| /|2P( T +(Ol+1) |y| )

df fe(Ix'DP!

IVEul?

< IVoul”

my

apd(Ot-H)P v
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Therefore, following the assumptions k + (¢ + 1)/ >y —B—p and k > ap — B,
and applying the Lebesgue dominated convergence theorem to (3.10), we have

’ /3
/|u|p| | F(|x ‘)dxdy—hm/ lu|? f,fe(|x ) dxdy

1

Viu _
< lim p? / dz/ l | O‘Pdl(ajl)p Ydz,
2 2 ’

e—>0 ml

\Y — _
< pP | Lul? ‘ ‘B apd1(a+1)p "dxdy.
Q m1

This shows the claim of (3.1).

Choosing (B,7) = (ap,(@+ 1) p), (B,y) = (0, p) and (B.y) = (=p.0) in (3.1),
implies the inequalities (3.2), (3.3) and (3.4), respectively.

Next, if (0,0) € £2, we prove the constant c,f’ L.p.By is sharp. The approach here
comes from that in [9].

Let C (£2) be the best constant in (3.1), that is

Vv, ol? |x'|1P~ pad(a+1)p Ydxd
e m  JalVorI] xdy
$€CF(R2),9#0 f |¢|P |x’| dxdy

From (3.1), we easily get C (£2) > c,f I.pBy We shall prove the equality sign holds.
Put ¢ € C°(2) and ¢ = v (z1)w(22), where v (z1) € CP(RFT\ £(0,0)}),

w(z2) € C5’°([R"_k+(m_l)). By the convexity of the function (a? + bz)g fora, b >
0, we have

(a2+b2)g §(l—k)l_pap+kl_pbp,

where p > 1,0 < A < 1. Therefore, we find

IVLol? = | (VL (v (z1) o (22))?]2
= (|VL’U|2602 +v? |VL~60|2)5

<(1=M)I"P |V ulP 0P +A7PuP | Viw|?, (3.11)
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where Vi := (Zxy1,--»Zn Zyti+1,----Zm). By (3.11), this leads one to
fQ |VL¢|P |x/|ﬁ—17‘¥ d(OH'l)P—dedy

C(2) <
Jalel? '”' dxdy
<yt lalVLy o ol? P {0 Y drdy
fQ|Uw|p| dxdy

-pla 0”1Vl |x’|ﬂ—f’“ d(aH)”_ydxdy

Ja val"’| dxdy
<=7 [ — |w|pd12f[kk+1 |V vl? Ix/lﬂ_pag’(aﬂ)p_ydzl

Jgn—k+m-n |@|? dz2 [gisi |VIP /| dzy

— 1 —
_i_kl—pflkn_k"'(m_l) |VL,,0)|P dZZf[RkH |U|p |x'|ﬂ po dl(a—i- )p Ydz,

B
f[Rn—k—Hm—l) |a)|pd12f|kk+l lul? IJ;I)I/ dzy
— +1)p—
St |VLvl? [x|PPa @ DP Y g,
B
Jriert 1017 i dzs
1
it an—n |Vrro|P dz fmk+,|v|1’ PO

f[Rn ktm—n @] P dza dyﬂdm
1

=(1-0'"r

+AP

kaJrl |U|

From (3.6), we get

- Jrn—k+on—n |VerolPdzy
weCE®RIFHD), w0t [gn-kton—n |0]P dza

For 0 < A < 1, we have

caye pp  Aalelt WP AT dxdy

$€C§(£2), 970 [oldl? /lﬁdxdy
p,.r\B—pe jl@t+1)p—y
=P g e VP, dz1,
UGC(?O(IR/CJ'_I);U?&O _/I[Rk-‘rl |U|p I)I;IJ/ le

(3.12)

We choose Q = k + (o + 1)/ in the best constant ¢, of (1.2), and let A — 0 in

Q.p.B.y
(3.12), hence

C(2)< le,l,p,ﬂ,y'
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The theorem is proved. O]

Proof of Corollary 1. Choosing (8,7) = (ap,(@+1) p), (B,y) = (0, p) and tak-
ing (B,y) = (—=p,0) in (3.1), we get inequalities (3.2), (3.3) and (3.4) respectively.
The proof of the corollary is complete. U

Remark 3. We can also select h = dll;p |VL/a’1,€|‘D_2 Vi/di,e to prove (3.2), as
in the proof of Theorem 2.
Remark 4. In (3.1), by choosing 8 = ap, y =ap—A, A € R, we obtain

1\ @P
p D |x|) A / p gpt+A

c u — ditdxdy < ViulPd dxdy,
k,l,p,k/gl | (d1 1 Ql |7 di

where ci 1 5.2 = W. Ifp=k+(@+1),and A <—1, welet g p 1 =

|1—;)L|’ Q= {(x/,y/,x”,y“) c Rkt % |Rn—k+(m—l)| d, < R}, and then have

7\ &P R A R p+A
é? / u p(ﬂ) (ln (—)) dxd </ Viul? (ln (—)) dxdy.
k1, p.A Q| | a 7 y < Q| Lul 7 y

In particular

—1\? p "\ ap
(_p ) /—|“| . (M) dxdyf/ \Vyul? dxdy.
p Q (dl In (d_Rl)) dq Q

This result is more general than D’ Ambrosio’s in [4].
Remark 5. We note that if k = n and | = m, then (3.1) coincides with (1.2).

Theorem 3. Let 1 < p < k. Then, for every u € DVP (2), there exists a constant
bk,p = K=p such that the following inequalities hold.:

P
b? / jul? dxdy</ \Voul? dxd (3.13)
k,p o |x/p — o L yv .
b? / ul? dxdyf/ IVoul? dxdy. (3.14)
P Je|di|P Q

In particular, if p =2 and k > 3, we have

k—=2\* [ u? k—2)\? 2
(—) / u—zdxdy < (_) / “ sdxdy 5/ |Vou|?dxdy.
2 2 d; 2 2 |x| 2
Proof. Let us first set
p2=—
€ — ’"ep 0/
A simple calculation shows that

e ! 1
divy, hy = 7 k—p 2
€

€
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x|

hZ| = .
7] 7

Since p < k, we get div§, hZ > 0. From (3.5) we have

|u|1’ |x '| _ |u Ip | 7
k—p dxdy = dzn P dzy
2 re 25 21 re re
2> <2 2 6 s —r 7'62 | L/ul “

|x'|”
= |[Voul?dzy.
Q p |x/|2 (p_l)
2 (27

2
re
Using the Lebesgue dominated convergence theorem and putting € — 0 in the esti-
mate above, we obtain (3.13). Using |x’| < d; and (3.13) we get

|u|”
—d dy o Ix /|pdxdy
Hence (3.14) is obtained. U

Remark 6. From the result above, it follows that the best constants in (3.13) and
(3.14) lie in the interval [(k — p)? p~?, (k + (@ + 1)l — p)? p~P].

As a consequence of (3.5), we give a Poincaré inequality for the vector fields on
domains 2 contained in a slab. More precisely, we have

Corollary 2. Let 2 C R"*™ be an open subset. Suppose that there exist R >
0,5 € R and an integer j : 1 < j < n, such that for any (x,y) € £2, it follows that
|x; —s| < R. Then, for every u € CO1 (£2), we have

c/ |u|? dxdy 5/ |Vou|? dxdy.
2 2

where ¢ = (pR)™P.

The proof of the corollary follows from Theorem 3 by using the vector field defined
by the formula
0
hi=\|xi—s
0
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