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Abstract. In this paper, we consider the Fibonacci conditional sequence { f; } and the Lucas con-
ditional sequence {/ }. We derive some properties of Fibonacci and Lucas conditional sequences
by using the matrix method. Our results are elegant as the results for ordinary Fibonacci and
Lucas sequences.
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1. INTRODUCTION

The Fibonacci numbers F;, are the terms of the sequence 0, 1, 1, 2, 3, 5, ..., where
Fh=F_ 1+ n>2

with the initial conditions Fo = 0 and F; = 1. The sequence L, of Lucas numbers,
which follows the same recursive pattern as the Fibonacci numbers, but begins with
Lo =2and L1 = 1. These numbers are famous for possessing wonderful properties,
see also [5] and [8] for additional references and history.

This sequences has been generalized in various ways. Horadam [3] has considered
a generalized sequence {W},} defined by

Wy =pWn1—qWy—, n>2

with the initial conditions Wy = a and W = b, where a, b, p,q are arbitrary integers.
If we take a = 0, b = 1 in {W, }, we get the generalized Fibonacci sequence and if we
take a =2, b = p in {W,,}, we get the generalized Lucas sequence. In [ 1], the author
use matrix techniques to give proofs of well-known properties of the generalized
Fibonacci and Lucas sequences.
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In [7], author introduced a new generalization of the Fibonacci sequence { f,},
defined by for n > 2

alfn—l +b1fn_2, if n is even

fn - azfn_l +b2fn_2, if n is odd a.D

with initial values fo = 0 and f; = 1, where a1, az, b1, b are nonzero numbers. If
we take a1 = ap = by = by = 1 in {f,}, we get the classical Fibonacci sequence.
Here we call { f,}, the Fibonacci conditional sequence. We can easily define the
Lucas conditional sequence {/,, } with the initial conditions /o = 2 and /; = a5 similar
to (1.1). In [9], in the case of b1 = b,, the author gave some well known identities
for { f,} such as Cassini’s, Catalan’s identities, etc. Without the case of by = b5,
Gelin-Cesaro identity and Catalan identity for the even indices of { f,;} are given in
[7]. Also, in [4], for the case of by = by = 1 author defined a generalization of
Lucas sequence and derived several identities involving the generalized Fibonacci
and Lucas sequences. All of these proofs are based on the generating function.

In this paper, we take the non-zero numbers a1,a», by, by completely arbitrary and
we derive some properties of Fibonacci and Lucas conditional sequences by using the
matrix method. For Lucas conditional sequences, we just need the case of b; = bs.
We collect our main results in Theorem 1, 2, 3 and 4 which are elegant as the results
for ordinary Fibonacci and Lucas sequences. We also obtain some more new results
(4.10)-(4.13) and (4.15).

We need the following results which can be obtained by taking » = 2 in [6, The-
orem 5,6,9].

Forn > 4,

fn=Afn—2—Bfu-a (1.2)

where A :=aias + by + by and B := b1b,. The same result for {/,,} also holds.
The generating function of the sequence { f,} is

x+aix?>—byx3

F(x)= 1.3
(x) 1—Ax%2+ Bx* (13)
and the generating function of the sequence {/,} is
2 - 2by)x? + brazx?®
L(x)= +azx —(araz +2by)x* + brazx . (1.4)

1—Ax2 4+ Bx*

By using (1.3) and (1.4), the Binet’s formulas for the sequence { f,} and {/,,} are
given;

fom =a1% (1.5)
m__ am m—1 _ pm—1
fom+1 = (a1a2+b2)&—(b1b2)i (1.6)
a—p a—p
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o™ — Bgm O[m—l_ m—1
lom = (a1a2+2b1)—'3—2(b1b2) d (1.7)
a—p —B
o™ — gm am—l _pm—1
lam+1 = (@103 +2b1az + azb,) i (b1b2a3) i (1.8)
a—p a—p

where o = that is, « and f are the roots of the

A+VA2—4B 4 B = A—~/A2—4B
2 = 2
polynomial p (z) = z?> — Az + B.

2. FiBoNAccCI CASE

It is known that for the matrix Q := ( i (1) ), o" = ( F"F+1 FF” ) See
n n—1

[2] for a detailed history of the O matrix.

Similar to this well-known result, setting S := ( 1;1 _O ) ,we also have
1L (f —Bf>
Sn — 2(n+1) n ) 2.1
ai ( Jfan  —Bfam-1) 1)

which can be easily proven by induction and by the help of (1.2). It should be noted
that S is invertible. We use the matrix identity (2.1) to get the following theorem
easily.

Theorem 1. The sequence { f,,} satisfy

—aiB" 7 = fogno1) famt1) — frm (2.2)
a1B™ fotn—m) = fan Jom+1) — fam fa(n+1) (2.3)
ai fan = fom foi—m+1) — Bfai—m) f20m—1) (2.4)

a fomtm+1) = f241) S20m+1) — Bf2n fom (2.5)
a1 fagm+m) = S2m+1).J2m — Bfan fagm—1) (2.6)

ai fan+m—1) = Jan fam — Bfa-1) fa(m—-1) (2.7)

for any positive integers m and n.

Proof. By taking the determinant of both sides of (2.1), we get the result (2.2)
which is Cassini’s identity for the even indices of the sequence { f, }.
Since S is invertible,

S — 1 ( _sz(n—l) Bf2n )
a, B" —fan Som+1)

Considering S~ = §" S~ and by using the matrix identity (2.1), we get;

i( f2(n—m+1) _BfZ(n—m) )
al f2(n—m) _sz(n—m—l)
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_ 1 (fz(n+1)f2(m—1)—f2nf2m f2nf2(m+1)—f2mf2(n+1))
a?Bm=1\ fam—1)Jan = fo—1) 2m  Jam—1) faim+1) — fon fom

and by equating the (1,2) entries of the matrices on both sides, we get the result (2.3),
which corresponds to the d’Ocagne’s identity for the even indices of { f;,}.

Also, considering S S$™~1 = §7~1 and by using the matrix identity (2.1), we
get;

(fz(n—m+1)f2m = Bfoti—m) foin—1) —Bfagm—1) foi—m+1) + B2f2(n—m)f2(m—2))
2(n—m).J2m — 2(n—-m—-1)J2(m—1) —DJ2(m—-1)J2(n—m) 2(n—m—1) J2(m—-2)
f f: Bf: f Bf: f: + B2 f; f:

—a Jan = Bfam-1)
-1y —Bfrm-2))’

By equating the (1, 1) entries of the matrices on both sides, we get the result (2.4)
which corresponds to the Convolution property for the even indices of { f;, }.
Similarly, since S+ = $”S™ and by using the matrix identity (2.1), we get the
equalities (2.5), (2.6) and (2.7). 0
Special Cases:
(1) If we take n = m in (2.5), we get

a1f2(2n+1) = f22(n+1) - szzn- (2.8)

(2) If we take n = m in (2.6), we obtain the formula;

ai fan = fan (fom+1) — Bfat—1))
= fan (b2 —b1) fon +ailan). (2.9)
Note that for 2n = m, if we take a1 = ap = by = b, = 1 in (2.9), it reduces
to the well-known identity;
Fom = FopLm.

We can get the Binet formula for the even indices of { f;, } by using matrix method.
For this, we assume A% —4B # 0 to guarantee the existence of two distinct roots. Let
o and B denote the roots of p (z) = z? — Az + B that is the characteristic polynomial
of S.

Theorem 2. The Binet formula of { fan} is
at — ﬁn

a—pB
Proof. The eigenvalues and corresponding eigenvectors of the matrix S are 1; =

a,kzzﬂandulz((f),uzz(’?).Therefore;P_lSPz(((); g)where

a B . " 0 -1 . .
P = 11 ) It follows " = P 0 pr P~". By equating corresponding

Jon = a1
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entries of the matrices on both sides and by using the matrix identity (2.1), we obtain
the result. U

3. LucAs CASE

In this section, let b1 = b,. We also have a similar matrix identity for the condi-
tional Lucas sequences {/, }. Similar to the well-known result,

Lnt1 Lp Y _ (1 2 11y
Ln Ly )\ 2 -1 10
we also have

L+1y —Blan (A 2B A -BY\" 31
lan —Blypw—1y ) 2 -4 1 0 '

which can be easily proven by induction and by the help of (1.2).

Theorem 3. The sequence {l,} satisfy

Ln-vlam+1) — 13, = B (@ —B)?

for any positive integer n.

Proof. By taking the determinant of both sides of (3.1), we get

(-nlam+1) = 13,) = B" ™' (4> —4B)

and since A2 —4B = (o — ,8)2 , we get the result which is Cassini’s identity for
even indices of {/,}. U

4. FIBONACCI-LUcAS CASE

Here, we also assume that by = b, and A := A% —4B # 0. We can also use matrix
techniques to prove some relations between the { f,} and {/,,}.

It is known that for the matrix R := % ( } ? ) , R" = % (
A
1
V[ by AL
T" = 3 ( ],22" ai ) (4.1)
“ar lZn

ai

L, 5F,
F, L, )

Similar to this well-known result, setting 7" := % ( j ) , we also have

which can be easily proven by induction and by the help of (1.5) and (1.7).
Theorem 4. The sequences { f} and {1, } satisfy

A
4B" =13, — el 2 4.2)
1

2f2(m-|-n) = f2m12n + f2n12m 4.3)
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2l mn) = lomlon + %fznfzm 4.4
2B™ fo(n—my = fanlom —l2n fom (4.5)
2B" ly(n—m) = lanlom — %on Jom (4.6)

lanlom = Lay(n4+m) + Bmlz(n_m) “4.7)
fonlam = fomtm) + B™ fatn—m) (4.8)

for any positive integers m and n.

Proof. By taking the determinant of both sides of (4.1), we get the result (4.2).
Considering T = T"T™ and by using the matrix identity (4.1), we get;

1 ( 12(n+m) AfZ(Z—TM) )

2 fZ(ZTm) 12(n +m)

1 lnlom+ ﬁon Jfom % (f2ml2n + fanlom)
4\ @ Lnbm+ fomban) 5 fom fon + lonlom
By equating the corresponding entries of the matrices on both sides, we get the iden-
tities (4.3) and (4.4).

Similarly, considering T~ = T"T~™ = T"(T™)~! and by using the matrix
identity (4.1), we get;

1 ( lZ(n—m) %fZ(n—m) )

5 %fZ(n—m) lZ(n—m)

1 12n12m_ﬁf2nf2m %(IanZm_onZZm)
B 4B™ ;_II(IanZm_onIZm) lZnIZm_%on]%m
By equating the corresponding entries of the matrices on both sides, we get the results

(4.5) and (4.6).
Finally, consider the equation

Tn+m 4 pmTn—m _ pnym  pmyn (Tm)—l
then we get (4.7) and (4.8). ]

Up to now, we only consider the even indices of the conditional sequences. Now,
we develop another matrix identity for both even and odd indices of Fibonacci and
Lucas conditional sequences.
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We know that there is a relation between continued fractions and 2 x 2 matrices.
By considering this relation and setting

c—[ % by ar by \ _ ( arax+by axb
T 1 0 1 0 o al bl

then we have .
Cn — f2n+1 , a2_11f2n (49)
fan Gt (f2n — b2 fou-1))
by induction and also by the help of (1.1) and (1.2).

We can get the Binet formula for odd and even indices of { f;,} by using this matrix
identity. For this, again we assume A% —4B # 0 to guarantee the existence of two dis-
tinct roots. Let & and B denote the roots of p (z) = z2— Az + B that is the character-
istic polynomial of C. The eigenvalues and corresponding eigenvectors of the matrix

a—by ﬂ_bl
Careli=a,dy =Bandv; = ‘111 LUy = all . Therefore; P~1CP =

a—bl ,B_bl n
( g (,3) ) where P = all all . It follows C" = P( ao ﬂon )P_l'

By equating (1,1) and (2, 1) entries of the matrices on both sides, we obtain the
Binet formula for odd and even indices of { f;,}.
By taking the determinat of both sides of (4.9), we get

by
a(on-H[on_b2f2(n—1)]_a2f22n) = B". (4.10)
For a; = ap, = b1 = b = 1 and 2n = m; the above result reduces to the Cassini’s
identity for the ordinary Fibonacci sequence:
Fn+1Fm—1 _Fn21 = (_l)m-

By using the matrix identity (4.9), if we consider C"~™ = C" C ™™ and equating the
corresponding entries of the matrices on both sides, we get the formula;

B™ fotn—m) = fon f2m+1— fam fan+1. 4.11)

For a1 =a, = b1 = by, = 1 and 2n = r, 2m = s; the above result reduces to the
d’Ocagne’s identity for the ordinary Fibonacci sequence:

(_1).9 Fr—s = FrFs—H _FsFr+1-

And if we consider C"*t™ = C"C™ and equating the corresponding entries of the
matrices on both sides, we get the formulas;

b B
So4m) = fon fom+1+ fom (ion — ZfZ(n_l)) 4.12)

azbq

fon fom. (4.13)

So+my+1 = fan+1 fam+1+ ”
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For a; =a, = by = b, =1 and 2n = r, 2m = s; the above results reduce to the
following well-known results

Frqys = FFsq1+ FsFr—
Fris+1 = Fry1Fs41+ Fr Fs.

We also have a similar matrix identity for both even and odd indices of {/, }. For this,
assume that by = b,. By induction and by the help of (1.1) and (1.2), we have

as 2% ( aiaz +by azby )n N 12n+1 %1271
2 —az ai by lon Z_i(IZn_bllz(n—l))
(4.14)
and by taking the determinat of both sides of (4.14), we get

a1bi(lznt1llzn —bila—1)) —a2l3,) = — (@ — B)* B". (4.15)

If wetake a; = a, = by = by =1 and 2n = m in (4.15), it reduces to the well-known
identity for Lucas numbers:

Lmt1Lm—1— L% = (=1)"*15,
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