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WEAKLY NONLINEAR BOUNDARY VALUE PROBLEM FOR A
MATRIX DIFFERENTIAL EQUATION
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Abstract. We set forth solvability conditions and construction of the generalized Green operator
for Noetherian linear boundary value problem for the matrix differential equations and solvab-
ility conditions and the constructive scheme for constructing solutions of nonlinear Noetherian
boundary value problem for matrix differential equation. We show that the principal results in the
theory of weakly nonlinear periodic oscillations remain valid for nonlinear Noetherian boundary
value problem for matrix differential equation. The study is illustrated by the periodic problem
for a Duffing-type matrix differential equation.
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1. INTRODUCTION

We investigate the problem of the determination of conditions for the existence of
solution [5]

Z(t,e): Z(.e) €eClla;b], Z(1,) € C[0;e0], Z(t.,c) € R**P
of the matrix differential system
Z'(t,e) = AZ(t,e)+ Z(t,e)B+ F(t) +& D(Z(t,¢).1,¢), (1.1)
that satisfy the boundary condition [3,4,9]
LZ(-e) = A, AR (1.2)

and the construction of this solution. We seek a solution of the Noetherian (o # 8 #
8 # y) matrix boundary value problems (1.1), (1.2) in a small neighbourhood of the
generating problem

Zy(t) = AZo(t) + Zo(t) B+ F(t), L£Zo() = A, (1.3)
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where A € R®*® and B € RA*B are real constant matrices, F(t) € Cla,b] is an a x 8
matrix whose elements are real functions continuous on the segment [a,b], £Z(:,¢)
is a linear bounded matrix functional:

LZ(&): C'la;b] »> R,
Assume that the nonlinear operator
D(Z(t,6).1.6) 1 RB - RoxP

is continuously differentiable with respect to unknown Z(¢,¢) in a small neighbour-
hood of the generating solutions and with respect to the small parameter ¢ in a small
positive neighbourhood of zero. In addition, we assume that the matrix function
@D(Z(t,e),t,¢) is continuous in the independent variable ¢ on the segment [a, b].

The structure of the set of solution of the generating matrix boundary value prob-
lem (1.3) was studied by Bellman [1]. In [4] the authors established solvability con-
ditions and construction of the generalized Green operator in case o« = f§ for the
periodical matrix boundary value problem (1.3). Denote by U(¢) and V (¢) — normal
fundamental matrices:

U'(r) =AU(t), Ula)=1y, V'(t)=BV(t), V(a)=Ig.
The matrix Cauchy problem [1]
Z'(t)y=AZ(t)+Z(t)B, Z(a) =0

has a solution
W(t,0)=U@l)-0-V(1), ©ecR¥P.

The general solution
Z(t,0) = W(1,0)+ K[F(s)}(t), O € R**P

of the matrix Cauchy problem [4]
Z't)y=AZ(t)+ Z(t)B+ F(@), Z(a)=0

is determined by Green operator of the matrix Cauchy problem
t
K[F(s)](t) = / UOU Y (s)F(s)V()V ™ 1(s) ds.
a

2. SOLVABILITY CONDITIONS FOR WEAKLY NONLINEAR
BOUNDARY VALUE PROBLEM FOR MATRIX DIFFERENTIAL EQUATION

Substituting general solution of the Cauchy problem Z(a) = © for the generating
matrix differential system (1.3)

Zo(t,0) = W(t,0) +K[F(s)](t), O e R**P
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in the boundary condition (1.3), we get matrix equation

£Z0(-.0) = A—:CK[F(S)}(-). 2.1)
Let 5() ¢ R¥*B Jj =1,2, ... «- B be standard basis of the space R**P and let
B
0=y 5W¢;, ¢jeR', j=12, ... «aB.
j=

Then
a-B
EW(0)=> LUOEDV()e;.
ji=1
We introduce the linear operator [9] M[B] : R™*" — R™", which assigns a matrix

B € R™" column vector M[B] € R™™", consisting of the columns of this matrix.
Further, we introduce the inverse operator [9]

,M_l{M[i)’]} : R™" — R

which assigns a column vector M[B] € R™” matrix B € R™*". Applying the oper-
ator JM to the matrix equation (2.1), we obtain the following system equations

Qc = M[A] —M{xK[F(s)](.)} : (2.2)
where
Q= [M[cz(l)] M[@@)} M[(:z(“'ﬂ)] } e ROV*eh

and
QW = 2UHEDYV()eRP, j =12, ... ap.
Under the condition [5,9, 10]

P@Z’M{ A — $K|:F(s)](-)} =0,
the generating problem (1.3) has r linearly independent solution
Zo(t,0,)=W(t,0.)+G [F(s); A] (1), Op:=M"! [P@rcr].

Here W(¢,®) is the normal (W(a,®) = @) fundamental matrix of the homogen-
eous part of the generating matrix differential system (1.3), W(¢,®,) is an o x 8
matrix composed of r linearly independent solution of the homogeneous part of
the generating matrix boundary value problem (1.3), Pg, is « - B x r matrix com-
posed of r linearly independent columns of the « - 8 x & - f matrix orthoprojector
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Pg : R¥B*B 5 N(Q); Pgx is d x § -y matrix composed of d linearly independ-

ent rows of the §-y x § - y matrix orthoprojector Pgx : R¥7 — N(Q*), @7 is the
pseudoinverse Moore-Penrose matrix [5, 13],

G [F(s); A] (1) := W{t, M QTM [A — :ﬁK[F(s)](-)]} } + K[F(s)] (1)

is the generalized Green operator [10] for generating problem (1.3),

r r
W(t.0,) =Y UW)-EUOV()-c;,. O,=> EUWc;
— the general solution of the homogeneous part of the matrix boundary-value prob-
lem (1.3).

2.1. Generalized Green operator for Noetherian linear boundary value problem
for the matrix differential equations

The following lemma gives necessary and sufficient conditions for the solvability
and construction of the generalized Green operator for Noetherian linear boundary
value problem for the matrix differential equations (1.3).

Lemma 1. The inhomogeneous boundary value problem for the matrix differential
equations (1.3) is solvable if and only if

A— :CK[F(S)] (.)} =0. (2.3)

In this case, boundary value problem for the matrix differential equations (1.3) pos-
sesses r linearly independent solution

Pg= M

r
ZO(I’ @r) = W(Z9 @r) +G|:F(S)5‘A} (Z)’ @r = Z E(Jk)cjk
k=1

The proved Lemma 1 generalizes analogous statements for various boundary value
problem for the differential equations [5]. The proved Lemma 1 also generalizes ana-
logous statements for periodic boundary value problem for a matrix Riccati equation
[4]. Provided Pg+ # 0, we say that the boundary value problem (1.3) there is a crit-
ical case, and the problem (1.3) solvable only for those inhomogeneities of F'(¢) and
s, for which the condition (2.3). Provided Pg+ = 0 for the boundary value problem
(1.3) holds non-critical case, and the problem (1.3) is solvable for any inhomogeneit-
ies of F(¢) and .

The nonperturbed problem (1.3) has the solution Zy(z,®;,). We seek a solution
Z(t,e) of problem (1.1), (1.2) such that Z(-,e) € Clla;b], Z(t,-) € C[0;g0] and
Z(t,0) = Zy(t,0;). In problem (1.3), (1.2) we perform the substitution Z(¢,&) =
Zo(t,0;)+ X(t,¢). For

X(-,e) € C'a:b], X(t.-) € C[0;50], X(1,8) € R**P,
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we obtain the problem
X'(t,e) = AX(t,e) + X(t,e)B +¢e ®(Z(t,¢),t,8), L£X(-,¢) =0. (2.4)

Considering the nonlinearity in problem (2.4) as nonhomogeneous term, applying
Lemma 1 to problem (2.4), and taking account relation (2.3), we find that on the set
of functions X (¢, ) such that X(¢,0) = 0, boundary value problem (2.4) is equivalent
to the operator equation

X(t,e)=¢G |:<D(Zo(s, Or) + X(s,8),5,¢); O] @), (2.5)
which is the fixed point for the operator
Gg:. §[X]:=¢ G[@(Zo(s,@r) + X(s,8),5,8); O:| (1)
defined on the closed set

2=)X(@te): X(e) eCla;b], X(t,-) € T[0;e0),

X(,0)=0, ||X(t.9)||l<q= const}

in the complete space of continuously differentiable matrix functions X(¢, &) on [a; b].
We can readily see that there exists an €4, 0 < &4« < &g, such that the operator §
satisfies all assumptions of the Banach theorem on the set £2 for all 0 < & < g4. By
that theorem, the operator equation (2.5) has at least one solution X (¢, ¢) € §2. This
solution can be found with the use of the iterative process

Xp1(t,e) =¢ G|:<D(Zo(s,@r) + Xi(s,€),s5,¢8); O}(l), k=0,1,2,.. (2.6)

convergent on [0; £«]. We have thereby justified the following assertion.

Theorem 1. In the noncritical case, boundary value problem (1.1), (1.2) has a
solution

Z(t,e) = Zo(t,0;) + X(t,8), X(-&) € C'a;b], X(t,-) € C[0;s0]
such that X (t,0) = 0. This solution can be found with the use of the iterative process
Zis1(t,e) =Zo(t,0r) + Xp11(t,8), k=0,1,2, ...,
where X (t,€) are given by (2.6).
The proved Theorem 1 generalizes analogous statements for various boundary
value problem for the differential equations [5]. Let us now analyze the existence
of solution boundary value problem (1.1), (1.2) such that, for e = 0, these solutions

become one of the solutions Zg (¢, ®;) of the unperturbed problem (1.3) in the critical
case.
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Theorem 2. (A necessary condition). Let the inhomogeneities F(t) and A satisfy
criterion (2.3) for the solvability of the nonperturbed problem (1.3), and let boundary
value problem (1.1), (1.2) have a solution Z(t, &) such that

Z(-,¢) € Cla;b], Z(t.-) € C[0; 0]
and Z(t,0) = Zo(t,Oy). Then the matrix @, € R**B satisfies the equation

P@;M{$K|:<P(Zo(s,(~)r),s,0)](-)} =0. 2.7)

Proof. Applying solvability criterion (2.3) to the function
F(t)4+¢e ®(Z(t,¢),t,¢)

occurring in (1.1), we obtain

P@;M{ $K|:F(s) +e¢ @(Z(s,s),s,s):| ()} =0.

Since M and &£ are a linear operators and the inhomogeneities F(¢) and + satisfy
criterion (2.3) for the solvability of the unperturbed problem (1.3), we have

P@; M% $K|:¢(Zo(s, O;)+ X(s,¢),s, 8)j| (-)} =0. (2.8)
By setting ¢ = 0 in the last relation, we obtain (2.7). Following [4,5, 14, 17], we refer
to equation (2.7) as an equation for generating constants. O

The proved Theorem 2 generalizes analogous statements for various boundary
value problem for the differential equations [5, 14, 17].

To derive a sufficient solvability conditions for boundary value problem (1.1),
(1.2), we perform the substitution Z(t,¢) = Zo(t,0}) + X(t,¢), where the matrix
OF € RY*F satisfies the necessary and sufficient solvability condition (2.8). Us-
ing the continuous differentiability of the function @[Z (¢, ¢), ¢, ¢] with respect to un-
known Z (¢, ¢), in a small neighbourhood of the generating solutions and with respect
to the small parameter ¢ in a small positive neighbourhood of zero, we expand this
function in the neighbourhood of the points X (¢,&) = 0 and ¢ = 0 as follows [15]:

@[Z(t,e),z,e] = @[Zo(t,@;"),t,o] + D[Zo(z,@f); X(t,s)i|

+ R|:Zo(t, o)+ X(t,e),t,e],

where the differential D[Zo (7, ®)); X(t,¢)] of the function @[Z(¢,¢),t,¢] is a linear
operator

D [zo(z, OF): AXD(1,e) + ux® (r,g)]
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—AD [zo(z, Or); X(“)(t,s)] + MD[ZO(I, OF): X(b)(t,s)], A eR!

with respect to unknown X(z, ¢). Since the remainder R(Zo (¢, ©;) + X(¢,¢),t,¢) of
the expansion of the function @[Z(t,¢),t,¢] has a higher order of smallness with
respect to the unknown X(¢,¢) in the neighbourhood of the points X(¢,&) = 0 and
& = 0 than the first two terms of expansion, we have

R[Zy(t,0])+ X(t,¢),1,0] = 0.
For the function X = X(¢, &) we obtain the problem
X' '=AX + XB +¢& ®(Zo,1,0) +eD[Zo; X]+eR(Zo+ X,1,¢), (2.9)
£X(,e) =0, (2.10)
where
D[Zo: X]= D[ Zo(t.0F); X(t.e)], R(Zo+ X.t,6) = R(Zo(t,0F)+ X(t,¢€).1,¢).

We intend to construction an operator system equivalent to problem (2.9), (2.10) on
the set of matrix functions X = X(,¢) such that X(-,¢) € Cl[a;b], X(¢,-) € C[0; o],
and X(¢,0) = 0. Applying Lemma 1 to the boundary value problem (2.9), (2.10), we
obtain

X(t.e) = W(t,0,(e)) + XD(t,6), O,(e) = M e, (o)),

X(l)(t,e) =g G|:<D(Zo(s,@;k) + X(s,8),s,¢); O:| (1),

Bo-cr(e) = _P@Z'M

xK%D[Zo(s,@i‘); X“’(s,e)]} )

—l—i’,K[R(Zo(s,@:)—i—X(s,e),s,s)](-)}, (2.11)

where

By = [533” . B8 .. 35’)]eﬂed”, j=12. .1
and
:(3(()‘/) — P@;M%éﬁK{ D[Zo(s,@r); U(s).E(j) . V(s)}} () e RY .
Equation (2.11) is solvable if an only if
Pgs P@:;M{:CK{ D[Zo(s,@:‘); X“)(s,e)]} ()

+ éCK[R(ZO(s, OF) + X(s,e),s,e):| (-)} =0.
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For PQ(*; P@; = 0 a solution of the boundary value problem (2.9), (2.10) is determ-
ined by the operator system

X(t,6) = W(t,0,(e) + XD(t,e), O,(e) = M ey (o)),

XDite)=¢ G[cp(zo(s, OF) + X(s,€).5.€); 0] (1),

cr(e) = -8By Pgx M

xK{D[zo(s,@:); xm(s,e)]} 0

+iK[R(Z()(S,@;.k)+X(S,8),S,8):|(-)}, (2.12)

which is equivalent to the problem of the construction of a solution of the system of
equation (2.9) with boundary condition (2.10). The operator system (2.12) is equi-
valent to the problem of the construction of a solution of equation

X(t,e) = lI/|:Zo(s, OF) + X(s,e)} @)

on the set of functions X(¢, ) that are equal to zero for & = 0; here
'1/|:Zo(s, OF) + X(s,e):| (1) := W(t,0,())+ XD(1,¢)

=W {I,M_l [cr(e)]} +e¢ G|:<D(Zo(s,@:) + X(s,¢),5,8); 0:| ).

The operator ¥[Z(s,&)](¢) is a superposition of an operator linear with respect to
matrix function @(Z(¢,¢),t,¢) that acts on the function @(Z(¢,¢),t, e) continuously
differentiable with respect to X (¢, ). Thus, ¥[Z(s,€)](¢) is a continuous bounded
operator that acts from the space of real matrix functions X (¢, ¢) continuous on the
segment [a,b] and [0;&¢] into itself. For Pgs P@Z = 0 at least one solution of the

boundary value problem (2.9), (2.10) can be determined by using an iteration process
[15,p.213]

Xp41(t,e) = l,I/|:Zo(s,@;'<)—I—Xk(s,a):|(t), e€[0,e*], k=0,1,2... (2.13)

convergent on [0; £«]. We have thereby justified the following assertion.

Theorem 3. Suppose that the boundary value problem (1.3) corresponds to the
critical case Pg+ # 0 and let the inhomogeneities F(t) and A satisfy criterion
(2.3) for the solvability of the nonperturbed problem (1.3). Then, under condition
Pi;ak P@Z = 0 for every root O} € Re*A of equation for generating constants (2.7)
boundary value problem (2.9), (2.10) has at least one solution

X(-,e) e Clla;b], X(t,-) € C[0;e0]



NONLINEAR MATRIX BOUNDARY VALUE PROBLEM 147

that turns into the zero solution X(t,0) = 0 for e. Moreover, boundary value problem
(1.1), (1.2) has at least one solution
Z(-,¢) € Cla;b], Z(t,-) € C[0: 0]

that for [0; 4] turns into the generating solution Z(t,0) = Zy(t,©)). This solution
can be determined by using an iteration process

Zie1(t.6) = Zo(1.0]) + Xpp1 (1), Xpg1(t.6) = W(t.0p() + X0, (1.9,
XV o) =¢ G[@(Zk(s,e),s,e); o} (1), Opey, (&) = M7 [crkﬂ (e)},

Crip1(8) = =By Par M

u{ D[Zo(s,@:): X,E“(s,s)}} )

+ SCK[R(ZO(S,@:‘) + Xk(s,s),s,8)1| (-)} , k=0,1,2..,
(2.14)
which converges for [0; ex].

The proved Theorem 3 generalizes analogous statements for various boundary
value problem for the differential equations [5, 14, 17]. The proved Theorem 3 also
generalizes analogous statements for periodic boundary value problem for a matrix
Riccati equation [4]. The length ¢4 of the segment [0, £*] on which the iterative pro-
cedure (2.14) converges to the required solution of the boundary value problem (1.1),
(1.2) can be estimated by analogy with [7, 8, 14].

3. MATRIX EQUATIONS OF DUFFING TYPE

The requirements of Theorem 3 are satisfied in the problem of the construction of
the 27— periodic solutions of matrix equations of Duffing type

Z'(t,e) = AZ(t,e)+ Z(t,e)B+ F(t)+¢& Z(t,8)Z(t,e)* Z(t,¢), 3.1
where

a=(13) m=(T ) ro=("V ws )
The general solution
W(t,0)=U()-0-V(), OcR**?
of the matrix Cauchy problem
Z'(ty=AZ(t)+ Z(t)B, Z(0)=0
is determined U(¢) and V(¢) — normal (U(0) = I,, V(0) = I3) fundamental matrices:

cost +sint —2sint
1) = . .
v ( sint cost —sint )
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and

V(t) = cos2t —sin2t —sin2t
B 2sin2¢ cos2t +sin2t )’

Denote the

~m_ (10 @ _ (00 @ _ (00
o 0 O 9 o 1 O ,.--,A-J 0 1

be a standard basis of the space R?*2. The matrix @ = 0 defines a pseudoinverse
matrix @ = 0 and the orthogonal projections Py = Pg+ = I4. Since Pg+ # 0,
so far in the problem of constructing 2 -periodic solutions of matrix equations of
Duffing type (3.1) holds critical case, and the condition (2.3) holds, hence the periodic
problem for the matrix equations of Duffing type (3.1) has a solution of the form

Cp Ca

Zo(1,0r) = W(l,@r)-i-G[F(s);d’o}(t), O = ( €1 c3 )
where
G[F(S):A} (t) = K[F(s)](z).

The equation (2.7) for generating constants for the periodic problem for the matrix
equations of Duffing type (3.1) has nontrivial real solution

. 5 9 3 3\"
c, =\ —— —=—=< — — = .
" 16 32 32 32

Thus, we obtained matrix
_ 123 _ 49  _ 481 433
0 188 WP N
Bo=m| 4° ¥ _HE Y
| VU 1
4096 4096 4096 256
and the orthogonal projections Pg = Pg+ = 0 enable one to verify the condition
P B P@: = 0, which guarantee the unique solvability of the stated the periodic prob-
lem for the matrix equations of Duffing type (3.1), that for ¢ = 0, turns into the the
generating solution

Zo(t,@:‘)=W(t,@:‘)+G[F(s);A](z), o = ( R )
32

The matrix Bo, which plays the key role in the critical case, is obtained in explicit
form and coincides with the derivative of the equations for generating constants (2.7)
for matrix boundary value problem (1.1), (1.2). We differentiate solvability condition
(2.8):

0

gp@z{M{ ;ﬁK[qb(zo(s, @:),s,O)](-)}
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= %sz;,/\/{{ LK -¢(Z(S,8),S,8)j| (-)}

5 -
= JP(%:M{:@K D(Zo(s,0)),s,0) +D|:Zo(s,@:‘); X(s,s)}
r

+R(Z(s,8),s,8)_ (')}

e=0

e=0
— oo Pay M| 2K | 2o 07 Wis.0,0p | 0]
a !

= —Pox M
acy QL

The last equation is the matrix

Bo = 5 Pay M| £K| 0(20(5.09).5.0) |0

which implies (by analogy with boundary value problem (1.1), (1.2) of the first order)
that the condition Pgx Pgx = 0 is equivalent to the fact that the root O € R**B of
equation for generating constants (2.7) is simple.

The method for construction of solvability conditions and construction of the gen-
eralized Green operator for Noetherian linear boundary value problem for the matrix
differential equations and solvability conditions and the scheme for constructing solu-
tions of nonlinear Noetherian boundary value problem for matrix differential equa-
tion can be generalized to boundary value problem for the matrix differential equa-
tions in various critical and noncritical cases [0, 16], in particular, to autonomous
boundary value problems [2, 12] and nonlinear Noetherian second-order boundary-
value problems in the critical case [11]. The method for construction of solvability
conditions and construction of the generalized Green operator for Noetherian linear
boundary value problem for the matrix differential equations and solvability condi-
tions and the scheme for constructing solutions of nonlinear Noetherian boundary
value problem for matrix differential equation can be generalized to boundary value
problem for the matrix differential-algebraic equations [10].

e=0

xK-D[ZO(s,@;*); U(s)@r(g)V(s)] _ [3(()1) 89 . ggér)].
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