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Abstract. In this paper, we have given a criteria for the existence of common fixed point for pair
of mappings in 2-metric spaces and establish common fixed point theorems for certain class of
contractive type mappings. The results presented here, generalize some well known fixed point
theorems given in the literature.
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1. INTRODUCTION

In the 1960’s, Gahler introduced the notion of 2-metric space [9-11], whose ab-
stract properties were suggested by the area of function in Euclidean space. Iseki [10]
set out the tradition of proving fixed point theorems in 2-metric spaces employing
various contractive conditions. Akram et al. [3, 4] have introduced a large class of
mappings called A-contractions, which is a proper superclass of Kannan’s [18], Bi-
anchini [0] and Reich [19] type contractions. Ahmad [!], Debashis Dey and Mantu
Saha [7,20], Fathollahi [8] and Vishal Gupta [12] proved very useful common fixed
point results in complete 2-metric spaces. Akram et al. [2, 5] gave results for self
maps satisfying A-contractions in the setting of G-metric spaces. Some other res-
ults [13—15] in different type of metric spaces are also proved as a generalization of
Banach contraction principal.

2. PRELIMINARIES
Definition 1 ([9]). Let X be a non-empty set. A real valued function d on X x
X x X is said to be a 2-metric on X if,

(1) for given distinct elements x,y of X, there exist an element z of X such that
d(x,y.z) #0;
(i) d(x,y,z) =0, when at least two of x, y, z are equal;
(iii) d(x,y,z) =d(x,z,y) =d(y,z,x) forall x,y,z in X;
(v) d(x,y,2) <d(x,y,w)+d(x,w,z)+d(w,y,z) forall x,y,z,win X.
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When d is a 2-metric on X, then the ordered pair (X, d) is called a 2-metric space.
Definition 2 ([16]). A sequence {x,} in 2-metric space X is said to be a Cauchy
sequence, if foreach a € X,

lim d(x,,xm,a)=0.
n,m—>00

Definition 3 ([16]). A sequence {x,} in 2-metric space X is said to be convergent
to an element x € X, if foreacha € X,

lim d(x,,x,a) =0.
n—00

Definition 4 ([17]). Two mappings A, S are said to be weakly compatible in X
if they commute at their coincidence points i.e if for some x € X, Ax = Sx, then
ASx = SAx.

Akram et al. [3] defined A-contractions as follows:

Definition 5 ([3]). Let a non-empty set A consisting of all functions « : [Ri — R4
satisfying:
(i) o is continuous on the set IRi of all triplets of non-negative reals (with respect
to the Euclidean metric on R3);
(ii) a < kb for some k € [0,1), whenever a < a(a,b,b), a < a(b,a,b) or a <
a(b,b,a) forall a,b.

Definition 6 ([20]). A self map 7" on a 2-metric space X is said to be A-contraction
if foreachu € X,

d(Tx,Ty,u) <ald(x,y,u),d(x,Tx,u),d(y, Ty,u)]

holds for any x, y € X and some o € A.

In the present paper, we are proving some fixed point theorems for A-contraction
mapping in a 2-metric spaces.

3. MAIN RESULT
Theorem 1. The self map T on a 2-metric space X satisfying
d(Tx,Ty,u) <Bmax{d(Tx,x,u)+d(Ty,y,u),d(Ty,y,u)+
d(x,y,u),d(Tx,x,u)+d(x,y,u)}

forall x,y,u in X and some B € |0, %) is an A-contraction.

Proof. Define the map « : IRi — R4 as,

a(u,v,w) < Bmax{u +v,v+w,u+w} 3.1)

for all u,v,w in Ry, where B is any fixed number in [0, %). Then o € A, because
(1) « is continuous;



SOME COUPLED FIXED POINT THEOREMS... 681

(2) foru < a(u,v,v) = Bmax{u+v,v+u,v+v}.
We consider the following cases:

Case I: Let max{u +v,v+u,v+ v} = u+v. In this case by the virtue of
equation (3.1)

u < B(u—+v),
that is, u < kv withk = % €[0,1).
Case II: Let max{u +v,v+u,v+v}=v+v. Inthis case u < kv, with k =

26 €[0,1).
Similarly, when we have either u < «(v,u,v) or u < (v,v,u), then u < kv for some
k €[0,1). Hence,

d(Tx,Ty,u) < Bmax{d(Tx,x,u)+d(Ty,y,u),d(Ty,y,u)
+d(x,y,u),d(Tx,x,u)+d(x,y,u)}
=oaf{d(x,y,u),d(Tx,x,u),d(Ty,y,u)}.
Thus T is an A-contraction. ]

Theorem 2. Let o € A and {T,};2 be a sequence of self maps on complete 2-
metric space (X, d) such that

d(Tix,Tjy,u) <« [d(x,y,u),d(Tl-x,x,u),d(ij,y,u)] (3.2)
forall x,y,u € X. Then {Ty,}2 | has a unique common fixed point in X.

Proof. Consider xg € X arbitrarily, then for each n € N, we define x, = T, x,—1.
Now,

d(x1,x2,u) =d(T1x9,Tax1,u)
< ald(xo,x1,u),d(T1x0,x0,u),d(T2x1,x1,u)]
=« [d(x0,x1,u),d(x1,Xx0,u),d(x2,x1,u)]
< kd(xo,x1,u), (3.3)

for some k € [0,1) and @ € A.
Again,

d(xz,x3,u) =d(Tax1,T3x2,u)
<ald(xy,x2,u),d(Trxy,x1,u),d(T3x2,x2,u)]
= ad(x1,x1,u),d(x2,x1,u),d(x3,x2,u)]
< kd(x1,x2,u). (3.49)
We get from (3.3) and (3.4),

d(x2,x3,u) < k*d(x0.x1,1).
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Proceeding in this way, we get
d(xn,xn+1a“) $knd(x0,x1,u). (35)
Next we prove that

d(Xp,Xpy2,u) < d(Xpn,Xn42,.Xn4+1) +d(Xp, Xp41,u) +d(Xn41.Xn4+2.U)
1

§d(xn,xn+2’xn+1)+Zd(xn+r,xn+r+l,u)- (3.6)
r=0

Now,

d(Xn, Xn+2,Xn+1) = d(Xn+1, Xn+2,%n) = d(Tn41(Xn), Tn42(Xn4+1), Xn)
< ald(xn, Xn+1,%n),d(xXn, Tnt1(Xn), Xn),
d(xn+1, Tat2(Xn+1),Xn)]
=a[d(Xn, Xn+1.Xn),d(Xn, Xn4+1,Xn), d(Xn41,Xn42,Xn)]
< kd(xp,Xn+1,%n) for some k € [0, 1).

Since o € A, so it follows that

d(Xp, Xp4+2,Xp+1) = 0. (3.7)
From (3.6) and (3.7), we get,
1

d(Xp,Xpy2,u) < Zd(xn+r,xn+r+l:u)-
r=0

Again, by using the property (iv) of Definition 1,

1 2
d(xp,Xp+3,u) < Zd(xn+3,xn+raxn+r+l) + Z d(Xp4r Xntr+1,U).
r=0 r=0

Similarly, we can show that,

d(Xp43,Xn,Xp+1) =0 and d(Xp43,Xp4+1,Xn42) =0.

2
Hence, d(xp, xXn+3,u) < Y d(Xn4+2,Xn+r+1,u). Continuing in the same sense, we
r=0
get,
p—1
d(Xn, Xn4p,u) < Zd(xn—i-r»xn-i—r-i-l,u)
r=0

for any integer p. So we have, for any integer p > 0,

n

1—-k

d(xnsxn+p,u)§ d(XQ,xl,u).



SOME COUPLED FIXED POINT THEOREMS... 683

Hence {x,} is a Cauchy sequence in X and so by completeness of X, {x, } converges
toapoint z € X.
Now,

d(xn+1,Thz,u) = d(Tpt1(xn), Tn(2),u)
< ald(xn,z,u),d(xn, Tn1(xn),u),d(z, Tz, u)]
=ald(xy,z,u),d(xn, xp+1,u),d(z, Tz, u)].
Taking limit as n — oo, we get
d(z,Tyz,u) <ald(z,z,u),d(z,z,u),d(z, Thz,u)]
<kd(z,z,u)
=0.
This gives T,z = z.
To prove the uniqueness, let w be another fixed point of T}, for all n, then
d(z,w,u) =d(Tiz.Tjw,u)
Sa[d(z,w,u),d(z,Tiz,u),d(w,Tjw,u)]
=ald(z,w,u),d(z,z.u),d(w,w,u)]
=ald(z,w,u),0,0]
<k-0
=0.
This gives z = w. O

Theorem 3. Let X be a 2-metric space with 2-metrics d, and § satisfying the
following conditions,

(i) d(x,y,2) <8(x,y.2);
(ii) X is complete 2-metric space with respect to d ;
(iii) S, T are self maps on X such that T is continuous with respect to d and

0(Tx,Sy,u) <ald(x,y,u),d6(x,Tx,u),8(y,5y,u)]
forall x,y,u € X and for some o € A.
Then S and T have a unique common fixed point.
Proof. For an arbitrary point x¢ € X, define a sequence {x,} C X as follows:
Txzn = Xon+1, SXon+1 = X2n+2.
For every non-negative integer 7, and for all u € X,
8(x2n, X2n+1,u) = 8(Sx2n—1,T X2, u) = 8(T X2p, S X2n—1,1),
then by the above inequality (iii)

S o[0(x2n,X2n—1,u),8(X2n, T X2, 1), 8(X20—1,SX2n—1,u)]
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= a[§(x2n, X2n—1,u),8(X2n, X2n+1,u),8(X2n—1,X2n, U)]
< kd(x2n—1,X2n,u). (3.8)
Again consider,
8(x2n—1,X2n,u) = 6(T X2p—2,SX2n—1,U)
< a[8(x2n-2,X2n—1,u),8(x2n—2, T X2n—2,u),
8(x2n—1,8Sx2n—-1,u)]
= o [8(x2n—2,X2n—1,u),8(X2n—2, X2n—1,1),
8(x2n—1,X2n,u)].
8(xon—1,%X25.u) < kS(X2p—2,X2n—1,U) for some k € [0, 1). (3.9
From (3.8) and (3.9), we conclude
8(X2m, Xan+1,u) < k8(Xan—1,X2n,u) < k*8(Xan—2,X2n—1,1).
Continuing in this way, we get
§(X2m, X2n+1,u) <k 8(x0,x1,u).
In general,
8(Xms Xm+1,u) <k™8(x0,x1,u) forallu € X. (3.10)
Now, we claim that §(xg,x1,x,) = 0 for all n € N. Clearly it is true for n = 0 and
n = 1. Based on mathematical induction, let it be true for 1 <n </ —1, then
8(xo0,x1,x7) < 8(x0,x1,X7-1) + 8(x0,x7—1,X7) + 8(x;—1, X1, x])
=0+ 8(x;—1,x7,X0) +8(x7—1,X7,X1)
< k' 8(x0, X1, %0) +8(x0, x1,%1)]
=0.

Thus we have
8(xg,x1,x,) =0foralln € N. (3.11)

Hence (3.10) and (3.11) shows 8(X, Xm+1,Xn) = 0 for all n,m € N. Now, for
n > m, we have
8(Xms Xn u) < 8(Xms Xm41,U) + (X Xm+1,Xn) +8(Xmt1,Xn,U)

= 8(Xm, Xm+1,u) + 8 (Xm+1,Xn, )

< 8(Xms Xm1.uU) +8(Xmt 1, Xmg2,u) + -+ 0(Xp—1,Xn, 1)

< (K™ + kM 4 NS (x0, X1, 1)
<Kk™(1+k+-+ k" 18(x0,x1,u)

kn—m)

<=

% 8(x0,x1,u).
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Thus by condition (i),
km(l _ kn—m)

d(xn,xm,u)$8(xnaxm7u)S 1—k

8(x0,x1,u),

for all n,m € N with k € [0, 1).

So {x,} is a Cauchy sequence in X with respect to d and hence by condition (ii),
d(xn,x’,u) — 0 for some x’ € X and for eachu € X.
Since T is given to be continuous with respect to d, we have,

0= lim d(x2n41,x",u) = lim d(Tx2,,x",u) =d(Tx',x",u)
n—0o0 n—0o0
forallu € X. So Tx" = x'.
Now by condition (iii), for each u € X
8(x',Sx" u) =8(Tx",Sx",u)
<a8(x' X u),8(x", Tx" u),8(x", Sx",u)]
<a[0,0,8(x", Sx",u).]
<k-0
=0.
Hence, x’ = Sx’.
Thus x’ is a common fixed point of S and 7. For the uniqueness, let y be another
common fixed point of S and 7 in X.
Then by condition (iii)
8(x’,y.u)=8(Tx",Sy,u)
<a[8(x',y.u),8(x" . Tx",u),8(y,Sy.u)]
<0.

Thus, x’ = y. O
4. APPLICATIONS

Here, we give some applications related to our results. For this we use a Lebesgue
integrable function as a summable for each compact R™.
Let us define ¢ : [0,00) — [0,00) as ¥ (¢) = fégo(t), YVt > 0 be a non-decreasing
and continuous function. Moreover, for each € > 0, ¢ (¢) > 0and ¢ (¢) = 0iff t = 0.
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Theorem 4. Let {T,},>, be a sequence of self maps on the complete 2-metric
space (X, d) satisfying the following condition:

d(Tl'xaijsu)
/ @ (t)dt 4.1)
0

d(x,y,u) d(T;x,x,u) d(T;y,y.u)
<a / o () d, [ o () d, / o () di
0 0 0

for some x,y € X with some a € A, where ¢ : [0,00) — [0,00) is a Lebesgue-
integrable mapping which is summable(i.e with finite integral) on each compact sub-
set of [0, 00), non-negative and such that for each € > 0,

€
/ o(@)dt > 0. 4.2)
0
Then {Typ}ow has a unique fixed point in X.

Proof. Let xo € X be arbitrary and for each n € N define x, = T, x,—1. Now

d(x1,x2,u) d(T1x0,T2x1,u)
/ (p(t)dt=/ @ (t)dt
0 0
d(x0,x1,u) d(T1x0,x0,u) d(T2x1,x1,u)
§a< / o (1)dt, / o (1) dt, / w(t)dt)
0 0 0
d(x0,x1,u) d(x1,x0,u) d(x2,x1,u)
=a(/ vwar. | vr. [ w(t)dl)-
0 0 0

By definition of o, we get

d(x1,x2,u) d(x0,x1,u)
/ o <k o (1) (4.3)
0 0

for some k € [0,1) as o € A.
Again,

d(x2,x3,u) d(T2x1,T3x2,u)
/ o= [ 0
0 0

d(x1,x2,u) d(T2x1,x1,u) d(T3x2,x2,u)
<ol [ ol owar. o (1) dt
0 0 0

d(x1,x2,u) d(x2,x1,u) d(x3,x2,u)
—af [ vwar. ol p(t)dr).
0 0 0
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Therefore,

d(x2,x3,u) d(x1,x2,u)
f @) < kf @), 4.4)
0 0

from equation (4.3) and (4.4), we get

d(x2,x3,u) ) d(x0,x1,u)
/0 o (1) <k /O 0 (0).

Proceeding in the same way, we have

d (xpXn41,u) d(x0,x1,u)
/ i<k [ 0(0). *.5)
0 0

Taking limit as n — oo, we get lim,, fod(x"’x"+l’u) p(@)dt =0, askel0,1),
which from (4.2) implies that lim, d (x,, xp+1,u) = 0.

We now show that {x,} is a Cauchy sequence.

Consider,

d (Xn,Xn42,u) < d (Xn, Xn42,%n+1) +d (Xp, Xp41,0) +d (Xnt1,Xn42,4).

Therefore,
1

d (Xn,xn—f-Z’u) <d (xn,xn-i-z,xn-}-l) + Zd (xn+r7xn+r+1’u)- (4.6)
r=0

Now

p()dt =

/d(Tn-H (xn);Tn—i-Z(xn—i-]),xn)
0

d(xn,Xn4+2.Xn41)
/ @ (t)dt
0

/d(xn+1 Xn42%Xn)

o (t)dt

d(xn »Xn+1 ,Xn)
< ( / o (0)dr,
0
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d(xnaTn-i—l(xn)sxn) d(xn+laTn+2(xn+l):xn)
/ syar. | 0 () d1
0 0

d(xnsanrlaxn) d(xﬂ:xil+1>x}’l) d(xn+l,xn+2axn)
=« / (p(z)dt,[ (p(t)dt,/ (t)dt
0 0 0

d(xn;xn—i-lsxn)
§k/ ¢ (@)dt forkel0,1) and a € A.
0

It follows that fod (0 X+20%n1) p(t)dt =0,

and by (4.2), d (x5, Xn+2,Xn+1) = 0.

Again, by using the property (iv) of Definition 1,

d (Xn.Xn43.U) = Y y—0d (Xnt3. Xntrs Xntr41) + Yoreod Cnr . Xngr41.1).

As above, we can show that d (x;,43, X, Xp+1) =0 and d (X, +3,Xn+1,Xn+2) =0,
hence

2
d (xp, Xn43.u) = 3 —0d (Xntr. Xntr+1,4).
Continuing in the same manner, we get for any integer p,
—1 n
d (xnaxn—i-p,“) = Z,{):od (Xn+r> Xntr+1,U) < lkad (x0,x1,u) >0
as n — oo, since k € [0, 1).

Hence {x,} is a Cauchy sequence in X and so by completeness of X, {x,} con-
verges to a point Z € X.

NOW, fod(x"+l’Tnz’u)(p(t)dt _ /-Od(Tn-i—l(xn),TnZ,u)w([)d[
Ea( :(xn,z,u)(p(t)dt’fod(Xn,Tn-‘rl(Xn)au)go(t) dl’fﬂd(Z,TnZ,“)(p([)dt)

— a( Jl(xn,z,u)(p(t)dt’f:(xn,xnﬂ,u)(p(t) dt,fod(z’T"Z’u)go(Z)dt).

Taking limit as n — oo, we have

fod(Z,TnZ,u) @ (t) dt
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<« (/‘Od(zaza“)(p (f)dt,fod(z’z’u) ) (t) dl,/g(Z:TnZau) @ (t) dl)
d bl 9
Ekfo (zzu)(p(t)

forsome k € [0,1)asax € A = fod(z’TnZ’u)(p(t)dt —0.
and by (4.2),d (z,Tpz,u) =0 and thus T,z =z Vn.

To prove uniqueness of z, let w be another fixed point of 7,,, Then

fod(z’w’u)(p(l‘)dt _ f(;i(Tiz,Tjw,u)(p(t) dt

Sa (f(;l(z’w’u)(p(t)d[,fod(Z’Tiz’u)QD(f)dl,fod(w’Tjw’u)gp(l‘)dt)
za( Od(z’w’u)‘/’(t)dlvfod(z’z’u)(/’(l)dl,fod(w’w’u)q)(t)dz)
= ‘X( od(z’w’u)w(t)dt,0,0) <k0=0

for some k € [0,1) as o € A. This gives z = w. O

Theorem 5. Let X be a set with 2-metrics d and § satisfying the following condi-
tions:

(i) d(x,y.2) <8(x.y.2);
(ii) X is complete 2-metric space with respect to d;

(iii) S and T are self maps on X such that T is continuous with respect to d and
satisfying

8(Tx,Sy,u)
/ o()di <
0

§(x,y,u) §(x,T x,u) §(y,Sy,u)
o / (p(t)dt,f (p(t)dt,/ (t)dt
0 0 0

for all x,y,u € X and for some a € A, where ¢ : [0,00) — [0,00) is a Lebesgue
integrable mapping which is summable (i.e finite integral) on each compact subset of
[0, 00), non-negative and such that for each € > 0, foe @ (t)dt > 0.

Then S and T have a unique common fixed point.

“4.7)

Proof. For an arbitrary point xg € X , define a sequence {x,} C X as follows:-
TXon = Xon+1, SX2n+1 = X2n42 for every non-negative integer n and for all u € X.

Now f(f(x2nyx2n+l,u)(p(t)dz — 08(Sx2n_1,TX2n,u)(p(Z)dt
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_ f(f(szn,szn—l,u) o (1) dt

<a [f(f(xzn,mn—l,u)(p (1) dt,f(f(xzn’szn’u)(p (1) dt"/‘(;s(xzn—lyS)Qn—l,u)(p (t)dt]
<u [ (;g(x2nax2n—lau)¢ ([)dt’f(;g(XZnaxZn—lau) (1) dz’f(;s(x2n—l»x2nyu)(p (Z)dt].

Thus,
8 (x2n,%2n41,1) 8(x2n—1,X2n,u)
/ p()dt < k/ @ (t)dt 4.8)
0 0

for some k € [0,1) as o € A.
Consider, /‘(;S(XZH—I,XZH SU) @ (t) dt = f(;g(TXZH—ZaSXZn—I;u)gD (Z)dt

<a [f(;g(x2n72ax2nflsu)g0 (t) dt’f(f(xznfz,sznfz,u) o (1) dt,
8 n— 7S n—1»
fO (x2n—1,8x21n—1 u)(/) (t)dt]

<a [ (;S(xzn_z,xzn_l,u) 0 (Z)dt’foa(XZn—Z,XZn—l,u) o (1)dt, f(;s(xzn—l,xzn,u) 10 dt].

By definition of function «,

8(x2n—1,X2n,4) 8(x2n—2,X2n—1,u)
/ p(@)dt < k/ @ (t)dt 4.9)
0 0

for some k € [0,1).

From (4.8) and (4.9), we conclude that

f(f(xz"’xz"“’“)@(t)dt < ke [LOn=12m8) 4 (1) < 2 [SCen—2oXon=1) o (1) gy
Proceeding in the same way, we get

f(f(xz"’xz"“’")@(t)dt < Je2n [SC010 4 (1) .

In general,

8(x0,x1,u)

S(xm,xm+1,u)
f p(@)dt < k’”/ p(@)dt, VuelX. (4.10)
0 0

Now we claim that § (xg,x1,x,) = 0 for all n € N. Clearly it is true for n = 0 and
n=1,letitbetrue for 1 <n <[—1, then

8 (x0,x1,x7) <8 (x0,x1,x7—-1) + 8 (x0,x7—1,%7) + 6 (x7_1.%1,Xx7)
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=0+ 8 (x7—1,X7,x0) + 8 (x7—1,x7,X1)
<K'=V [8 (x0,x1,%0) + 8 (X0, X1, X1)].

Thus we have,
8(x0,x1,x,) =0 for all ne N. 4.11)

Hence (4.10) and (4.11) implies, 8 (Xm, Xm+1,%Xn) = 0.

Consider, (;S (XomXm 1) @ (t)dt
8 msitm E) 8 msivm sV 8 m VI
Efo(x X +lu)(p(t)dl‘+f0(x x +1x)(p(t)dt+f0(x +1,X u)(p(t)dt

= fSCmasmer) o gy g g (3G o g gy

< f(f G411 o (t)dt + f(f Come1%m-42.1) 0 (1) dt + ...+ [0 o (1) dy
< (kK™ + k7 k) [ GO g (1) i

= % ()s(xo’xl’")cp(t) dt for some k €0,1).

Taking n,m — oo, we have fos(x”’x””u)w(t)dt =0, and then 6§ (x,, xmm,u) = 0 as
n,m— oo.

Thus by condition (i), d (Xz, Xm,u) < & (Xn, Xm,u) = 0 asn,m — oco.

So {x,} is a Cauchy sequence in X with respect to d and hence d (xn,x/,u) -0

/ . . . .
for some x € X as n — oo and for each u € X. Since T is given to be continuous
with respect to d, we have

0=Ilim, oo d (xznﬂ,x/,u) =1lim, o0 d (TxZn,x/,u) =d (Tx/,x/,u) for all

u € X, so that Tx =x'.
From condition (iii), for each u € X we have,

S(x/,Sx/,u>

Jo
x/,Tx/ x/,Sx/,u)

<a {f(f(x i ’u)so(t)dz,f(f< ’“)go(z)dt,j(f(

(Tx/,Sx/,u>

() dt = f(f @ (1)dt

(p(t)dti|
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S(x/,Sx/,u)
<a|0,0, [, )| <k0=0 forsomek€][0,1)
and hence § (x/,Sx/,u) =O0forallu e X.

Therefore x' = Sx’. Thus x is the common fixed point of S and T'.

For uniqueness, let y be any other common fixed point of S and 7" in X, then by
condition (iii),

§ x/,y,u § Tx/,Sy,u
f( )w(t)dt=/( ) i
0 0

S(x/,y,u) S(x/,Tx/,u) 8(»,Sy,u)
< f p(0)dt, / o (t)dr, f o (1) di
0 0 0

Hence x = y. O

Example 1. Consider X ={1,2,3,4}anddefined : X x X xX — Rbyd (x,y,2) =
0 for at least two of any x, y,z are zero and d (x,y,2) =d (y,x,2) =d (z,y,x) for
x #y #zbesuchthatd (1,2,3) =6,d (1,2,4) =7,d (1,3,4) =8,d (2,3,4) = 9.
Then (X, d) is 2-metric space.
LetT: X — X bedefinedby T(1)=2,T(2)=3,T(3)=4,T(4)=1.
Then, clearly the condition of A-contraction

d(Tx,Ty,u) <ald (x,y,u),d (x,Tx,u),d (y,Ty,u)] is not satisfied.

Take x = 1,y = 2 and u = 4 L.H.S of condition becomes d (T (1),T (2),4) =
d(2,3,4) =9and RH.S is

ald(1,2,4),d (1, T(1),4).,d (2, T (2),4)]=«[7,7,9].
Then 9 < k.7, this is a contradiction, as k € [0, 1]. Hence T is not an A-contraction

and 7 has no fixed point.

Example 2. Consider 2-metric space as in Example 1, and define
T(H)=1,T12)=1,T(3)=1,T (4) = 1. Clearly, the map T satisfies all the condi-
tions of Theorem 1, in all cases. Therefore T is an A-contraction.
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