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Abstract. Considering four given real parameters a1, B1, a2, and B2, which satisfy the con-
ditions 0 < @1 < B1 and 0 < &y < B3, we construct the bivariate Durrmeyer—Stancu operators

D,(,? ,1,['6 1)(@2,82) defined by relation (3.1). Next, we consider the associated GBS (Generalized
Boolean Sum) operators and establish some approximation properties of these operators.
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1. INTRODUCTION

In 1967, J. L. Durrmeyer [3] introduced the operators Dy,: L1([0, 1]) — C([0, 1])
defined by the formula

m 1
D f)(xX) = m+1) Y pic(x) / Pm (1) f(2)d, (1.1)
k=0 0

forany f € L1([0,1]), any x € [0, 1], and any positive integer m, where

m

pm,k(x) = (k

)xk(l —x)" 7k xelo1],
are the fundamental Bernstein polynomials. These operators are called the Dur-
rmeyer operators.

Let @ and B be two given real parameters satisfying the conditions 0 < « < §.
In the paper [5], D. D. Stancu introduced and studied the linear positive operators
P,S,“’ﬂ): C([0,1]) — C(]0, 1]) defined for any function f € C(]0,1]) and any positive
integer m by the formula

(PP 1)) = 3 prr(x) S (k e ) 12
k=0

m+ B
for all x € [0, 1]. These operators are called the Stancu operators.
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In the paper [4], the authors introduced and studied the Durrmeyer—Stancu type
operators (D,(,;’"ﬂ))np1

The linear operators D,(,? A). L1([0,1]) — C(]0, 1]) are defined, for any function f €
L1(]0,1]) and any positive integer m, by the relation

for two given real parameters « and § with 0 < o < 8.

(D§P f) (x) = (m‘i‘l)];)]?m,k(x)/(;lpm,k(t)f (n’;t:_rg)df (1.3)

for any x € [0, 1].

2. PRELIMINARIES

In the following, we recall some results which we will use in this paper (see [1,2,
4]). Let the real numbers a,b,c,d sothata < b, c < d,

Cp([a,b] x [c,d]) = {f:[a,b] X [¢,d] — R: f B-continuous on [a,b] X [c,d]},
M([a,b] x[c,d]) = {f:[a,b] x[c,d] — R: f bounded on [a,b] x [c,d]},

and e;;(x,y) = xiy/,i,j € N,0<i,j <2 are the test functions.
If f:]la,b]x][c,d] — R, f is B-bounded function on [a,b] X [c, d], then the func-
tion Wmixed: [0,6 —a] x[0,d —c] — R, defined by the formula

Omixed(f161.62) = sup {{(Af)((x, ). (s.)] : [s —x] <81, [t = y| < 82}

for any (61,82) € [0,b —a] x [0,d —c], is called the mixed modulus of smoothness of
function f.

Theorem 2.1. Let (Ly,n)m.neN be a sequence of linear positive bivariate opera-
tors, Lm n:Cp(la,b] x[c,d]) - M([a,b] x[c,d]), m,n € N. If

1) (Lm,neOO)(x’Y) =1,

(ii) (Lm,nelo)(x’y) =ejo(x,y) +um,n(x’y),

(iii) (Lm,ne01)(x’y) =eo1(x,y)+ Um,n(xvy)y

(@iv) (Lm,neZZ)(x’y) =exn(x,y)+ Wm,n (x,y),

(V) limpy 00 Um,n (X, Y) = liMp n—00 Um,n (X, y) = liMp 00 Wi n(X,y) =

0 uniformly on the rectangle [a,b] x [c,d],

then, for any f € Cp(la,b] x [c,d]), the sequence (Umnn f)mneN converges uni-
formly to f on the rectangle [a,b] X [c,d], where, for any m,n € N, the operator
Un.n: Rla-bIxle.d] _, Rla.bIx[e.d] js defined by

Umn f)(x,9) = (Linn (fC.p)+ f(x.%) = f(.%))) (x,p) 2.1

for any f € Rl@bIxXledl guy (x,y) € [a,b] x [c.d], “” and “x” stand for the first
and second variable.
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Remark 2.1. For the positive integers m and n, the operator Uy, , is called GBS op-
erator associated to L, , operator. The term “GBS operator” (Generalized Boolean
Sum operator) was introduced by C. Badea and C. Cottin in the paper [2].

Remark 2.2. Theorem 2.1 is a Korovkin type theorem for B-continuous functions
and is due to C. Badea, I. Badea, and H. H. Gonska (see [1]).

Theorem 2.2. Let (L n)m.neN be an arbitrary sequence of linear positive op-
erators Ly n:Cp([a,b] x[c,d]) = M([a,b] x [c,d]) and (Um n)m neN the sequence
of associated GBS operators. Then, for any f € Cp([a,b] X [c,d]), any (x,y) €
[a,b] x[c,d], any (61,62) € [0,b—a] x [0,d — c] and any positive integers m,n, the
following

(Unn /)3 = £ )] < 1G] 1= (Lnweo)(5.9)
+(Lmneon) e, 57 L =) )

2.2)
+851 /(L (x =) (x.7)

+ 51_182_1 \/(Lm,n ( _x)2(* - y)Z)(x’ y) ) wmixed(f? 81 , 82)

holds.

Remark 2.3. Theorem 2.2 is a Shisha—Mond type theorem for B-continuous func-
tions; it is due to C. Badea and C. Cottin (see [2]).

Theorem 2.3. Let two given real parameters a and B with 0 < a < B. The opra-

fors (D,(,;M’ﬁ))mZl verify the following
(DPeg)(x) =1, (2.3)
(@.p) _ m? (¢ +1)ym+2a
(D)) =GB 52 T s pm T2 @4
(@.B) _ m®(m—1) 2
(D Pe2) () = m+B2m+2)(m+3)"
4m3 +2am?(m +3)
X 2.5)
(m+ B)2(m+2)(m+3)
2m? 4+ 2am(m + 3) + o (m +2)(m + 3)
(m + B)>(m +2)(m +3) ’
(D(“’ﬁ) 2)(x) _ ( m )2 2(m—3)x(1—x)+2
m m+B)  mrDm+3) 06

[B2(m+2)+4Bm]x>—2x[aB(m+2)+Bm+2am]|x+a?(m+2)+2am
+ b
(m+p)2(m+2)
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and
8B (x) < 8P, @.7)
where
80P = /(D5 Pe2) () @8
and

8(0‘"3)— ( m )2 m+1
mo o\ \m+8) 2m+2)(m+3)

. (29)
+ma {a2<m+2)+2am (a—ﬁ)z(m+2)—2(cx—ﬁ)m} ’
X b
(m+p)2(m+2) (m+p)2(m+2)
for any positive integer m, and any x € [0, 1].
Proof. For the proof, see [4]. U

3. MAIN RESULTS

In this section, let the given real parameters o, a2, B1, and B, satisfying the
conditions 0 < a1 < 1 and 0 <y < Bs.
We construct the bivariate Durrmeyer—Stancu operators

D@ 1 (10,1] % [0,1]) — €(10,1] x [0, 1]),

defined for any positive integers m,n and any f € L1([0, 1] x[0,1]) by

(DB @2B) £ y) = A+ D +1) DY P (¥ . ()

k=0/=0 3.1)
el ms+oy; nt+on
(1 , dsdt
<[/ pm,k(s)pn,x)f(mﬁ1 n+ﬂ2) 5

for any (x,y) € [0,1] x [0, 1].

Let *D,y! B0y D,({xz’ﬂ 2) be the parametric extensions of the operator (1.3), where
x,y €[0,1].

If x € [0, 1], then *D 1AV 11([0,1] %[0, 1]) — C([0, 1] x [0, 1]) is defined for any
positive integer m and any f € L(]0, 1] x [0, 1]) by the formula

ms+ oy
m+pB1

m 1
(FDE £) (. y) = m+ 1) S pi () /0 P () ( y) ds (32)
k=0
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forany y € [0, 1] andif y € [0, 1], then * D22 1.1 ([0,1]x[0,1]) — C([0, 1] x [0, 1])
is defined for any positive integer n and any f € L1([0, 1] x [0, 1]) by the formula

t+op
n+p

(?D1B2) £ (x, y)—(n-i-l)ZPn](Y)/ Pnj(t)f( )dt 3-3)

for any x € [0, 1].
The GBS operator of Durrmeyer—Stancu is the “boolean sum” of the parametric
extensions of the operators xD,(,‘lx 181 and ¥ D,(,D‘Z”3 2 5o
U A@2b2). 1 ([0, 1]x[0,1]) — C([0,1] x [0, 1])
is defined for any positive integers m and n by the relation

Urslof’ll,ﬂl)(az,ﬂz) — xDr(r(;tl,ﬂl) ® yDr(lOlz,ﬂz) — a4)
:xDr('tlll,ﬂl)_i_yDr(lOlz,ﬂz)_xDr(rll)ll,ﬂl)oyDr(lazgﬂz), '

where
xD](]?l,ﬂl) oyD,(l“2’/32) = D;(yg,ln’ﬂl)(az’ﬂz)-

Lemma 3.1. The Durrmeyer-Stancu type GBS operator is defined, for any f €
L1([0,1]x[0,1]) and any positive integers m and n, by the relation

(UL £y ) = m+ D+ 1) Y Y pic(X) i ()

k=0j=0

ms + oy nt+oy
//pmk(s)pn,,(t)<f( = )+f( +ﬂ2) (3.5)

_f (ms-l—al ,nt+a2))dsa’t

m+pB1 n+pBa
forall (x,y) €10,1]x[0,1].
Proof. The assertion follows from definitions (3.1)—(3.4). O

Lemma 3.2. For any positive integers m,n and any (x,y) € [0,1] x [0,1], the

xD’(;lxlgﬂl) and yD’(laz,ﬂz)

parametric extensions are linear and positive operators.

Proof. The assertion is obtained by direct computation. O

Lemma 3.3. operators Let m and n be given positive integers. The operator

D}(}Zl}{ﬂl)(abﬂl) is linear and positive.

Proof. The proof is immediate. O

The operator D,(,‘Zln’ﬁ‘)(az’ﬂl)

Stancu operator.

is called in what follows the bivariate Durrmeyer—
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Lemma 3.4. For any nonzero natural numbers m, n and arbitrary (x,y) € [0, 1] x
[0, 1], we have

(DB 000) (x. ) = 1, (3.6)
2 )m + 20,
D@18 (@2,8) ) = m (o + RGN
(D €10)(x.) B2 T mipomiy O
2 Dn + 20
D@18 @2.8) )= " (o2 + , 3.8
( m,n 601)(x y) (l’l+ﬂ2)(l’l+2)y (}’l+ﬁ2)(”+2) ( )
3 _ 1)
D@18 (@2.82) _ m-(m 2
(D €22)(%.) (m+ B1)2m+2)(m+3)
4m34+201m?(m+3) 2m2+2o¢1m(m+3)+oz%(m+2)(m+3)
X
(m+B1)2(m+2)(m +3) (n+B1)2(m+2)(m+3) 39)
n3(n—1) , 4n3 4+ 2an%(n+3) '
1+ P2 +2)(1+3)" (n+ P2+ 2)(n+3)°
2n?% 4+ 20on(n +3) +a3(n +2)(n +3)
(n+p2)*(n+2)(n+3) ’
2
(D@ (—0)2)(x,y) = (DA () = (89P0 ()", (3.10)
2
(DSB8 (x— y)2) (2. 3) = (DEPI2) () = (86280 () . @)
5r('<111,ﬂ1)(x) < Slgr‘lxlyﬁl) (3.12)
and
§2:82) () < §(@2.82) (3.13)

where the values 8,(,?"ﬂ')(x), sleh), 5,(1“2"32)()/), and 8,(1052”32) are defined by rela-
tions (2.7)—-(2.9).

Proof. The assertion follows from Theorem 2.3. O

Lemma 3.5. The bivariate Durrmeyer—Stancu operators satisfy the relations

m},}goo (D%}{'Bl)(az’ﬂZ)elo)(x’ y) = elo(x’y)’ (314)
lim (Dlgl({%ﬂl)(az,ﬂz)em)(x,y) = eo1(x,y), (3.15)
m,n—>00
and
m,lnigloo (D,(,Zln’ﬂl)(az’ﬂz)ezz)(xa y) = ean(x,y) (3.16)

uniformly on [0, 1] x [0, 1].
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Proof. Relations (3.14), (3.15), and (3.16) are consequences of Lemma 3.4. Il
Theorem 3.1. Forany f € Cp([0,1] x[0,1]) N L1([0,1] x [0, 1]), the sequence
(Urgll,ﬂl)(az,ﬂz)f)

N m,n>1
converges to f uniformly on [0,1] x [0, 1].
Proof. 1t is sufficient to apply Theorem 2.1 and Lemma 3.5. O

Theorem 3.2. For any positive integers m and n, any function f € Cp([0,1] x
[0,1)) N L1([0,1] x[0,1]) and any (x,y) € [0,1] x [0, 1], the operator U,S,Of},’ﬁl)(az’ﬂ”
has the properties

1
‘(Um’n((ll,ﬂl)(QZ:BZ)f)(x’y) — f(x,y)! < (1 + Egr('f:!uﬁl)(x)
(3.17)
1
L)
for any 81,62 € (0,1] and
(U PP ) (. y) = S )]
< domixea( 3811 (x), 8022 (1)) (3.18)
= 4wmixed(f;8,(;f]’Bl),(sr(laz’ﬂz)),

1

+ 5165

8P (1) + - B ﬂ”(x)&s”’ﬂz)(y)) Onisea(f181.82)

Proof. For the first inequality (3.17), we apply Theorem 2.2, Lemma 3.4, and
relations (3.10) and (3.11). For the inequality (3.18), in the inequality (3.17) we
choose

§1 = gr(’gtl,ﬂl)(x)’
8y = 5r(laz,/32)(y),

and afterwards we take the relations (3.12) and (3.13) into account. O
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