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Abstract. In this paper, we prove a tripled common fixed point theorem of Suzuki type for a pair
of hybrid mappings in metric spaces. Our result generalizes and modifies several comparable
results in the literature. We also provide an example to support our theorem.
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1. INTRODUCTION AND PRELIMINARIES

Banach contraction principle plays a very important role in nonlinear analysis and

has many generalizations. In 2008, Suzuki [37, 38] proved generalized versions of
both Banach’s and Edelstein’s basic results. Many other works in this direction have
been considered, for example [2,4,13,15,19,20,23,25,29,35,36] and the references
therein.
The study of fixed points for multivalued contraction mappings using the Hausdorft-
Pompeu metric was initiated by Nadler [28]. Let (X, d) be a metric space. We denote
CB(X) the family of all nonempty closed and bounded subsets of X and CL(X) the
set of all nonempty closed subsets of X. For A, B € CB(X) and x € X, we denote
D(x,A) =inf{d(x,a) : a € A}. Let H be the Hausdorff-Pompeu metric induced by
the metric d on X, that is

H(A, B) = max{ supd(x, B),supd(y,A)
x€A yeEB

for every A, B € CB(X).
It is clear that for A, B € CB(X) and a € A we have d(a, B) < H(A, B).

Definition 1. An element x € X is said to be a fixed point of a multivalued map-
ping 7T : X — CB(X) if and only if x € Tx.
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In 1969, Nadler [28] extended the famous Banach contraction principle [10] from
singlevalued mapping to multivalued mapping and proved the following fixed point
theorem for the multivalued contraction.

Theorem 1 (Nadler, [28]). Let (X,d) be a complete metric space and let T be a
mapping from X into CB(X). Assume that there exists ¢ € [0, 1) such that

H(Tx,Ty) <cd(x,y),
forall x,y € X. Then, T has a fixed point.

Lemma 1 (Nadler, [28]). Let A,B € CB(X) and h > 1. Then for every a € A,
there exists b € B such that d(a,b) <h H(A, B).

The existence of fixed points for various multivalued contractive mappings has
been studied by many authors under different conditions. For details, we refer the

reader to [3, 16—18,21,24,26,33] and the references therein.
In 2011, Samet and Vetro [34] introduced the concept of coupled fixed point
for multivalued mapping. Very recently, Berinde and Borcut [11, 12] proved some

tripled fixed and coincidence point theorems for contractive type mappings in par-
tially ordered metric spaces. Later, several authors obtained coincidence and com-
mon tripled fixed point theorems in various spaces, for example refer to [1,5-9, 14,

,30-32].

The aim of this paper is to combine the ideas of tripled fixed points and Suzuki
type fixed point theorems to obtain a tripled common fixed point theorem for a pair
of hybrid mappings in a metric space.

First, we give the following theorem of Suzuki [37].

Theorem 2 ([37]). Let (X,d) be a complete metric space and let T be a mapping
on X. Define a nonincreasing function 0 from [0, 1) into (%, 1] by

1, 0<r< 31
o =1 5, Szt

1 B

T ﬂ_r<1

Assume that r € [0, 1), such that
O(r)yd(x,Tx) <d(x,y) implies d(Tx,Ty) <rd(x,y).

forall x,y € X. Then, there exists a unique fixed point zZ of T. Moreover, h_{n T"x =
n o0
zforallx € X.

Now, we give some known definitions which are used to prove our main result.

Definition 2 ([34]). An element (x,y) € X x X is called a coupled fixed point of
the mapping F : X x X - CB(X)ifx € F(x,y)and y € F(y,x).
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Definition 3 ([22]). An element (x,y) € X x X is called
(i) a coupled coincident point of mappings F : X x X - CB(X)and g: X — X if
gx € F(x,y)and gy € F(y,x);
(ii) a coupled common fixed point of mappings F : X x X - X and g: X — X if
x=gxeF(x,y)and y =gy € F(y,x).

Definition 4 ([31]). Let X be a nonempty set, F : X xX xX — CB(X) and
g: X — X. Then point (x,y,z) € X x X x X is called a tripled
(i) fixed point of F if x € F(x,y,z),y € F(y,z,x)and z € F(z,x,y).
(ii) coincidence point of F and g if gx € F(x,y,z), gy € F(y,z,x) and gz €
F(z,x,y).
(iii) common fixed point of F and g if x = gx € F(x,y,2), y =gy € F(y,z,x) and
z=gz€ F(z,x,y).

Definition 5 ([31]). Let X be a nonempty set, F : X x X x X — CB(X) and g :
X — X. The pair (F,g) is called w—compatible if g(F(x,y,z)) € F(gx,gy,g2),
whenever (x, y,z) is a coincidence point of F and g.

In this paper, we use the following function introduced in [20].
Let ¢ : [0,1) — (0, 1] be a nonincreasing function defined by

1, ifo<6<3,

PO =116 itl<o<1.

(1.1

Using the notion of w-compatibility of the pair (F, g), we establish a tripled common
fixed point theorem of Suzuki type for a hybrid pair of mappings in metric spaces.
We support our result by an example.

2. MAIN RESULTS

Our main result is the following common tripled fixed point theorem.

Theorem 3. Let (X,d) be a metric space, F : X x X xX - CB(X)and g: X —
X be mappings satisfying the following :
(i) F(Xx X xX)Cg(X)and g(X) is complete
(ii) If there exists 0 € [0, 1) such that

d(gx, F(x,y,2)), d(gx,gu),
¢(@)miny d(gy,F(y,z,x)), ¢ <maxy d(gy.gv), 2.1
d(gz,F(z,x,y)) d(gz,gw)
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implies

H(F(x,y,z), F(u,v,w))
d(gx,gu).d(gy.gv).d(gz,gw),
d(gx,F(x,y,2)),d(gy, F(y,2,x)),d(gz, F(z,x,)),
< fmax d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
1o ) dgx Flu,v,w)),d(gy, F(v,w,u)),d(gz, F(w,u,v)),
d(gu,F(x,y.2)).d(gv, F(y.z,x)).d(gw, F(z,x,y)) 24
(2.2)
forall x,y,z,u,v,w € X. Then F and g have a tripled coincidence point in X X
X x X.
Further, F and g have a tripled common fixed point if one of the following condi-
tions holds:
(a) Suppose the pair (F,g) is w-compatible and there exist u,v,w € X such that
lim g"x =u, lim g"y =v and lim g"z = w, whenever (x,y,z) is a tripled
n—>oo n—0o0 n—>oo
coincidence point of F and g and g is continuous at u,v and w.
(b) Suppose there exist u,v,w € X such that lim g"u = x, lim g"v = y and
n—00 n—o0
lim g"w = z, whenever (x,y,2) is a tripled coincidence point of F and g and

n—>oo
g is continuous at x,y and Z.

Proof. Let x9,y0,z0 € X. From (i) there exist x1,y1,21 € X such that gx; €
F(x0,Y0,20).gy1 € F(y0,20,X0) and gz1 € F (2o, X0, y0). By Lemma 1, there ex-
ist X2, 2,22 € X such that

gx2 € F(x1,y1,21) withd(gx1,gx2) < JL@H(F(XO,J’O,ZO),F(xhyl,Zl)),
gy2 € F(y1.21.x1) with d(gy1.gy2) < %5H(F(yo,z.o,xO),F(yl,zl,m)),
g22 € F(z1,x1,y1) with d(gz1.822) < %5H(F(ZO,xO,yo),F(Zl,xl,yl)).

Continuing in this way, we get sequences {x,},{yn} and {z,} in X such that
gXn+1 € F(xn,Yn.2n)s &¥n+1 € F(yn,2n,Xn) and gZn+1 € F(2n, Xn, yn) with

d(gxn.8xn+1) < 5 H(F (¥n—1.Yn-1.2n-1). F (Xn. Yn.Zn)).
d(gyn’gyn+1) S N/LgIi(l;v(yi’l—l’zl’l—l9'xi’l—1)’1;'(_)}11vzn9~x}’l))’
d(g2n.g2n+1) < 5 H(F(2n—1.Xn—1.Yn-1). F (n. Xn. Yn))-
Case i: Suppose gx, = g€Xn+1, &€Vn = €¥Vn+1 and g2, = gZn+1, for some n.

Then gx, € F(xn,yn,Zn)y 8¥Yn € F(Yn,Zn,xn) and gz, € F(Zn,xn,yn). Thus
(Xn, yn,2n) is a tripled coincidence point of F and g.
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Case ii: Assume that gx, # gXp4+1 Of €Vn F &Vn+1 OF €2n F gZn+1 for all n.
Since

d(gxo, F(x0,0.20)), d(gxo,gx1),
¢(0)min | d(gyo.F(y0.20.X0)), ¢ <maxy d(gyo.gy1). ¢
d(gzo,F(z0.x0.y0)) d(gzo.821)

from (2.2), we have

H(F(x9.y0.20). F(x1,y1.21))
d(gxo,gx1),d(gy0,8¥1).d(g20.821),
d(gxo, F'(x0,Y0,20)).d(gy0. F(y0.20,x0)).d(gz0, F (20, X0, Y0)),

< O max d(gx1,F(x1,y1.21)).d(gy1,. F(y1.21.x1)).d(gz1. F(21,X1.¥1)),
Lmax) 4(&x0. F(x1,y1,21)),d(gyo, F(y1,21,x1)),d(820, F (21, X1, y1)), }
2 d(gx1,F(x0.y0.20)).d(gy1, F(y0.20.%0)).d(gz1. F(20.X0.Y0))

Now we have, using triangular inequality

d(gx0,8x1),d(gy0,8y1)s
d(gx1,8x2) < ﬁ H(F(x0.y0.20). F(x1.y1.21)) < vVOmax{ d(gzo.821).d(gx1.8x2), ¢.
d(gy1,8y2).d(gz1.822)

Similarly, we have
d(gxo0,8x1),d(gy0,8y1),

d(gy1.gy2) < VO max{ d(gzo.gz1).d(gx1,gx2),
d(gy1,8y2).d(g21,822)

and
d(gxo,gx1),d(gy0.8Y1).
d(gz1.822) < VO max{ d(gzo.821).d(gx1,8X2),
d(gy1.8y2).d(gz1.822)
Thus
d(gx1,8x2), d(gxo0.gx1).d(gy0.8¥1),
max{ d(gy1,gy2), ; < V0 max{ d(gzo,g21).d(gx1,8x2), ¢. (2.3)
d(gz1,822) d(gy1,8y2).d(gz1,822)
If

d(gxo0,gx1),d(gy0.8¥1).
max \ d(gz0.821),d(gx1.8x2), ¢ =d(gx1,8x2),
d(gy1.8y2).d(g21.822)

then from (2.3) we have gx; = gx».
Analogous other two cases

d(gxo,gx1),d(gy0,8¥1).
max | d(g20.821).d(gx1.8x2), ¢ =d(gy1.8)2).
d(gy1,8y2).d(gz1,822)
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and

d(gxo0.gx1).d(gy0.8Y1),
max § d(gz0,821).d(gx1,8x2), ¢ =d(g21,822),
d(gy1.8y2).d(gz1.822)

imply that gy; = gy» and gz1 = gz». Itis a contradiction. Hence from (2.3), we
have

d(gxl’gXZ),
max | d(gy1.8y2), ¢ < \/gmax{ d(gxo,j()qz),d(iy;),gyl), % .
d(gz1,822) £20,821

Continuing in this way, we get

d(gxn.8Xn+1),
max y d(gYn.&Yn+1)

d(gzn.8Zn+1)

< (v/0)" max d(gxo,gx1),d(gy0,8¥1), ’
d(gz0.821)

which in turn yields that

> d(gXn, gXn+1),

n d , ,d , ,

maX{ Y d(gyn.gynt1). ¢ <Y (V) max{ (8x0 5();12)0 g(i’ly;) gy1) }<Oo_
Zd(an,an_;’_l) -0

Hence {gx,},{gyn} and {gz,} are Cauchy sequences. Since g(X) is complete, there
exist p,q,r,u,v,w € X suchthat gx, - p=gu, gy, >q=gvand gz, ->r =gw.
Since gxn # gXn41 OF ¥y F €¥Vn+1 OF €Zn F# gZn+1 for all n, it follows that

8Xn # gU Or gy, 7# gV or g2, # gw for infinitely many 7.
Hence max{d(gx,,gu),d(gyn,gv),d(gZn,gw)} > 0 for infinitely many ».

Claim I: We will prove that

d(gu, F(x,y.2)), d(gu,gx),d(gv,gy),
maxJ d(gv,F(y,z,x)), p <6Omax d(gw,gz),d(gx,F(x,y,2)), ,
d(gw,F(z,x,y)) d(gy,F(y.z,x)),d(gz, F(z,x,y))

for all x, y,z € X with max{d(gu,gx),d(gv,gy),d(gw,gz)} > 0.

Let x,y,z € X be such that max{d(gu,gx),d(gv,gy),d(gw,gz)} > 0. Since
gXn — gu, gyn — gv and gz, — gw, there exists a positive integer n¢ such that for
n > ngp, we have

d(gxihgu)’ 1 d(gu,gx),
max | d(gyn,gv), ¢ < 3 max d(gv.gy), ¢- 2.4
d(gzn.gw) d(gw,gz)
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Now, for n > ng, using (2.4) we have

d(gxn, F(Xn.yn.2n)),
¢(@)minq d(gyn, F(yn,Zn,Xn))

d(ans F(ZnsxnaYn))
d(gxn,gXn+1)-
<maxy d(gyn.&Yn+1)

d(gzn.gZn+1)

d(gxn,gu)+d(gu,gxn+1),
<max d(gyn,gv)+d(gv,gyn+1),
d(gzn.gw) +d(gw,gZn+1)
< max) 4(&%ngu).d(@yn.gv). | o d(gu.gxn11).d(gV.8Ynt1).
d(gzn,gw) d(gw,gzZn+1)

d(gu,gx), d(gu,gx), d(gu,gx),
< Zmax{ d(gv.gy). ¢ =max{ d(gv.gy). r—3 maxq d(gv.gy),

d(gw,gz) d(gw,gz) d(gw,gz)
d(gu,gx), d(gu,gxn),
<max4 d(gv.gy). ; —maxy d(gv,gyn).
d(gw,gz) d(gw,gzn)

d(gu,gx)—d(gu,gxn),
<max{ d(gv,gy)—d(gv,gyn).
d(gw,gz)—d(gw,gzn)

< max{d(gxn,8x),d(gyn,8y).d(g2n,82)}
From (2.2) and using triangular inequality, we have

H(F(Xn,yn,Zn)aF(X»ysZ))

d(gxn,8x),d(gyn.gy).d(gzn.82),
d(gxn,&Xn+1),d(gVn,&Yn+1).d(g&Zn,gZn+1),
< 6 max d(gx, F(x,y,2)),d(gy, F(y,z,x)),d(gz, F(z,x,y)),
1 { d(gxn. F(x.y.2)).d(gyn. F(y.2.%)).d(gzn. F(2.X.y)). }
2 d(gx,gxn+1),d(gy,gyn+1),d(g2,8Zn+1)

d(gxn,8x),d(gyn.gy).d(gzn.82),
< 6 max d(gxn,gxXn+1).d(&Vn.&Vn+1).d(gZn.&Zn+1):
d(gx,F(x,y,z)),d(gy, F(y,z.x)),d(gz.F(z,x,y))



540 STOJAN RADENOVIC, K. P. R. RAO, K. V. SIVA PARVATHI, AND TATJANA DOSENOVIC

Similarly, we can show that
H(F(yn.zn,xn), F(y,2.x))

d(gxn.gx),d(gyn.gy).d(gzn.g2),
< f max d(gxn.&Xn+1).d(€Yn.&Vn+1).d(€Zn.8Zn+1) ,
d(gx,F(x,y,z)).d(gy.F(y.z.x)),d(gz,F(z,x.,y))

and
H(F(Zn»xnvyn)’F(Z,xvy))
d(gxn.gx),d(gyn.gy).d(g2n.g2),
< 6 max d(gxn,gXn+1),d(gYn.&Vn+1)d(&Zn.&Zn+1),
d(gx,F(x,y,2)).d(gy,F(y,z,x)),d(gz,F(z.x,y))
Thus, we get

d(gxn+1, F(x,y,2)),
max § d(gyn+1.F(y,2,x)),
d(an+1vF(va’y))

H(F(XmYn,Zn)aF(X,y,Z)),
Smax H(F(yn,Zn»xn)aF(y,Z,x)),
H(F(Znaxn,yn),F(Z,X,y))

d(gxn,8x),d(gyn.gy).d(gzn,82),
< fmax d(gxn,&Xn+1)-d(gYn.&Yn+1)-d(8Zn.gZn+1),
d(gx,F(x,y,z)).d(gy, F(y,z,x)),d(gz,F(z,x,y))

Letting n — oo , we get

d(gu,F(x,y,2)), d(gu,gx),d(gv,gy),
max{ d(gv,F(y,2,x)), ¢ <6 max d(gw,gz),d(gx, F(x,y.2)),
d(gw, F(z,x,y)) d(gy,F(y,z,x)),d(gz, F(z,x,y))

Hence the Claim I is true. Now we will show that (u,v,w) is a tripled coincidence
point of F and g.

Case a: Suppose now that 0 < 6 < %

On the contrary, assume that gu ¢ F(u,v,w)orgv ¢ F(v,w,u) or gw ¢ F(w,u,v).
Let ga € F(u,v,w), gb € F(v,w,u) and gc € F(w,u,v) be such that

d(ga7gu)7 d(gu9F(uav’w))’

20max 4§ d(gb,gv), p <max<{ d(gv, F(v,w,u)), 2.5
d(ge,gw) d(gw, F(w,u,v)).
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Since ga € F(u,v,w), gb € F(v,w,u) and gc € F(w,u,v), we have ga # gu or
gb # gv or gc # gw and hence a # u or b # v or ¢ # w. From Claim I, we have

d(gu.F(a,b,c)), d(gu.ga).d(gv,gb),
max 4 d(gv, F(b,c,a)), ¢ <0Omax d(gw,gc),d(ga, F(a,b,c)), .
d(gw, F(c,a,b)) d(gh,F(b,c,a)),d(gc, F(c,a,b))

(2.6)
Since

d(gu, F(u,v,w)), d(gu,ga),
¢ (@)ming d(gv, F(v,w,u)),  <maxs d(gv,gbh), ;,
d(gw, F(w,u,v)) d(gw,gc)
from (2.2) and triangular inequality we have

H(F(u,v,w), F(a,b,c))

d(gu,ga).d(gv,gb),d(gw,gc),
d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
< 6 max d(ga,F(a,b,c)),d(gb, F(b,c,a)),d(gc, F(c,a,b)),
1 d(gu,F(a,b,c)),d(gv,F(b,c,a)),d(gw, F(c,a,b)),
Emax{ d(ga,F(u,v,w)),d(gb, F(v,w,u)),d(gc, F(w,u,v)) }

d(ga,F(a,b,c)),d(gb,F(b,c,a)),d(gc, F(c,a,b))

Similarly, we have

< Qmax; d(gu.ga).d(gv.gb).d(gw.gc), } .

d(gu,ga),d(gv,gb),
H(F(v,w,u), F(b,c,a)) <6 max d(gw,gc),d(ga, F(a,b,c)), ,
d(gb,F(b,c,a)),d(gc, F(c,a,b))

and
d(gu.ga).d(gv,gb), }

H(F(w,u,v), F(c,a,b)) < fmax d(gw,gc),d(ga, F(a,b,c)),
d(gh,F(b,c,a)),d(gc, F(c,a,b))

Thus
H(F(u,v,w),F(a,b,c)), d(gu,ga),d(gv,gb),
max 3 H(F(v,w,u), F(b,c,a)), ; <6Omax d(gw,gc),d(ga, F(a,b,c)), .
H(F(w,u,v), F(c,a,b)) d(gh,F(b,c,a)),d(gc, F(c,a,b))

2.7
From (2.7) we have

d(ga,F(a,b,c)), H(F(u,v,w), F(a,b,c)),
max 4 d(gb,F(b,c,a)), ; <max{ H(F(v,w,u), F(b,c,a)),
d(gc, F(c,a,b)) H(F(w,u,v), F(c,a,b))
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d(gu,ga).d(gv.gb),
< ' max d(gw,gc),d(ga, F(a,b,c)),
d(gb,F(b,c,a)),d(gc, F(c,a,b))
If
d(gu,ga).d(gv.gb),
max d(gw,gc),d(ga, F(a,b,c)), =d(ga,F(a,b,c))
d(gb,F(b,c,a)),d(gc, F(c,a,b))

we conclude that ga € F(a,b,c). Analogous we conclude that gb € F(b,c,a) and
gc e F(c,a,b)if

d(gu,ga),d(gv,gb),
max d(gw,gc),d(ga, F(a,b,c)), =d(gb,F(b,c,a))
d(gh,F(b,c,a)),d(gc, F(c,a,b))

or

d(gu,ga).d(gv,gb),
max
d(ghb,F(b,c,a)),d(gc, F(c,a,b))

d(gw,gc),d(ga, F(a,b,c)), } =d(gc,F(c,a,b)).

This is contradiction with @ # u, b # v and ¢ # w.

So,

d(ga,F(a,b,c)), d(gu,ga),
max s d(gb,F(b,c,a)), <6max{ d(gv,gb), ;. (2.8)
d(gc,F(c,a,b)) d(gw,gc)

From (2.6) and (2.8) we have

d(gu,F(a,b,c)), d(gu,ga),

max 4§ d(gv, F(b,c,a)), } <Omax] d(gv,gb), ¢, 2.9
d(gw, F(c.a,b)) d(gw,gc)

and from (2.7) we get

H(F(u,v,w), F(a,b,c)), d(gu,ga),
max s H(F(v,w,u),F(b,c,a)), ; <6Omax<{ d(gv,gb), ;. (2.10)
H(F(w,u,v), F(c,a,b)) d(gw,gc)
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Now, using (2.5), (2.9) and (2.10) we obtain

d(gu, F(u,v,w)),
max { d(gv, F(v,w,u)),
d(gw, F(w,u,v))

d(gv,F(b,c,a))+ H(F(b,c,a), F(v,w,u))

d(gu,F(a,b,c))+ H(F(a,b,c), F(u,v,w))
< max
d(gw, F(c,a,b))+ H(F(c,a,b), F(w,u,v))

d(gu, F(a,b,c)), H(F(a,b,c), F(u,v,w)),
<max4 d(gv,F(b,c,a)), y +max{ H(F(b,c,a),F(v,w,u)),
d(gw, F(c,a,b)) H(F(c,a,b), F(w,u,v))

d(gu.ga). d(gu, F(u,v,w)),
<20max4 d(gv,gb), ; <max{ d(gv,F(v,w,u)), ;.
d(gw,gc) d(gw, F(w,u,v))

It is a contradiction. Hence gu € F(u,v,w), gv € F(v,w,u) and gw € F(w,u,v).
Case b: Suppose now that % <6 <l.

Claim II: We will show that

H(F(x,y,z),F(u,v,w)),
max3 H(F(y,z,x), F(v,w,u)),
H(F(z,x,y),F(w,u,v))

d(gx,gu),d(gy,gv),d(gz, gw),
d(gx,F(x,y,2)),d(gy, F(y,2,x)),d(gz, F(z,x,y)),
< 6 max d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
lmax{ d(gx, F(u,v,w)),d(gy, F(v,w,u)),d(gz, F(w,u,v)),
2 d(gu.F(x.y.2)).d(gv. F(y.z.x)).d(gw. F(z.x.y))

for all x, y,z € X with max{ d(gx,gu),d(gy,gv),d(gz,gw) } > 0.
Let x,y,z € X be such that max{ d(gx,gu),d(gy,gv),d(gz,gw) } > 0. Then

for every positive integer 7, there exist sequences t, € F(x,y,z),t} € F(y,z,x) and
t} € F(z,x,y) such that

d(gu,tn), d(gu, F(x,y,z)), 1 d(gx,gu),
max{ d(gv,t)), t <max{ d(gv,F(y,z,x)), ; +— max{ d(gy,gv), .
d(gw,ty") d(gw,F(z,x,y)) | " d(gz,gw)
2.11)
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Now, using (2.11) and triangular inequality we obtain
d(gx, F(x,y,2)), d(gx,gu)+d(gu,ty),
max s d(gy,F(y,z,x)), ¢ <maxy d(gy,gv)+d(gv,t}),
d(gz. F(z,x,y)) d(gz,gw)+d(gw,1,')
d(gx,gu), d(gu.ty),
<max3{ d(gy,gv), ¢+maxi d(gv,t}), (2.12)
d(gz,gw) d(gw,t})
d(gx,gu), d(gu,F(x,y,2)), d(gx,gu),
<max{ d(gy.gv), ¢-+max{ d(gv,F(y.z,x)), ¢++ max{ d(gy.gv).
d(gz,gw) d(gw, F(z,x,y)) d(gz,gw)
d(gx,gu), d(gu,gx),d(gv.gy),
<(1+21)max{ d(gy.gv). p+6 max d(gw,gz).d(gx, F(x,y,2)), -
d(gz,gw) d(gy,F(y,z,x)),d(gz, F(z,x,y))
d(gu,gx), d(gx, F(x,y,2)),
max§ d(gv,gy), ; >maxq d(gy,F(y,2,x)), ¢.
d(gw,gz) d(gz,F(z,x,y))
then from (2.12) we have

{ d(gx,F(x,y,2)), } 1 { d(gu,gx), }
max  d(gy,F(y,z,x)), ¢ <(1+60+-) max| d(gv,gy), .
d(gz,F(z,x,y)) d(gw,gz)

Letting n — oo, we get

d(gx.F(x.,y.2)), d(gu,gx),

max?{ d(gy,F(y,z,x)), ¢ <(1+60)max{ d(gv,gy), ;. (2.13)
d(gz.F(z.x.y)) d(gw.gz)

By (1.1), as % <6 <1 wehave ¢(0) =1—6, using (2.13) we have

d(gx, F(x,y,2)), d(gx, F(x,y,2)),
$(@)min{ d(gy.F(y.z.x)), ¢ <(1—0)max{ d(gy.F(y,z.x)). (2.14)
d(gz,F(z,x,y)) d(gz,F(z,x,y))
{ d(gu,gx), } { d(gu,gx), }
<(1—60%)max?{ d(gv,gy), ; <max4 d(gv,gy), ¢.
d(gw,gz) d(gw,gz)
d(gu,gx), d(gx,F(x,y,2)),
max 3 d(gv,gy), ¢ <maxJ d(gy,F(y.z,x)), ¢,
d(gw,gz) d(gz,F(z,x,y))

If

If
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then from (2.12), we have
d(g'va(xvva))v 1 d(gu,gx),
(1—6) max{ d(gy.F(y,z.x)), =(1+-)max | d(gv.gy). (.
d(gz,F(z,x,y)) d(gw,gz)
Letting n — oo, we get
d(gx,F(x,y,2)), d(gx,F(x,y,2)),
¢(@)min d(gy,F(y,z,x)), ¢ <(1—-0)max d(gy,F(y,z,x)),
d(gz,F(z,x,y)) d(gz,F(z,x,y))
d(gu,gx),
<max, d(gv.gy), ¢.
d(gw,gz)
Thus, in both cases we have
d(gx, F(x,y,2)), d(gu,gx),
¢(@)mins d(gy,F(y,z,x)), ; <max<{ d(gv,gy), ;. (2.15)
d(gz,F(z,x,y)) d(gw,gz)
From (2.2) and (2.15), we have
H(F(x,y,2), F(u,v,w))
d(gx,gu),d(gy,gv),d(gz,gw),
d(gx,F(x,y,2)),d(gy,F(y,z,x)),d(gz, F(z,x,y)),
< O max d(gu,F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
1 ax d(gx,F(u,v,w)),d(gy, F(v,w,u)),d(gz, F(w,u,v)),
d(gu,F(x,y,z)).d(gv,F(y,z,x)).d(gw, F(z,x,y))
Similarly, we can show that

H(F(y.z,x), F(v,w,u))

d(gx,gu),d(gy.gv).d(gz.gw),
d(gx,F(x,y,2)),d(gy, F(y,2,x)).d(gz, F(z,x,y)),

< f'max d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
1 max d(gx, F(u,v,w)),d(gy, F(v,w,u)),d(gz, F(w,u,v)),
2 d(gu,F(x,y,2)).d(gv, F(y.z.x)).d(gw, F(z,x,y))
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and

H(F(z,x,y), F(w,u,v))

d(gx,gu),d(gy.gv).d(gz,gw),
d(gx,F(x,y,z)).d(gy,F(y,z,x)).d(gz.F(z,x.y)),
< f'max d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
lmax{ d(gx, F(u,v,w)),d(gy, F(v,w,u)),d(gz, F(w,u,v)),
2

d(gu,F(x.,y,z)).d(gv,F(y,z,x)).d(gw, F(z,x,y))
Thus

{ H(F(x,y.2), Fu,v,w)), }
maxs H(F(y,z,x),F(v,w,u)),

H(F(z,x,y), F(w,u,v))

d(gx,gu),d(gy.gv).d(gz.gw),
d(gx,F(x,y,z)),d(gy, F(y.z,x)),d(gz, F(z,x,y)),
< 6 max d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
I {d(gx,F(u,v,w)),d(gy,F(v,w,u)),d(gz,F(w,u,v)),
2 d(gu,F(x,y,z)),d(gv, F(y,z,x)),d(gw, F(z,x,y))
Hence the Claim II is true. Now consider

d(gu, F(u,v,w)),
max{ d(gv, F(v,w,u)),
d(gw, F(w,u,v))

d(gyn+1, F(U,w,u)),
n—->oo

d(gxn+1,F(u,v,w)),
< lim max
d(gzn+1, F(w,u,v))

H(F(xn,YnaZn)’F(“’Usw))»
< lim max{ H(F(yn,zZn,%Xn), F(v,w,u)),
e H(F(Zn,xn,J’n)’F(w’”’v))
d(gxn,gu),d(gyn,gv),d(gzn,gw),
d(gxn, F(Xn,yn.2n))d(gYn. F (Yn.Zn.Xn)),
d(anaF(Zn,xn’J’n))ad(g“’F(”J)’w)),
§nli)ng09 max d(gv, F(v,w,u)),d(gw, F(w,u,v)),

d(gxn, F(u,v,w)),d(gyn, F(v,w,u)),
max

d(gzn, F(w,u,v)),d(gu, F(xn,yn.2n)),
d(gv,F(yn.zn.Xn)).d(gw, F(Zn,Xn,yn))
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d(gxn.gu).d(gyn.gv).d(gzn,gw),
d(gxn,8Xn+1),d(&Vn,8Vn+1),d(8Zn,8Zn+1)s
< @ lim max d(gu, F(u,v,w)),d(gv, F(v,w,u)),d(gw, F(w,u,v)),
o ) 8% F(u.0.w)).d(gyn. F(v.w.u)).d(gzn. F(w.u.v)).
d(gu,8xn+1),d(gv,gyn+1),d(W,8Zn+1)

Letting n — oo we get

d(gu, F(u,v,w)), d(gu, F(u,v,w)),
max 3§ d(gv, F(v,w,u)), ; <Omaxq d(gv,F(v,w,u)), ¢,
d(gw, F(w,u,v)) d(gw, F(w,u,v))

which in turn yields that gu € F(u,v,w), gv € F(v,w,u) and gw € F(w,u,v).
Thus (u,v,w) is a tripled coincidence point of F and g.

Suppose now that (a) holds. Let (x,y,z) be a tripled coincidence point of F
and g. Then there exist u,v,w € X such that lim g"x =u, lim g"y = v and

n—-oo n—0o0

lim g"z = w.
n—o0

Since g is continuous at u,v,w, we have gu = u, gv = v and gw = w. Based
on the assumption that the pair (F, g) is w-compatible and gx € F(x,y,z), gy €
F(y.z,x)and gz € F(z,x,y), we have g°x € F(gx,gy,82), 8%y € F(gy,82.8x)
and g2z € F(gz,gx,gy) respectively. Thus (gx,gy,gz) is a tripled coincidence
point of F and g. Similarly, we can show that (g"x,g"y,g"z) is a tripled coin-
cidence point of F and g. Also it is clear that g"x € F(g" 'x,g" 1y, g" 12),
g'yeF(g" 1y, g" 1z,g" 1x)and g"z € F(g" 'z,g" 'x,g"1y). Now we have

d(g"x. F(g" 'x.g"1y.g" 2)). d(g"x,gu),
¢ (@)ming d(g"y.F(g" 'y, g" 'z.g" 'x)). ¢ =0<maxq d(g"y.gv).
d(g"z, F(.g" 'z,g" x.g" 1y)) d(g"z,gw),

Hence from (2.2), we have

d(g"x, F(u,v,w))) < H(F(g" 'x,g" 1y, g" 12), F(u,v,w))

d(g"x,gu),d(g"y,gv),d(g"z, gw)
dg"x, F(g" 'x.g" 1y ¢g"12)).d(g"y. F(g" 'y.g" 1z.g" ' x)),
d(g"z. F(g"1z,g" 1x,g"1y)).d(gu, F(u,v.w)),
< 0 max d(gv, F(v,w,u)),d(gw, F(w,u,v))
{ d(g”x,F(u,v,w)),d(g”y,F(v,w,u)), }

1

5 max d(g"z. F(w.u.v)).d(gu, F(g" 'x.g" 'y . g" 1)),

d(gv. F(g" 1y, g"1z." 1x)).d(gw, F(g"'z,¢" 1x.g"1y))

Letting n — oo , we get

d(u, F(u,v,w)) < 0max{du, F(u,v,w)),dw, F(v,w,u)),d(w, F(w,u,v))}.

Similarly, we have

d(v, F(v,w,u)) < Omax{d(u, F(u,v,w)),d(, F(v,w,u)),d(w, F(w,u,v))},
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and
d(w, F(w,u,v)) < 0max{d(u, F(u,v,w)),d, F(v,w,u)),d(w, F(w,u,v))}.
Thus

d(u, F(u,v,w)), d(u, F(u,v,w)),
max4 d, F(v,w,u)), ; <0 max4 d(v,F(v,w,u)), ¢,
d(w, F(w,u,v)) dw, F(w,u,v))

which in turn yields that u € F(u,v,w), v € F(v,w,u) and w € F(w,u,v). Thus
(u,v,w) is a tripled common fixed point of F and g.

Suppose now that (b) holds. Let (x,y,z) be a tripled coincidence point of F

and g. Then there exist u,v,w € X such that lim g"u = x, lim g"v = y and
n—o0 n—o0

lim g"w = z. Since g is continuous at x, y and z, we have gx = x, gy = y and
n—>oo

gz = z. Thus (x, y,z) is a tripled common fixed point of F and g. 0

The following example illustrates Theorem 3.

Example 1. Let X =[0,1], F: X x X x X - CB(X) and g : X — X be defined by
F(x,y.z) =105+ % +%]and gx = %x. Then for all x, y,z,u,v,w € X, consider
Yy

H(F(x,y,2), F(u,v,w)) = (%4_14_%)_(%4_

v+w)
4 3

<

1| |+1| |+1| |
—|x—ul+-|y—v|+=lz—w

g 4" 3¢

1| |+2| |+8| |
—lgx—gu|+=|gy—gv|+—|gz—gw
—lgx—gul+ = |gy —gvl+ o, gz

IA

7
imax{d(gx,gu),d(gyagv),d(gZ,gw)}-

Clearly all conditions of Theorem 3 are satisfied and (0,0, 0) is the tripled common
fixed point of F and g.
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