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Abstract. Using a recent extension of Fréchet differentiability (approach of Taylor mappings,
see [1]), the notion of Clarke subdifferential in binormed spaces, and the notion of closed pair
of multifunctions, we present a convenient test for the weak metric regularity of a non-strictly
Fréchet differentiable functions in terms of the surjectivity of its Taylor strict derivative. As an
application, we give an example of a non-strictly Fréchet differentiable function for which the
given test works.
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1. AN INTRODUCTION TO METRIC REGULARITY

Throughout this section, we consider an open set U in a normed space (E, | - ||1),
a closed set S C U, a Euclidean space (Y, || -||), and a continuous map h:U — Y.

Letx € S, T; (x) the Clarke tangent cone to S at x with respect to the norm || - |1,
d é the distance function to the set S with respect to the norm || - ||1.

The calculation of K }1_1 (h(x) contingent cone to 2~ ! (h(x)) at x with respect to

the norm || - || requires first to bound the distance of a point z to the set A~ (h(x))
in terms of the function value /(z). This leads us to the notion of metric regularity.

We say 4 is || - ||1 weakly metrically regular on S at the point x if there is a real
constant K such that

A3t (hixy @) = KlIh(2) =h(x)|

for all z close to x with respect to the norm |- ||y. If & is ||- |1 strictly Fréchet
differentiable at x, we can present a convenient condition for weak metric regularity
as follows:

Theorem 1. If h is ||| strictly Fréchet differentiable at the point x in S and
Vh(x)(Tg (x)) =Y then h is ||-||; weakly metrically regular on S at x.

A pretty application of the above theorem is the classical Liusternik theorem.
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Theorem 2. If h is ||-|| strictly Fréchet differentiable at the point x and Vh(x)
is surjective then the set h='(h(x)) is tangentially regular at x and Ki—l(h(x)) =

N(Vh(x)), where N(-) denote the null space.

Using a recent extension of Fréchet differentiability (approach of Taylor mappings,
see [1]) and the notion of Clarke subdifferential in binormed spaces, we want to estab-
lish the same conclusion of the theorem 1 for non ||-||; strictly Fréchet differentiable
mappings.

For this, we pause to recall some terminology before proving the main result.

2. STRICTLY TAYLOR DIFFERENTIABLE MAPPINGS

Let |||, ||, two norms defined on a linear space E such that (£, |-||,) is a Ba-
nach space and, for some ¢ > 0, the condition ||-||; < ¢ [|-||, holds.

Let U an open subset of (E, ||-||;), S a closed subset of (E, ||:||;) such that S C U,
(Y,]|-1) is a Euclidean space, h: U — Y.

According to [1], we say that Zis a (||-||;, ||:]|») strictly Taylor differentiable map-
ping at a point x € U if there exists a continuous linear operator from (E, |-||,) to
(Y, || -|I) such that

h(x"+s)—h(x") = Ls = o(|ls|2)

in (Y.]|-]) as x" =, X, s =, 0. Let us first note that such L is unique since /
is |||, Fréchet differentiable at x. If &2 is (||-||; . [|-]|,) strictly differentiable at x € U,
then we set Vha(x) = L.

Evenif hisa (|||;.]|l,) strictly Taylor differentiable mapping at a point x, & is
not necessarily |-||; Fréchet differentiable at x. But if ||-||; is equivalent to the norm
[I:]l5, then & is necessarily strictly ||-||; Fréchet differentiable at x.

So the notion of strict differentiability in terms of Taylor strengthens and general-
izes the elegant notion of strict Fréchet differentiability.

In order to generalize the classical Theorem 1, we extend the notion of Clarke
subdifferentiability in a normed spaces to binormed spaces.

3. CLARKE SUBDIFFERENTIAL IN BINORMED SPACES

Throughout this section we consider a binormed space (E, |||, ||[l,) such that
(E,||*|l,) is a Banach space and, for some ¢ > 0, the inequality ||-||; < c |||, holds,
an open set U of a normed space (E,||-||;), a closed subset S of (E,|:|;) such
that S C U, a Euclidean space (Y, | - ||), a locally Lipschitzian around X € U with
respect to the norm ||-||, mapping ~:U — (Y,||-||), and a |||, locally Lipschitzian
real function /5 around x € U.

Let v any vector in E. The Clarke generalized directional derivative of /s, at X
in the direction v with respect to the norm ||-||,, denoted hg’z(f, v), is defined as
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follows:

0.2 ,— _ hy(x" +1v)—hy(x')
hy“(x,v) = limsup .
x’—>‘|.|‘21_c,t¢0 t

The Clarke subdifferential of /1, at X with respect to the norm |-||,, denoted 33h2(%),
is the subset of (E, ||-||,)" given by

Bha(¥) = {£ € (E.|ll,) : hy*(X,v) = (£.v) Vv € E}.

Analogously, the Clarke subdifferential of 4, at X with respect to the pair of norms
(Il > 1I-112), denoted 8(1)’2h2()_c), is the subset of (E, ||-||,)" given by

09 ha(X) = (& € (E,|ll)": hy' (X.v) = (£,v) Yo € E}.

Notice that the Clarke subdifferentials B%hz()_c) and B(I)hz(f) are smaller than the
generalized Clarke subdifferential 3(1)’2h2()_c). For a point x in S, the generalized

Clarke tangent cone to S at x with respect to the norms (||-||; , [|-||,), denoted TS1 2 (x),
is the subset of E given by

T2 (x) = (cl(RT3y?d3(x))™,
where cl denotes the * o ((E, ||-||,)’, E) closure.

Analogously, the generalized Clarke normal cone to S at x with respect to the
norms (||-||1, [I:/l,), denoted N;’z(x), is the subset of (E, ||-||,)” given by

Ng?(x) = cl (RT3 % d3(x)),

where cl denotes xo ((E, ||-||,)’, E) closure.

From the above definitions, we deduce immediately that the generalized tangent
cone Tsl’z(x) is smaller than the tangent cones TS? (x) and TS1 (x).

The first assertion below reiterates that if s, is a ||-||, locally Lipschitzian real
function on U, then the pair of multifunctions (8%h2, 8(1)’2}12) is closed from (U, ||||;)
to ((E,|Il,),*a((E,|-|l,), E)) in the following sense: if x; and ; are sequences
in U and (E, |-||,)" such that & € B%hz(x,-), x; converges to x with respect to the
norm |-||1, and & converges to & for the weak topology *o ((E, ||-||,)’, E), then & €
352 ha(x).

Proposition 1. Assume that hy is a ||-||, locally Lipschitzian real function on U.
Then the pair of multifunctions (8%}12, Bé’zhz) is closed from (U, ||||1) to ((E,|I-|2)’s
*0((E.[2)", E))-

Proof. Let x; and &; be sequences in U and (E, ||-||,)" such that & € thz(xi),
x; converges to x with respect to the norm ||-||, and & converges to & for the weak
topology * o ((E. |-[l2)", E).

Let any v € E be given. Then (£;,v) converges to (£,v).One has hg’z(xi,v) >
(&, v), which implies that hg’l (xi,v) = (&,v).
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By the upper semicontinuity of hg’l with respect to the norm ||-||;, we deduce that
hg’l(x, v) > (&,v). Since v is arbitrary, £ belongs to 8(1)’2h2(x). O

Now we can give the main result.

4. A CONVENIENT TEST FOR WEAK METRIC REGULARITY OF (|||, [“|l2)
STRICTLY TAYLOR DIFFERENTIABLE MAPPINGS

Assume that all the hypothesis of Section 3 are satisfied and suppose also that
(E,||*ll) is a separable Banach space. We can now present a convenient condition
for weak metric regularity of (||-||; . [|-||,) strictly Taylor differentiable functions.

Theorem 3 (Surjectivity and metric regularity). If h is ||-||, strictly differentiable
at the point x in S and Vh(x)(T;’z(x)) =Y then his |||, weakly metrically regular
on S at x.

Let us remark that in our theorem, to give a convenient test for the ||-||; weak
metric regularity of a function at a point in terms of the surjectivity of its ||-||, strict
derivative there, we do not require that 4 is ||-||; strictly differentiable at the point x
as in the classical Theorem 1.

Proof. Without loss of generality, suppose that x = 0 and #(0) = 0. If 4 is not
[I-]l; weakly metrically regular on S at the point O then there is a sequence v, — 0
in (S,]+||;) such that h(v,) # O for all r, and a real sequence &, |, O such that the
function ||2(-)|| + 8| - —vr||1 is minimized on S at v,. Denoting the local Lipschitz
constant by L, we deduce from the nonsmooth calculus and the Exact penalization
theorem the condition

0 € 031l (vy) + 8- B* + LFdZ (vy).

Where B* denote the unit ball in (E, |-||,) .

Hence there are elements u, of 3%(||h D (vy) and w, of L8%d§ (vy) such that u, +
w, approaches zero with respect to the dual norm || - [|5.

By choosing a subsequence we can assume ||2(v,)|| " h(v,) — y # 0. Conse-
quently, u, — (Vh(0))*y for the weak topology *o ((E, ||-|l,)’, E). Since the pair of
multifunctions (agdZ, a};zdg) is closed at 0, we deduce —(Vh(0))*y € La(l)’zdg (0) C
N ;’2(0). However, by assumption there is a nonzero element p of TS1 2 (0) such that

Vh(0)p = —y, so we arrive at the contradiction
0> (p,—(VA(0)*y) = (Vh(0)p.—y) = ll¥| > 0,
which completes the proof. O

Corollary 1. If h is (|||ly,|I|lp) strictly differentiable at the point x in S and
Vh(x)(T;’z(x)) =Y then h is |||, weakly metrically regular on S at x.
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Proof. Since h is (|||, ]Ill,) strictly differentiable at the point x then /4 is |||,
strictly differentiable at the point x. Consequently, using Theorem 3, we obtain the
result. U

An immediate consequence of Corollary 1 is the generalized Liusternik theorem.

Theorem 4 (Generalized Liusternik theorem). If h is (||-||; . ||-|l,) strictly differen-
tiable at the point x in S and Vh(x) is surjective then the set h='(h(x)) is tangen-
tially regular at x with respect to the norm ||-||; and K}ll,1 () (x) = N(Vh(x)).

Proof. Since h is ||-||, strictly differentiable at x then by the classical Liusternik
theorem, we deduce that Kli—l(h(x))(x) = KZ_I(h(x)) (x) = N(Vh(x)).

Let us now prove that /=1 (h(x)) is tangentially regular at x with respect to the
norm ||-||;. Assume without loss of generality that x = 0 and /(0) = 0. Its clear that
Kli—l(o) (0) € N(Vh(x)). So it suffices to prove N(Vh(0)) C Thl—1(0) (0).

Fix any element p of N(V/(0)) and consider a sequence x, — 0 in 2~1(0) with
respect to the norm ||-||; and - | 0, #, > 0. The previous result shows 4 is ||-||; weakly
metrically regular at zero, so there is a constant k such that the inequality

d}:—l(o)(-xr +1rp) = K|h(xr +1r p)||
holds for all large r, and hence there are points z, € h~!(0) satisfying the estimate

|lxr +trp—2zrll1 < K||h(xr +1-p)].

If we define directions p, = f, l(zr — Xr) then clearly the points x, + ¢, p, lie in
h~1(0) for large r, and since

lpr—rpli = lxr +[rtp_zr||1 = K”h(xr-i-t’tp)—h()cr)”
r r

— k[[VR(0)pll =0,
we obtain p € Thl_, ) (0). O

Let us give now an example of a non-strictly Fréchet differentiable function for
which the test given in Theorem 3 works.

Example 1. Let £2 be a bounded domain in R?, E = Wol’2 (£2) the Sobolev space
with the usual norm ||-[|, = ||-||W1,2(9). Letalso pandesuchthat0 <e<1l,e+2 <
0

p <oo. Set |||} = [|llL (- Note that (£, ||-||,) is a separable Banach space. Since

Wol’z(.Q) — LP(82), it follows that (E, ||-||;, |||l,) is a binormed space such that for
some ¢ > 0, the inequality ||:||; < ¢ |||, holds.
Set g(u) = |u|**2 and consider the functional G defined on E by the formula

Gx) = /Q ¢ (x(s))ds.
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Then G is ||-||, twice Fréchet differentiable at every x € E and

GO )k = /Q ¢ (x(s)h(s)ds,

GP(x)(h1,h2) = /Q g (x(5))h1(s)ha(s)ds.

Let us note that G is not ||-||; Fréchet differentiable at any point x € E. Indeed, let

am — oo and d,, — oo such that |g(dy)| > om|dm|?. By the countable additiv-

ity of the Lebesgue measure there exist C > 0 and £2’ C £2 such that u(£2’) > 0,

dist(£2’,062) > 0, and |x(s)| < C for all s € £2’. In this case, put D = max{g(u) :

|u| < C} < 0o. Choose £2,, C §2’ such that u(£2,,) = |dm|_p|am|_% for large m.
Let Ay, be defined by the formula

dm —x(s) fors e 2,
0 fors € 2\ 2.

It follows then that || 4, |1 — 0 and
|G (x +hm) = G(xX)| = am|dm|? 11(2m) — D (2m)
= [&m|* = Dp1(2m) — +00.

Let k;,, € Cg°(82) such that ||k, —hpll1 — 0. Then [|ky ||y — 0, but G(x + k) —
G(x) — oo since the Lebesgue integral is absolutely continuous. Therefore, G is
not ||-||; Fréchet differentiable at x and consequently, G is not |-||; strictly Fréchet
differentiable at x.

So to test the weak metric regularity of the functional G on a closed set S of
(E,||*l1). the classical Theorem 1 cannot be used, but we can apply the Theorem 3
since G is ||-||, strictly differentiable at x. Hence, if S is a closed set in (E, |-||;)
such that VG(x)(TSI’2 (x)) = R then G is ||:||; weakly metrically regular on S at x.

hm(s) =
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