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Abstract. In this paper, an effort has been made to improve the notion of o-Geraghty contrac-
tion type mappings and establish some common fixed point theorems for a pair of «-admissible
mappings under the improved approach of generalized rational a-Geraghty contractive type con-
dition in a complete metric space. An example has been constructed to demonstrate the novelty
of these results.
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1. PRELIMINARIES AND SCOPE

In 1973, Geraghty [3] studied a generalization of Banach contraction principle. He
generalized the Banach contraction principle in a different way than it was done by
different investigators. In 2012, Samet et al. [16], introduced a concept of o — /- con-
tractive type mappings and established various fixed point theorems for mappings in
complete metric spaces. Afterwards, Karapinar [11], refined the notion and obtained
various fixed point results. See more results in [9]. Hussain et al. [7], generalized the
concept of o-admissible mappings and proved fixed point theorems. Subsequently,
Abdeljawad [1] introduced a pair of o—admissible mappings satisfying new suffi-
cient contractive conditions different from those in [7], [16] and obtained fixed point
and common fixed point theorems. Salimi et al. [15], modified the concept of @ — 1 —
contractive mappings and established fixed point results. Recently, Hussain et al. [8]
proved some fixed point results for single and set-valued o — n — y-contractive map-
pings in the setting of complete metric space. Mohammadi et al. [13], introduced
a new notion of o — ¢—contractive mappings and showed that it was a real gener-
alization for some old results. Thereafter, many papers have published on geraghty
contractions. For more detail see [4-0, 8, 11, 14] and references therein.

Definition 1 ([16]). Let S : X — X and o : X x X — R. We say that S is -
admissible if x,y € X, a(x,y) > 1 = a(Sx,Sy) > 1.
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Example 1 ([12]). Consider X = [0,00),and define S : X - X anda: X x X —

[0,00) by Sx = 2x, forall x,y € X and
Y
_Joex, ifx=y,x#0
=0 ik <y,

Then S is «—admissible.

Definition 2 ([1]). Let S, 7 : X — X and o : X X X — [0,+00). We say that
the pair (S,7) is a-admissible if x,y € X such that a(x,y) > 1, then we have
a(Sx, Ty)>1land a(Tx,Sy) > 1.

Definition 3 ([10]). Let S : X - X and o : X x X — [0,4+00). We say that S is
triangular o-admissible if x,y € X, a(x,z) > land a(z,y) > 1 = a(x,y) > 1.

Definition 4 ([10]). Let S : X — X and & : X X X — (—o00, +00). We say that S
is a triangular «-admissible mapping if

(T1) o(x,y) > 1 implies ¢(Sx,Sy) > 1, x,y € X,

(T2) a(x,z) > I, a(z,y) > 1, implies a(x,y) > 1, x,y,z € X,

Definition 5 ([1]). Let S,7 : X > X anda : X X X — (—00, +00). We say that
a pair (S, T) is triangular o-admissible if

(TD) a(x,y) > 1, implies &(Sx,Ty) >l and ¢(Tx,Sy) > 1,x,y € X.

(T2 ae(x,2) = 1, ez, y) = 1, implies ae(x,y) = 1, x, y,z € X.

Definition 6 ([15]). Let S : X — X and let «,n: X x X — [0,400) be two
functions. We say that 7" is o-admissible mapping with respect to 1 if x,y € X,
a(x,y) =>n(x,y) = a(Sx,Sy) > n(Sx,Sy). Note that if we take n(x,y) = 1, then
this definition reduces to definition in [16]. Also if we take o(x, y) = 1, then we says
that S’ is an -subadmissible mapping.

Lemma 1 ([2]). Let S : X — X be a triangular a-admissible mapping. Assume
that there exists xg € X such that o(xg, Sxg) > 1. Define a sequence {x,} by Xn+1 =
Sxy. Then we have a(xy,xm) > 1 for allm,n € NU{0} withn < m.

Lemma 2. Let S,T : X — X be a triangular a-admissible mapping. Assume
that there exists xo € X such that o(xg,Sx9) > 1. Define sequence x3i+1 = SXxai,
and xi4+2 = Txpi41, where i = 0,1,2,..... Then we have o(xp,Xm) > 1 for all
m,n € NU{O} withn <m.

We denote by §2 the family of all functions 8 : [0, +00) — [0, 1) such that, for any
bounded sequence {t,} of positive reals, 8(¢,) — 1 implies ¢, — 0.

Theorem 1 ([3]). Let (X,d) be a metric space. Let S : X — X be a self mapping.
Suppose that there exists € §2 such that forall x,y € X,

d(Sx,Sy) = p(d(x.y)d(x,y).
then S has a fixed unique point p € X and {S" x} converges to p for each x € X.
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2. RESULTS

In this section, we prove some fixed point theorems satisfying generalized rational
a-Geraghty contraction type mappings in complete metric space. Let (X,d) be a
metric space, and let & : X x X — R be a function. Let S, 7T : X — X is called a pair
of generalized rational «-Geraghty contraction type mappings if there exists 8 € §2
such that for all x,y € X,

a(x,y)d(Sx,Ty) < B(M(x,y)) M(x,y) (2.1

where

M(x.y) = max{d(x’y)’ d(x,Sx)d(y,Ty) d(x,Sx)d(y,Ty)§

l+d(x,y) = 14+d(Sx,Ty)

If § =T then T is called generalized rational «-Geraghty contraction type mappings
if there exists 8 € §2 such that for all x,y € X,

a(x,y)d(Tx,Ty) < B(N(x.y)) N(x,y)

where

N(x,y) :max{d(x’y)’d(x,TX)d(y,Ty) d(x,Tx)d(y,Ty)}

I+d(x,y) ~ 1+d(Tx,Ty)

Theorem 2. Let (X,d) be a complete metric space, a : X X X — R be a function.
Let S, T : X — X be two mappings then suppose that the following holds:

(i) (S, T) is pair of generalized rational a-Geraghty contraction type mapping;

(ii) (S, T) is triangular o-admissible;

(iii) there exists xg € X such that a(xg,Sx¢) > 1;

(iv) S and T are continuous;

Then (S,T) have common fixed point.

Proof. Let x1 in X be such that x; = Sx¢ and x, = T'x;. Continuing this process,
we construct a sequence X, of points in X such that,

X2i+1 = Sxzi, and xpi4+2 = Tx2;4+1, where i =0,1,2,.... 2.2)
By assumption «(xp,x1) > 1 and pair (S, T) is & -admissible, by Lemma 2, we have
a(xXp,Xp+1) > 1 foralln € NU{0}. 2.3)
Then
d(x2i+1.X%2i+2) = d(Sx2i, Tx2i+1) < a(x2;,X2i+1)d(Sx2;, T X2 +1)
< B(M(x2i,x2i+1)) M(x2i, X2i +1),
for alli € NU {0}. Now

M(x2i,%2i41) = max §d(X2;,X2i+1),

d(x2i,8x2i)d(x2i+1,Tx2i+1) d(Xzi,SXZi)d(XZi+1,TX2i+1)}
1+d(x2i,%2i+1) ’ 1+d(Sx2i,Tx2i41)

d(x2i,X%2i +1)d(X2i+1,X2i +2) d(xzi,xzi+1)d(x2i+lyx2i+2)%
1+d(x2i,%2i+1) ’ 1+d(x2i+1,%2i42)

=maX{d(XZi,XZi+1),
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<max{d(x2i,%2i+1),d(X2i 41, X2i42)} -

Thus

d(x2i+1,X2i42) < B(M(x2i,x2i+1)) M(x2i,X2i+1)
< B(d(x2i,x2i+1)) d((x2i, X2i+1) < d (X2, X2i+1).
so that,
d((x2i41,X2i+2) < d(X2i,X2i+1)- (2.4)
This implies that
d(Xn+1,Xn+2) < d(Xp,XxXn+1), forall n € NU{0}. (2.5)

So, sequence {d(x,,Xn+1)} is nonnegative and nonincreasing. Now, we prove that
d(xn,Xn+1) — 0. Tt is clear that {d(x,,x,+1)} is a decreasing sequence. Therefore,
there exists some positive number r such that lim,—.o0 d(Xy, Xy +1) = 7. From (2.4),
we have
d(Xn+1,Xn+2)
d(Xn,Xn+1)
Now by taking limit n — oo, we have

1 <B(d(xn,xn+1)) <1,

< Bd(xn,xn+1)) < L.

that is
lim B(d(xp,xn+1)) = 1.
n—>oo
By the property of 8, we have
lim d(x,,xp+1) =0. (2.6)
n—00
Now, we show that sequence {x,} is Cauchy sequence. Suppose on contrary that

{xn} is not a Cauchy sequence. Then there exists € > 0 and sequences {x, } and
{Xn, } such that, for all positive integers k, we have my > ny > k,

d(Xmy  Xn,) > € 2.7)
and
d(Xmy  Xn,_,) <E€. (2.8)
By the triangle inequality, we have
€ <d(Xmy,Xny)
<dXmyXng_y) +dXng_y Xny)

<e4+d(Xnz_;  Xny).

That is,

€ <e+d(xn_,.Xn;) (2.9)
for all k € N. In the view of (2.9), (2.6), we have

lim d(Xm,; ,Xn,) = €. (2.10)

k—o00
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Again using triangle inequality, we have

d(XmycsXn ) < dXmps Xmy ) +dXmy g Xnge ) +d(Xng gy Xny)
and

d(Xmyyy > Xniiy) < dXmyg iy Xmg) +d X Xng ) +d(Xng s Xng i)
Taking limit as kK — +o00 and using (2.6) and (2.10), we obtain

klir}rlood(xmk“’xnk“):e' (2.11)

By Lemma 2, a(xp, , Xm,,) > 1, we have
d(XniqysXmpqn) = d(SXn s TXmy ) S (Xnges Xy )A(S X, T Xy y)
S IB(M(xnk,xmk+1))M(Xnk,ka+1)-

Finally, we conclude that

d(Xng s Xmy4a) <
M(xn, Xmpyy) —

By using (2.6), taking limit as k — 400 in the above inequality, we obtain

Jim B o xmy y)) = 1. 2.12)

IB(M(xnk ’ ka_:,_l ))

So, limg 00 d(Xny» Xmy,,) = 0 < €, which is a contradiction. Hence {x} is a
Cauchy sequence. Since X is complete so there exists p € X such that x, — p
implies that xp;4+1 — p and x3;42 — p. As S and T are continuous, so we get
Txzi+1 — Tp and Sxp;42 — Sp . Thus p = Sp similarly, p = Tp, we have
Sp =Tp = p. Then (S, T) have common fixed point. O

In the following Theorem, we dropped continuity.

Theorem 3. Let (X,d) be a complete metric space, o : X x X — R be a function.
Let S, T : X — X be two mappings then suppose that the following holds:

(i) (S, T) is a pair of generalized rational « -Geraghty contraction type mapping;

(ii) (S, T) is triangular o-admissible;

(iii) there exists xo € X such that a(xg,Sxo) > 1;

(iv) if {xn} is a sequence in X such that a(xy,xn+1) > 1 for alln € NU{0} and
Xp — p € X as n — +00, then there exists a subsequence{xp, } of {xn} such that
a(Xp,,p) = 1forall k.

Then (S, T) have common fixed point.

Proof. Follows the similar lines of the Theorem 2. Define a sequence x3;4+1 =
Sxpi,and x2; 42 = Tx3i4+1, wherei =0,1,2,.... converges to p € X. By the hypo-
theses of (iv) there exists a subsequence{xy,, } of {x,} such that a(x2,,,p) > 1 for
all k. Now by using (2.1) for all k£, we have

d(x2n;+1,Tp) = d(Sx2n;, Tp) < a(x2n;, p)d(Sx2n,,Tp)
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< B(M(x2ng, p)) M(x2n,, P)-
so that,
d(Xon,+1.Tp) < B (M(x2n,. p)) M(x2n;. p). (2.13)
On the other hand, we obtain
d(x2ny . SXx2n, ), d(p, Tp) d(x2n; . Sx2n,).d(p.Tp)

M(ink,p) = max d(x2nkvp)v

1+ d(x2p, . p) " 14+d(Sxzn,.Tp)
Letting k — oo then we have
lim M(Xan’p)=maX{d(P»Sp),d(P’Tp)} (214)
k—o0

Case 1.
limy_, oo M (x2p,,p) = d(p,Tp). Suppose that d(p,Tp) > 0. From (2.14), for a
large k , we have M (x2,, . p) > 0, which implies that

IB(M(Xan’p)) < M(Xan,P)-
Then, we have
d(x2n;,Tp) < M(x2n;, p) (2.15)

Letting k — oo in (2.15), we obtain that d(p, Tp) < d(p, Tp), which is a contradic-
tion. Thus, we find that d(p, Tp) = 0, implies p = Tp.

Case II.
limg_, 00 M (x2p, , p) = d(p,Sp). Similarly p = Sp. Thus p = Tp = Sp. O
d(x,8x)d(y,Sy) d(x.Sx)d(y.Sy) .
IfM(x,y)= d(x,y), , dS=T
(x.) max{ (x.) 14+d(x,y) 14+d(Sx,Sy) an n

Theorem 2 and Theorem 3 , we have the following corollaries.

Corollary 1. Let (X,d) be a complete metric space and let S is a— admissible
mappings such that the following holds:

(i) S is a generalized rational o-Geraghty contraction type mapping;

(ii) S is triangular o-admissible;

(iii) there exists xo € X such that a(xo, T (x9)) > 1;

(iv) S is continuous;

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Corollary 2. Let (X,d) be a complete metric space and let S is a— admissible
mappings such that the following holds:

(i) S is a generalized rational o-Geraghty contraction type mapping;

(ii) S is triangular o-admissible;

(iii) there exists xo € X such that a(xg,Sxo) > 1;

(iv) if {xn} is a sequence in X such that «(xn,Xn+1) > 1 for all n € NU{0} and
Xp — p € X as n — +00, then there exists a subsequence{xy, } of {xn} such that
a(Xp,.p) > 1forall k.
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Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

If M(x,y) =max{d(x,y),d(x,Sx),d(y,Sy)} in Theorem I, Theorem 2, we ob-
tain the following corollaries.

Corollary 3 ([2]). Let (X,d) be a complete metric space, a : X X X — R be a
function. Let S : X — X be a mapping then suppose that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(ii) S is triangular o-admissible;

(iii) there exists xo € X such that a(xg, Sxo) > 1;

(iv) S is continuous;

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Corollary 4 ([2]). Let (X,d) be a complete metric space, & : X X X — R be a
function. Let S : X — X be a mapping then suppose that the following holds:

(i) S is a generalized a-Geraghty contraction type mapping;

(ii) S is triangular o-admissible;

(iii) there exists xo € X such that a(xg, Sxo) > 1;

(iv) if {xn} is a sequence in X such that a(xn,Xn+1) > 1 for all n € NU{0} and
Xn — p € X as n — 400, then there exists a subsequence{xp, } of {x,} such that
a(xp,,p)>1forallk.

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Let (X,d) be a metric space, and let &, : X x X — R be a function. A map
S, T : X — X is called a pair of generalized rational o-Geraghty contraction type
mappings if there exists § € §2 such that for all x,y € X,

a(x,y)=n(x,y) =d(Sx,Ty) < (M(x,y)) M(x,y) (2.16)
where

d(x,8x)d(y.Ty) d(x,Sx)d(y.Ty)

M = d
(x,y) =maxd(x,y), 1+d(x,y) ~ 1+d(Sx,Ty)

Theorem 4. Let (X,d) be a complete metric space. Let S is a—admissible map-
pings with respect to 1 such that the following holds:

(i) (S, T) is a generalized rational a-Geraghty contraction type mapping;

(ii) (S, T) is triangular o-admissible;

(iii) there exists xo € X such that a(xg, Sx0) > n(xo,Sx0);

(iv) S and T are continuous;

Then (S, T) have common fixed point.
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Proof. Let x1 in X be such that x; = S'x¢ and x, = T'x;. Continuing this process,
we construct a sequence X, of points in X such that,

X2i+1 = Sxzi, and xpi42 = T x2i+1, wherei =0,1,2,.... 2.17)

By assumption o (xg,x1) > (x¢,x1) and the pair (S, T') is «-admissible with respect
to n, we have, a(Sxg, Tx1) > n(Sxo, T x1) from which we deduce that «(x1,x3) >
n(x1,x2) which also implies that «(Tx1,Sx2) > n(Tx1,Sx3). Continuing in this
way we obtain o (x,,Xp+1) = 7(xn,Xp+1) forall n € N U {0}.

d(x2i41,X2i42) = d(Sx2i,Tx2i41) < o(x2i,x2i+1)d(Sx2;, Tx2i41)
< BM(x2i.x2i+1)) M(x2i,x2i+1),
Therefore,

d(x2i41,%2i+2) < o(x2i,X2i4+1)d(Sx2;, Tx2i 1) (2.18)
for alli € NU{0}. Now

Mot %0141) = max{d(xzf,sz_]), d(x2i,8x2:)d(x2i+1,TX2i+1) d(xzi,szi)d(xzi+1,Tx2i+1)}

1+d(x2i,%2i+1) ’ 1+d(Sx2i,Tx2i+1)
_ o d(x2i,x2i+1)d(X2i 41, X2i42) d(x2i,Sx2:)d (x2i 41, Tx2i+1)
= max) d(x2i.X2i41), L+d(x2i,%2i+1) ’ L+d(x2i+1,%2i42)

< max{d(x2i,%2i+1),d(X2i 41, X2i42)} -

From the definition of 8, the case M (x2;,x2i+1) = d(X2i+1,X2i+2) is impossible.
d(x2i+1,X2i+2) < B (M(x2i,x2i+1)) M(x2i,X2i+1)
< B(d(x2i4+1.X2i+2)) d(xX2i+1, X2i+2) < d(X2i41,X2i+2).
Which is a contradiction. Otherwise, in other case
d(x2i+1,X2i+2) < B (M(x2i,%2i+1)) M(x2i,X2i+1)
< B(d(x2i,x2i+1)) d((x2i,%2i+1) < d(x2i, X2i+1).
This, implies that

d(Xp+1,Xn+2) <d(Xp,xXn+1), foralln € NU{0}. (2.19)
Follows the similar lines of the Theorem 2. Hence p is common fixed point of S and
T. n

Theorem 5. Let (X, d) be a complete metric space and let (S, T) are a—admissible
mappings with respect to 1 such that the following holds:

(i) (S,T) is a generalized rational a-Geraghty contraction type mapping;

(ii) (S, T) is triangular o-admissible;

(iii) there exists xo € X such that a(xg, Sx¢) > n(xo,Sx0);

(iv) if {xn} is a sequence in X such that o(xy,Xp+1) = N(xXn,Xn+1) for all n €
NU{0} and x, — p € X as n — +00, then there exists a subsequence{xp, } of {xn}
such that & (X, , p) > n(xpn, . p) forall k.

Then S and T has common fixed point.
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Proof. Follows the similar line of the Theorem 3. 0
d(x,Sx)d(y.Sy) d(x,Sx)d(y.Sy)

1+d(x,y) ~ 14+d(Sx,Sy)
the Theorem 4, Theorem 5 , we get the following corollaries.

IfM(x,y):max{d(x,y), and S =T in

Corollary 5. Let (X,d) be a complete metric space and let S is a—admissible
mappings with respect to 1 such that the following holds:

(i) S is a generalized rational o-Geraghty contraction type mapping;

(ii) S is triangular o-admissible;

(iii) there exists xo € X such that a(xg, Sx0) > n(xo,Sx0);

(iv) S is continuous;

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Corollary 6. Let (X,d) be a complete metric space and let S is a—admissible
mappings with respect to 1 such that the following holds:

(i) S is a generalized rational o-Geraghty contraction type mapping;

(ii) S is triangular o-admissible;

(iii) there exists xo € X such that a(xg, Sx0) > n(xo,Sx0);

(iv) if {xn} is a sequence in X such that o(xy,Xn+1) > N(Xn,Xn+1) for all n €
NU{0} and x, — p € X as n — 400, then there exists a subsequence{xy, } of {xn}
such that a(xp, , p) > n(xn,, p) for all k.

Then S has a fixed point p € X, and S is a Picard operator, that is, {S"xo}
converges to p.

Example 2. Let X = {1,2,3} with metric

d(1,3) =d(3,1) = ; d(1,1) =d(2,2) =d(3,3) = 0

4
d(1,2)=d(2,1)=1,d2,3)=d(3,2) = 7
| L ifx,yeX,
o (x.y) = 0, otherwise
Define the mappings S,7 : X — X as follows:
Sx =1foreach x € X.

T(H=TQB)=1,T2) =3.

and B : [0, +00) — [0, 1], then
a(x,y)d(Tx,Ty) < B(M(x,y))M(x.y).

Let x = 2 and y = 3 then condition (2.1) is not satisfied.

d (T(2),T(3)) =d(3,1) =§
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M(x,y) =max{d(2,3),d(2,T(2)).d(3.T(3))}

{445§ 5
=max{-,-,-; ==

777 "7
and
®(2,3)d (T'(2),T(3)) £ B(M(x,y))M(x,y).
It
B A2, T2)dG,T3)) dQ.T(2)d3,T(3))
M(x’y)_max{d(2’3)’ 1+d(2,3)  1+d(T2,T3)
{4 20 20} 4
=maxi{-,—,—¢ ==
777784 7

Then the contractions does not holds.

@(2.3)d (T'(2).T(3)) £ B(M(x.y))M(x.y).

We prove that Theorem 1 can be applied to S and 7. Let x,y € X, clearly (S,T) is
a—admissible mapping such that a(x,y) > 1. Let x,y € X and so that Sx,Ty € X
and «(Sx,Ty) = 1. Hence (S,T) is «-admissible. We show that condition (2.1) of
Theorem 1 is satisfied. If x,y € X then a(x,y) = 1, we have

a(x,y)d(Sx,Ty) < B(M(x,y)) (M(x,y)).
where
d(2,512))d(3,T(3)) d2,52)d(3,T(3))
1+d(2,3) T 14d(S2,T3)
4 20 20 4
=ma"{7’ﬁ’@} =3

M(x,y) = max{d(2,3),

and
d(S§2,T3)=d(1,1)=0.
a(x,y)d(Sx.Ty) < B(M(x.y)) (M(x.y)).
Hence all the hypothesis of the Theorem 1 is satisfied, So S, T have a common fixed

point.

Remark 1. More detail, applications and examples see in [2] and references there
in. Our results are more general than those in [2], [15] and improve several results
existing in the literature.
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