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Abstract. Considering four given real parameters ˛1, ˇ1, ˛2, and ˇ2, which satisfy the con-
ditions 0 � ˛1 � ˇ1 and 0 � ˛2 � ˇ2, we construct the bivariate Durrmeyer–Stancu operators
D
.˛1;ˇ1/.˛2;ˇ2/
m;n defined by relation (3.1). Next, we consider the associated GBS (Generalized

Boolean Sum) operators and establish some approximation properties of these operators.
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1. INTRODUCTION

In 1967, J. L. Durrmeyer [3] introduced the operators DmWL1.Œ0;1�/! C.Œ0;1�/

defined by the formula

.Dmf /.x/D .mC1/

mX
kD0

pm;k.x/

Z 1

0

pm;k.t/f .t/dt; (1.1)

for any f 2 L1.Œ0;1�/, any x 2 Œ0;1�, and any positive integer m, where

pm;k.x/D

 
m

k

!
xk.1�x/m�k; x 2 Œ0;1�;

are the fundamental Bernstein polynomials. These operators are called the Dur-
rmeyer operators.

Let ˛ and ˇ be two given real parameters satisfying the conditions 0 � ˛ � ˇ.
In the paper [5], D. D. Stancu introduced and studied the linear positive operators
P
.˛;ˇ/
m WC.Œ0;1�/! C.Œ0;1�/ defined for any function f 2 C.Œ0;1�/ and any positive

integer m by the formula�
P .˛;ˇ/m f

�
.x/D

mX
kD0

pm;k.x/f

�
kC˛

mCˇ

�
(1.2)

for all x 2 Œ0;1�. These operators are called the Stancu operators.
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In the paper [4], the authors introduced and studied the Durrmeyer–Stancu type
operators

�
D
.˛;ˇ/
m

�
m�1

for two given real parameters ˛ and ˇ with 0 � ˛ � ˇ.

The linear operators D.˛;ˇ/m WL1.Œ0;1�/! C.Œ0;1�/ are defined, for any function f 2
L1.Œ0;1�/ and any positive integer m, by the relation

�
D.˛;ˇ/m f

�
.x/D .mC1/

mX
kD0

pm;k.x/

Z 1

0

pm;k.t/f

�
mtC˛

mCˇ

�
dt (1.3)

for any x 2 Œ0;1�.

2. PRELIMINARIES

In the following, we recall some results which we will use in this paper (see [1, 2,
4]). Let the real numbers a;b;c;d so that a < b, c < d ,

Cb.Œa;b�� Œc;d �/D
˚
f W Œa;b�� Œc;d �! R W f B-continuous on Œa;b�� Œc;d �

	
;

M.Œa;b�� Œc;d �/D
˚
f W Œa;b�� Œc;d �! R W f bounded on Œa;b�� Œc;d �

	
;

and eij .x;y/D xiyj , i;j 2N, 0� i , j � 2 are the test functions.
If f W Œa;b�� Œc;d �! R, f is B-bounded function on Œa;b�� Œc;d �, then the func-

tion !mixedW Œ0;b�a�� Œ0;d � c�! R, defined by the formula

!mixed.f Iı1; ı2/D sup
˚
j.�f /..x;y/; .s; t//j W js�xj � ı1; jt �yj � ı2

	
for any .ı1; ı2/ 2 Œ0;b�a�� Œ0;d � c�, is called the mixed modulus of smoothness of
function f .

Theorem 2.1. Let .Lm;n/m;n2N be a sequence of linear positive bivariate opera-
tors, Lm;nWCb.Œa;b�� Œc;d �/!M.Œa;b�� Œc;d �/, m;n 2N. If

(i) .Lm;ne00/.x;y/D 1,
(ii) .Lm;ne10/.x;y/D e10.x;y/Cum;n.x;y/,

(iii) .Lm;ne01/.x;y/D e01.x;y/Cvm;n.x;y/,
(iv) .Lm;ne22/.x;y/D e22.x;y/Cwm;n.x;y/,
(v) limm;n!1um;n.x;y/ D limm;n!1 vm;n.x;y/ D limm;n!1wm;n.x;y/ D

0 uniformly on the rectangle Œa;b�� Œc;d �,

then, for any f 2 Cb.Œa;b�� Œc;d �/, the sequence .Um;nf /m;n2N converges uni-
formly to f on the rectangle Œa;b�� Œc;d �, where, for any m;n 2 N, the operator
Um;nWRŒa;b��Œc;d�! RŒa;b��Œc;d� is defined by

.Um;nf /.x;y/D
�
Lm;n.f .�;y/Cf .x;�/�f .�;�//

�
.x;y/ (2.1)

for any f 2 RŒa;b��Œc;d�, any .x;y/ 2 Œa;b�� Œc;d �, “�” and “�” stand for the first
and second variable.
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Remark 2.1. For the positive integersm and n, the operatorUm;n is called GBS op-
erator associated to Lm;n operator. The term “GBS operator” (Generalized Boolean
Sum operator) was introduced by C. Badea and C. Cottin in the paper [2].

Remark 2.2. Theorem 2.1 is a Korovkin type theorem for B-continuous functions
and is due to C. Badea, I. Badea, and H. H. Gonska (see [1]).

Theorem 2.2. Let .Lm;n/m;n2N be an arbitrary sequence of linear positive op-
erators Lm;nWCb.Œa;b�� Œc;d �/!M.Œa;b�� Œc;d �/ and .Um;n/m;n2N the sequence
of associated GBS operators. Then, for any f 2 Cb.Œa;b�� Œc;d �/, any .x;y/ 2
Œa;b�� Œc;d �, any .ı1; ı2/ 2 Œ0;b�a�� Œ0;d � c� and any positive integers m;n, the
followingˇ̌

.Um;nf /.x;y/�f .x;y/
ˇ̌
� jf .x;y/j j1� .Lm;ne00/.x;y/j

C

�
.Lm;ne00/.x;y/C ı

�1
1

q
.Lm;n.��x/2/.x;y/

C ı�12

q
.Lm;n.��y/2/.x;y/

C ı�11 ı�12

q
.Lm;n.��x/2.��y/2/.x;y/

�
!mixed.f Iı1; ı2/

(2.2)

holds.

Remark 2.3. Theorem 2.2 is a Shisha–Mond type theorem for B-continuous func-
tions; it is due to C. Badea and C. Cottin (see [2]).

Theorem 2.3. Let two given real parameters ˛ and ˇ with 0 � ˛ � ˇ. The opra-
tors

�
D
.˛;ˇ/
m

�
m�1

verify the following�
D.˛;ˇ/m e0

�
.x/D1; (2.3)

�
D.˛;ˇ/m e1

�
.x/D

m2

.mCˇ/.mC2/
xC

.˛C1/mC2˛

.mCˇ/.mC2/
; (2.4)

�
D.˛;ˇ/m e2

�
.x/D

m3.m�1/

.mCˇ/2.mC2/.mC3/
x2

C
4m3C2˛m2.mC3/

.mCˇ/2.mC2/.mC3/
x

C
2m2C2˛m.mC3/C˛2.mC2/.mC3/

.mCˇ/2.mC2/.mC3/
;

(2.5)

�
D.˛;ˇ/m '2x

�
.x/D

�
m

mCˇ

�2 2.m�3/x.1�x/C2
.mC2/.mC3/

C
Œˇ2.mC2/C4ˇm�x2�2xŒ˛ˇ.mC2/CˇmC2˛m�xC˛2.mC2/C2˛m

.mCˇ/2.mC2/
;

(2.6)
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and

ı.˛;ˇ/m .x/� ı.˛;ˇ/m ; (2.7)

where

ı.˛;ˇ/m .x/D

r�
D
.˛;ˇ/
m '2x

�
.x/ (2.8)

and

ı.˛;ˇ/m D

 �
m

mCˇ

�2 mC1

2.mC2/.mC3/

Cmax
�
˛2.mC2/C2˛m

.mCˇ/2.mC2/
;
.˛�ˇ/2.mC2/�2.˛�ˇ/m

.mCˇ/2.mC2/

�! 1
2

(2.9)

for any positive integer m, and any x 2 Œ0;1�.

Proof. For the proof, see [4]. �

3. MAIN RESULTS

In this section, let the given real parameters ˛1, ˛2, ˇ1, and ˇ2 satisfying the
conditions 0� ˛1 � ˇ1 and 0� ˛2 � ˇ2.

We construct the bivariate Durrmeyer–Stancu operators

D.˛1;ˇ1/.˛2;ˇ2/
m;n WL1.Œ0;1�� Œ0;1�/! C.Œ0;1�� Œ0;1�/;

defined for any positive integers m;n and any f 2 L1.Œ0;1�� Œ0;1�/ by

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n f

�
.x;y/D .mC1/.nC1/

mX
kD0

nX
jD0

pm;k.x/pn;j .y/

�

Z 1

0

Z 1

0

pm;k.s/pn;j .t/f

�
msC˛1

mCˇ1
;
ntC˛2

nCˇ2

�
dsdt

(3.1)

for any .x;y/ 2 Œ0;1�� Œ0;1�.
Let xD.˛1;ˇ1/

m , yD.˛2;ˇ2/
n be the parametric extensions of the operator (1.3), where

x;y 2 Œ0;1�.
If x 2 Œ0;1�, then xD.˛1;ˇ1/

m WL1.Œ0;1�� Œ0;1�/!C.Œ0;1�� Œ0;1�/ is defined for any
positive integer m and any f 2 L1.Œ0;1�� Œ0;1�/ by the formula

�
xD.˛1;ˇ1/

m f
�
.x;y/D .mC1/

mX
kD0

pm;k.x/

Z 1

0

pm;k.s/f

�
msC˛1

mCˇ1
;y

�
ds (3.2)
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for any y 2 Œ0;1� and if y 2 Œ0;1�, then yD.˛2;ˇ2/
n WL1.Œ0;1�� Œ0;1�/!C.Œ0;1�� Œ0;1�/

is defined for any positive integer n and any f 2 L1.Œ0;1�� Œ0;1�/ by the formula�
yD.˛1;ˇ2/

n f
�
.x;y/D .nC1/

nX
jD0

pn;j .y/

Z 1

0

pn;j .t/f

�
x;
ntC˛2

nCˇ2

�
dt (3.3)

for any x 2 Œ0;1�.
The GBS operator of Durrmeyer–Stancu is the “boolean sum” of the parametric

extensions of the operators xD.˛1;ˇ1/
m and yD.˛2;ˇ2/

n , so

U .˛1;ˇ1/.˛2;ˇ2/
m;n WL1.Œ0;1�� Œ0;1�/! C.Œ0;1�� Œ0;1�/

is defined for any positive integers m and n by the relation

U .˛1;ˇ1/.˛2;ˇ2/
m;n D

xD.˛1;ˇ1/
m ˚

yD.˛2;ˇ2/
n D

D
xD.˛1;ˇ1/

m C
yD.˛2;ˇ2/

n �
xD.˛1;ˇ1/

m ı
yD.˛2;ˇ2/

n ;
(3.4)

where
xD.˛1;ˇ1/

m ı
yD.˛2;ˇ2/

n DD.˛1;ˇ1/.˛2;ˇ2/
m;n :

Lemma 3.1. The Durrmeyer–Stancu type GBS operator is defined, for any f 2
L1.Œ0;1�� Œ0;1�/ and any positive integers m and n, by the relation�

U .˛1;ˇ1/.˛2;ˇ2/
m;n f

�
.x;y/D .mC1/.nC1/

mX
kD0

nX
jD0

pm;k.x/pn;j .y/

�

Z 1

0

Z 1

0

pm;k.s/pn;j .t/

 
f

�
msC˛1

mCˇ1
;y

�
Cf

�
x;
ntC˛2

nCˇ2

�

�f

�
msC˛1

mCˇ1
;
ntC˛2

nCˇ2

�!
dsdt

(3.5)

for all .x;y/ 2 Œ0;1�� Œ0;1�.

Proof. The assertion follows from definitions (3.1)–(3.4). �

Lemma 3.2. For any positive integers m;n and any .x;y/ 2 Œ0;1�� Œ0;1�, the
parametric extensions xD.˛1;ˇ1/

m and yD.˛2;ˇ2/
n are linear and positive operators.

Proof. The assertion is obtained by direct computation. �

Lemma 3.3. operators Let m and n be given positive integers. The operator
D
.˛1;ˇ1/.˛2;ˇ1/
m;n is linear and positive.

Proof. The proof is immediate. �

The operator D.˛1;ˇ1/.˛2;ˇ1/
m;n is called in what follows the bivariate Durrmeyer–

Stancu operator.



58 OVIDIU T. POP AND DAN BĂRBOSU

Lemma 3.4. For any nonzero natural numbersm, n and arbitrary .x;y/ 2 Œ0;1��
Œ0;1�, we have�

D.˛1;ˇ1/.˛2;ˇ2/
m;n e00

�
.x;y/D 1; (3.6)�

D.˛1;ˇ1/.˛2;ˇ2/
m;n e10

�
.x;y/D

m2

.mCˇ1/.mC2/
xC

.˛1C1/mC2˛1

.mCˇ1/.mC2/
; (3.7)

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n e01

�
.x;y/D

n2

.nCˇ2/.nC2/
yC

.˛2C1/nC2˛2

.nCˇ2/.nC2/
; (3.8)

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n e22

�
.x;y/D

m3.m�1/

.mCˇ1/2.mC2/.mC3/
x2

C
4m3C2˛1m

2.mC3/

.mCˇ1/2.mC2/.mC3/
xC

2m2C2˛1m.mC3/C˛
2
1.mC2/.mC3/

.mCˇ1/2.mC2/.mC3/

C
n3.n�1/

.nCˇ2/2.nC2/.nC3/
y2

4n3C2˛2n
2.nC3/

.nCˇ2/2.nC2/.nC3/
y

C
2n2C2˛2n.nC3/C˛

2
2.nC2/.nC3/

.nCˇ2/2.nC2/.nC3/
;

(3.9)

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n .��x/2

�
.x;y/D

�
D.˛1;ˇ1/
m '2x

�
.x/D

�
ı.˛1;ˇ1/
m .x/

�2
; (3.10)

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n .��y/2

�
.x;y/D

�
D.˛2;ˇ2/
n '2y

�
.y/D

�
ı.˛2;ˇ2/
n .y/

�2
; (3.11)

ı.˛1;ˇ1/
m .x/� ı.˛1;ˇ1/

m (3.12)

and
ı.˛2;ˇ2/
n .y/� ı.˛2;ˇ2/

n ; (3.13)

where the values ı.˛1;ˇ1/
m .x/, ı.˛1;ˇ1/

m , ı.˛2;ˇ2/
n .y/, and ı.˛2;ˇ2/

n are defined by rela-
tions (2.7)–(2.9).

Proof. The assertion follows from Theorem 2.3. �

Lemma 3.5. The bivariate Durrmeyer–Stancu operators satisfy the relations

lim
m;n!1

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n e10

�
.x;y/D e10.x;y/; (3.14)

lim
m;n!1

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n e01

�
.x;y/D e01.x;y/; (3.15)

and
lim

m;n!1

�
D.˛1;ˇ1/.˛2;ˇ2/
m;n e22

�
.x;y/D e22.x;y/ (3.16)

uniformly on Œ0;1�� Œ0;1�.
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Proof. Relations (3.14), (3.15), and (3.16) are consequences of Lemma 3.4. �

Theorem 3.1. For any f 2 Cb.Œ0;1�� Œ0;1�/\L1.Œ0;1�� Œ0;1�/, the sequence�
U .˛1;ˇ1/.˛2;ˇ2/
m;n f

�
m;n�1

converges to f uniformly on Œ0;1�� Œ0;1�.

Proof. It is sufficient to apply Theorem 2.1 and Lemma 3.5. �

Theorem 3.2. For any positive integers m and n, any function f 2 Cb.Œ0;1��
Œ0;1�/\L1.Œ0;1�� Œ0;1�/ and any .x;y/ 2 Œ0;1�� Œ0;1�, the operator U .˛1;ˇ1/.˛2;ˇ2/

m;n

has the propertiesˇ̌�
Um;n

.˛1;ˇ1/.˛2;ˇ2/f
�
.x;y/�f .x;y/

ˇ̌
�

 
1C

1

ı1
ı.˛1;ˇ1/
m .x/

C
1

ı2
ı.˛2;ˇ2/
n .y/C

1

ı1ı2
ı.˛1;ˇ1/
m .x/ı.˛2;ˇ2/

n .y/

!
!mixed.f Iı1; ı2/

(3.17)

for any ı1; ı2 2 .0;1� andˇ̌�
U .˛1;ˇ1/.˛2;ˇ2/
m;n f

�
.x;y/�f .x;y/

ˇ̌
� 4!mixed

�
f Iı.˛1;ˇ1/

m .x/;ı.˛2;ˇ2/
n .y/

�
� 4!mixed

�
f Iı.˛1;ˇ1/

m ; ı.˛2;ˇ2/
n

�
:

(3.18)

Proof. For the first inequality (3.17), we apply Theorem 2.2, Lemma 3.4, and
relations (3.10) and (3.11). For the inequality (3.18), in the inequality (3.17) we
choose

ı1 D ı
.˛1;ˇ1/
m .x/;

ı2 D ı
.˛2;ˇ2/
n .y/;

and afterwards we take the relations (3.12) and (3.13) into account. �
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