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Abstract. Let0 < p <n and /L?Z be the parametric Marcinkiewicz integral. In this paper we shall

obtain the strong type and weak type estimates of /L?z on the weighted Herz spaces K;‘ P (w1, 02)
with general weights. The boundedness of the commutators generated by BM O functions and
parametric Marcinkiewicz integral is also obtained.
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1. INTRODUCTION AND RESULTS

Suppose that $”~1 is the unit sphere in R”(n > 2) equipped with the normalized
Lebesgue measure do. Let £2 be a homogeneous function of degree zero on R” sat-
isfying £2 € L1($"~!) and

/ Q(x"do(x") =0, (1.1)
Sn—l

where x” = x/|x| for any x # 0. For 0 < p < n, Hérmander in [6] defined the para-
metric Marcinkiewicz integral operator /,L?z of higher dimension as follows.

o0 d 1/2
w11 = ([ 178 0P )

where
Q(x —
Ff,(x) = /| Mf(y)dy-

x—y|<t |x - y|n—p
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o0

Let b be a locally integrable function, the commutator generated by parametric Mar-
cinkiewcz integral Mf()z and b is defined by
1
2 2
dt
(b k1)) = ( / _tsz) .
When p = 1, we shall denote ulg simply by pg.
The area of the Marcinkiewcz integrals have been under intensive research. This
operator (g was first introduced by Stein in [15]. He proved that if §2

€ Lipe (5" 1)(0 <a < 1), then ug is the operator of strong type (p, p) for 1 < p <2
and of weak type (1,1). Here, we say that £2 € Lipa (5" ') if
120 =20 < |x' =y ¥y es" L.

In 1990, Torchinsky and Wang in [16] considered the weighted case and proved that
If 2 €Lipe($3" )0 <a<1), and b € BMO(R"), then for all 1 < p < oo, and
w € Ap (Muckenhoupt weight class), i and [b, ug] are all bounded in L? (w). On
the other hand, in 1960, Hérmander [6] showed that if £2 € Lipa($" 1) (0 <a < 1),
then for 0 < p < n, M?z is of strong type (p, p) forall 1 < p < oco. In [14] Shi and
Jiang obtained the weighted L?-boundedness of parametric Marcinkiewicz integral
and its commutator.

Theorem A ([14]). Let 0 < p <nand 2 € L®(S" ). If v € Ap(1 < p < 00)
and b € BMO(R"), then there exists a constant C > 0 independent of [ such that

e (I Lr@) < CllLf ILr )

/| L) = b)) f()dy

x—y|<t |X _y|n—,o

and

11, LI |2 @) < CIDIN S || L w)-

Notice that Lipa (3" 1)(0 <a < 1) G L%($"1) S L1($"™!), then the results
of Theorem A are extend and improve the results of Torchinsky and Wang in [16].
Let us recall the definition of Littlewood-Paley function

di\1/2
so(w = ([ 100 o)

where @;(x) = t7"®(x/t) and @ € L1 (R") which satisfies Jgn @(x)dx = 0. It is
well known that the Littlewood-Paley function have long played important roles in
harmonic analysis. When @ is given by

P(x) = |x|7"FPL2(x) xpo,11(1x 1),
where £2 be a homogeneous function of degree zero on R” satisfying (1.1), then
@(x) becomes the parametric Marcinkiewicz integral operator. Therefore, many au-

thors have been interested in studying the boundedness properties of l"?z on various
function spaces, it can be seen in [1-3, 18].
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In [13], Lu, Yabuta and Yang obtained the boundedness results for sublinear oper-
ators on weighted Herz spaces with general Muckenhoupt weights. Recently, many
authors considered the boundedness of operators on weighted Herz spaces with gen-
eral Muckenhoupt weights. In [8], Komori and Matsuoka showed the boundedness
of singular integral operators and fractional integrals on weighted Herz spaces. In
[5], Guo and Jiang discussed the boundedness of commutators of singular integral
operators on weighted Herz spaces, and as an application, they obtained the interior
estimates on weighted Herz spaces for the solutions of some nondivergence elliptic
equations. Hu , He and Wang [19] studied the boundedness of commutators of frac-
tional integrals in generalized Herz spaces. More results concerning the boundedness
of operators on Herz spaces can be seen in [12, 17].

The main purpose of this paper is to consider the boundedness of parametric Mar-
cinkiewicz integral on weighted Herz spaces with A, weights. At the extreme case,
we will also prove that M?g is bounded from the weighted Herz spaces to the weighted
weak Herz spaces. The boundedness of commutators generated by parametric Mar-
cinkiewicz integral and BM O functions on weighted Herz spaces is also considered.

Our main results in the paper are formulated as follows.

Theorem 1. Let 0 < p < n and 2 € L™(3""). Suppose 0 < p < 00,1 < g <
00,w1 € Ay, and wy € Ag,. Then yf}z is bounded on Kg’p(a)l,wz) provided that wq
and wy satisfy either of the following

() w1 =w2,1 <q1 =¢2 <qand —nq1/q <aq1 <n(l—q1/q);
(i) w1 Fwr,1 <qg1<00,1<gy <qand0<aqg; <n(l—q2/q).

Theorem 2. Let 0 < p < n and 2 € L®($" ). Suppose 0 < p < 1,1 <q <
00,w1 € Ag, and wy € Ay, . If 1 <q1 < 00,1 <q2 <qandagy =n(1—q2/q), then
M?z is bounded from Kg’p(a)l,a)z) to WKg’p(a)l,a)z).

Theorem 3. Let 0 < p <n and 2 € L®($"™1). Suppose 1 < g < 0o,w; € Agq,,
wy € Ay, and b € BMO. Then [b,,u?z] is bounded on Kf;’p(wl,a)z) provided that
w1 and wy satisfy either of the following

() w1 =w2,1<q1=¢q2<qand —nq1/q <aqr <n(l1—q1/q):
(i) w1 #w2,1<q1<00,1 <ga<qand0<aqy <n(l1—q2/q).

Throughout this paper, unless otherwise indicated, C will be used to denote a
positive constant that is not necessarily the same at each occurrence.

2. DEFINITIONS AND PRELIMINARIES

We begin this section with some properties of A, weights which play important
role in the proofs of our main results.

A weight w is a nonnegative, locally integrable function on R”. Let B = B(xo,r)
denote the ball with the center x¢ and radius r, and let AB = B(xg, Ar) for any A > 0.
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For a given weight function @ and a measurable set £, we also denote the Lebesgue
measure of £ by |E| and set weighted measure w(E) = [ w(x)dx.

Definition 1. A weight w is said to belong to A, for 1 < p < oo, if there exists a
constant C such that for every ball B C R”,

p—1
(Fil/Ba)(x)dx) (Fil/Ba)(x)l_p/dx) <C, (2.1)

where s’ is the dual of s such that 1/s +1/s" = 1.

The class A; is defined by replacing the above inequality with

1 .
W/Ba)(y)dy <C -e)scselllglfw(x).

By (2.1), we have

p—1
(/ a)(x)dx) (/ a)(x)l_p,dx) <C|B|*. (2.2)
B B

The classical A, weight theory was first introduced by Muckenhoupt in the study
of weighted L?-boundedness of Hardy-Littlewood maximal function in [10].

Lemma 1 ([4, 10]). Let1 < p < oo and w € Ap. Then the following statements
are true:
(i) There exists constant C such that
w(Bg) <
w(Bj)
(ii) Forany 1 < p < o0, there exists 1 < q < p such that w € A4(R");
(iii) There exist two constants C and § > 0 such that for any measurable set E C

B’
o(E) _ . (IEI\’.
w(B) —C(|B|) ’ .

c2'?®=D for k > j; (2.3)

(iv) Forany 1 < p <00, one has o'~ P € Ap (R™).
If w satisfies (2.4), we say w € Ao (R™). It is well known that
A®) = | ] 4,R").
1<p<oco

Let By = B(0,2%) = {x e R* : |x| <2k} and Cy = By \ Bx_; for any k € Z.
Denote yx = xc, for k € Z, where y,. is the characteristic function of the set E. In
[9], Lu and Yang introduced weighted Herz spaces.
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Definition 2. Letax € R,0 < p,g < 00 and w1, w, be two weight functions on R”.
The homogenous weighted Herz space K 7P (w1, w,) is defined by

REP (01,02 = | 1 € L, (RN 10},02) 1F sy < 0}

where
oo

1/p
171 Kg.p(wl,wf( 3 w1<Bk>“P/”||m||§q(w2)) .

k=—o00
For any k € Z, A > 0 and any measurable function f on R”, we write E; (A, f) =
{x € Cr:|f(x)| > A}

Definition 3 ([13]). Leta € R,0 < p,q < 0o and w1, w5 be two weight function on
R”™. A measurable function f on R” is said to belong to the homogeneous weighted
weak Herz space WK,‘]x’p (w1, ) if

oo

1/p
17w k7 @1,0) ziupk( 2 wl(Bk)a”/”[wz(Ek(/\,f))]p/q) R
>0

k=—00

Obviously, if @ = 0, then Kg’p(wl,wz) = L?(w;) and WKg’p(a)l,wz)
= WL?(w,) for any 0 < p < oco. Thus, weighted Herz spaces are generalizations of
the weighted Lebesgue spaces.

Definition 4. A locally integrable function b is said to be in BM O(R") if
1
sup—/ |b(x)—bpldx = |||+ < o0,
B |Bl/g

where bg = |ﬁfBb(y)dy.

Lemma 2. (John-Nirenberg inequality, see [7]) Let b € BMO(R"). Then for any
ball B C R", there exist constant Cy, Cy such that for all A > 0,

[{x € B : |b(x)—bg| > A}| = C1|Blexp(—CaA/||b]|+).
Lemma 3 ([11]). Let w € Aso. Then the norm of BMO(w,R") is equivalent to
the norm of BM O(R™), where
1
BMO(@,R") = {b: |bllxw = S0 o B) Js |b(x) = bp w|o(x)dx},

and

bB,a)

b(z)w(z)dz.
5 )
Lemma 4. Suppose w € Axo(R™),b € BMO(R"). Then for any p > 1 we have

1/p
(w(B) / 1b(x) - bBwWw(x)dx) < Cllbls.
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Proof. Since w(x) € Axo(R"), then (iii) of Lemma | and Lemma 2 imply
w({x e B:|b(x)—bp|>A}) <Cw(B)exp(—C28A1/|b|+).

So
o0
/ |b(x) —bp|Pw(x)dx < / pAP Yo ({x € B:|b(x)—bp| > A})dA
B 0
o0
< Ca)(B)/ pAP Lexp(—Ca8A||b||4)d A
0

< Cw(B)|b|%.

Thus

p
i L b =bralrewiay = s [ - balatdx < clel?.

0

3. PROOF OF THEOREM 1
Let f € K"a’p(wl a)z). Then

K(X ?(w1,02)

p
<C Z 0)1(3) (Z }(M_Q(ka)X](x”L(I(wz))

Jj=—00 k=—o00

j:—oo k=j—1

o) wp Jj+1 p
+C ) (wl(Bj))”( > !(u?z(ka)Xj(X)qu(wz))

V4
+ C Z (wl(Bj))a’f( Z H(M?;(f)(k))(j(X)“Lq(wz))

j=—o0 k=j+2
= E1+ Ex+ E;.

By the fact that M?z is a bounded operator on LY (w>), we get

o0 w [ IF1 d
E, =C Z (a)l(Bj))n( Z |(/L?2(ka)Xj(x)HLq(w2))

Jj=—00 k=j—1

00 wp Jj+1 P

<C Z (w1(B))) " ( Z |ka}Lq(wz))
j=—00 k=j—1

< C”f”KOl .D(a) w2)
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Forany x €e C; and y e Cy N{y : [x—y| <t} with j > k+2, wehavet > [x—y| >

Ix|—|y| > |x|/2>C2/". So
1/2
* 2(x—y) dt
o () xj ()| = ([O f|x e Ty o fi(n)dy tzpﬂ)

(n—p) < _di \'?
—J\n—=p
= C2 ”ka”Ll (/Czjn ZZP'H) .

Then
o Fxi) x| = C277|| fxellpr. 3.1)
and
e Uon @), = €27 02BN Sl
By Holder’s inequality,
1 2illzr = €l il oo /B 20! )17 (32)

Since wy € Ag, (R") C A4(R"), by (2.2) and (2.3) we get,

([ @2 ax) ([ wrra)
By

B,
B g’ 11/ 1/q M)l/q

< C2kn+(—=kngz/q (3.3)

Then, for j > k + 2 we have

1 rron ], = L tkllLaon 20 a0,
Thus
00 wp j—2 P
Ei=C Z (C()I(Bj))7 Z HM?)(ka)Xj(x)HLq(wz)
j=—00 k=—o0
0o j—2 4

" ||ka||Lq(w2)2(/ —k)n(g2/q-1)

<Clpl > | Y (e1(B))

Jj=—00 \k=—00

foe) Jj—2
=CIBIZ DO DY @B ISl Laoy2V R@aFa2nla=n)

Jj=—00 \k=—00
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When 0 < p <1, we get

k+2

o0
ap i— —
Ex<Cbl Y @B) " 1/ 1allaq, » 2V reatar/azn

k=—00 j=—00
00

ap
<CIblE Y @B 1 f 1l 0

k=—o00

<C|pIZIfI~ .
< CIBIZNS W, o
When p > 1, by Holder’s inequality we get

[e’9) j—2

% | — f—
Er=Clplf > | D (@B ||ka||zq(w2)2(/ k)(aq1+q2n/q—n)

Jj=—00 \k=—00

7
-2 p/p

Z 2 =k)(@gq1+q2n/q—n)

k=—o00

o0
ap
<CIblE Y @B 1 f 1l 0

k=—00

<ClpIZIfI2

a7 (@1,0)[R")’

Let us now turn to estimate the last term E3. In the case k > j 42, for any x € C;
and y € Cx N{y : |[x —y| <1}, we have t > |x — y| > |y|— |x| > |y|/2 = C2k".

Then, similar to the estimates of (3.1),

(o (01 ()| < C27%)| fraclpr.
So,

< C27%w BV frrllr-

”u?;(f 2% (x) ” Loy =

By (2.2) and (2.4),

([ wz(x)l_q/dx)l/q/(/ wz(x)dx)l/q < Coknt(i=kdan/q,
By

J

Combining with (3.2), (3.5) and (3.6), we have

o . - 2(i~k)b2n/q
e Uon @], = Cli el

for j <k-—2.

(3.4)

3.5

(3.6)
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When 0 < p <1, we get

o0 o0
ap i
Es<CIbIEZ D7 o1(B)m D 1kl a2V 072"
Jj=—00 k=j+2
() . k—2 w1(B)) e
=Bz S @B F IS 16l ey (m) 2G-pbania
o0 k—2
ap .
<C|b|% 2: (@1(B) ™ | fxx 1 L4 o) E: 2(i=k)p@ia+82n/q)
<ClplZIf17%

K$ P (01,02)
When g > 1, by Holder’s inequality we get

00 p

o0
Es<ClbIZ Y | Do @B | f2xllLaqn2V OG0/
Jj=—00 \k=j+2

o0 oo

ap i
<ClBIZ Y | D @B TS xal )20 TR et B D
Jj=—00 \k=j+2

p/p!
o0
Z 2(G=k)(1a+82n/q)
k=j+2
00 k—2
o@p i—
< CIDIE Y- @B 7 [ fasl agyy p, 2V Gt/
k=—oc0 j=—00
< CIbIZIfI7,

K3 ? (01,02)

Combining the above estimates for E1, E; and E3, the proof of Theorem 1 is
completed.

4. PROOF OF THEOREM 2

Let f € K,‘]x’p(wl,wz). Then

o0

AP 3" (w1(B)))

J==—00

ap
n

(@2({x € Cj : B (f)(x)] > AD)P/

[ee) plq

oap J_2
=2 Y (@B) " (efrec: Y bl >2/3})

Jj=—00 k=—00
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o0 j+1 r/q
27 Y (0B) " [ea({xeq: X bl >A/3))

Jj=—00 k=j—1

o] plq

A2 3 (@1(B) " ex({r e 5 G (f ()] > 4/3})

Jj=—00 k=j-2
= Fi1+ F>+ Fs.

ap
n

Applying Chebyshev’s inequality [4] and Theorem A, we obtain

. rlq
00 wp 1 Jj+1
j=—00 k=j—1
00 Jj+1 P
Y @B [ X 11kl ooy
j=—00 k=j—1

< C”f”KOt P(w w2)

Forany x € Cj and y € Cp N{y : |x —y| <t} with j > k 42, by the inequalities
(3.1), (3.2) and (3.3) we have

_1 . s
G (S0 1 ()| = € (wa(By) T 2mimtkm e Gl .

Noting the fact g1 = n(1—¢g»/q), then

1 7
|16 (2025 (0| = € (@2B) 725091 £y .
Moreover, since 0 < p < 1, then for any x € Cj,

j—2
> (i)
k=—o00
<C (wz(Bj))_l/q (wl(Bj))_a/n
j=2

Z 2=02ar (1 (B || f k| La (o) (ZIEBS)

j—2
< C(wz(Bj))_l/q (wl(Bj))_a/n > (@1 (Be) " || f x|l L (@)

k=—o00
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/ (5 "
—1/q —a/n ap
< C(w2(B8) ' (01(B))) D @B Sk o)
k=—00

< C (@208)) " (01BN) " 1 g2 0 0m)

If
j—2
req: 3 IWh(owl>2/3) =2,
k=—o00
then
FL<C|fI%

Ky P (w1,02)

holds is trivially. Now we suppose

Jj—2
recit Y (o> 2/3) £ 2.

k=—o00
Let
S = (@208)) """ (w1(8)) """
Since o > 0, it is easy to see that

lim S; =0.

j—o0
Then for any A > 0, we can find a maximal positive integer j, such that
3= CSl kg7 @10
So

Ja
Fis A2 Y (02(8)" (01(B)) ™"

j==o0

Jx o
» a)l(Bj)) n (CUZ(Bj))
Cllf”léﬁ’p(wl,wﬁj; (a)l(BjA) w2(Bj,)

o0

yZ
q

A

IA

Ja
)4 (j—Jjr)G1ap+62pn/q)
CIA N0 o ‘Z 2
J=—00

IA

p
C”f”K;lsp(whwz)’

Let us now estimate F5. From (3.2), (3.4) and (3.6) we have

-1 i—
oS0 ()] = € (w2B)) 20O fyi e

879
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for j >k —2.So
o

> (i)l

k=j—2
< C'Goz(ﬁb))_d/q(an(fb))_a/n
w1(Bj)

- / ()82 ol
@ B | f 1l o259~ Q(—)
k:XJ:'—z (@) w1(Bg)

o0
C (w28) " (@1(B)) ™" Y (@B | fg a2V TOGn ated)
k=j—2

A

C (02(8)) " (01B)) ™" Y (@1 B | faa e
k=j-2

IA

Noting that 0 < p < 1, we have

o0

> g (Sl
k=j—2

1/p
o0

_1 —
C (02(B) " (@1(B)) " | 2 1@r (B I f il F
k=j—2
-1/ —a/
C (@2(B1) ™ (@1(B)) " 1 g2y oy
Repeating the arguments used for the term F7, we can also obtain
F3 < CKg’p(a)l,a)z).

Combining the above estimates for Fy, I, and F3, and taking the supremum for
all A > 0, the proof of Theorem 2 is finished.

IA

A

5. PROOF OF THEOREM 3
Let f € K,‘]x’p(wl,wz), then

.Y 0y

j—=2 P

<C Z (a)l(Bj)) Z H([b’ﬂf()z](f)(k))(j(x)HLq(wz)

j=—00 k=—o00

ap
n

00 wp Jj+1
0 Y @B [ X NG 060 e

j=—00 k=j—1
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p
+ C Z (O)I(Bj))anp( Z |([baﬂ?2](ka)Xj(x)|Lq(wz))

j=—o0 k=j+2
= G1+ G2+ Gs.

By the fact that [b, ,u’_é] is a bounded operator on L9 (w;), we obtain

0 w [ ] P
G2<C Y (w01(B))" ( > kaILq<w2)) < CIBIENS W r oy oy

j=—00 k=j—1
Obviously,

16121020

L4(w2)

1/q
=C ( /C | I(b(X)—ka)M‘}z(fk)(X)\qwz(X)dX)

1/q
+C (/C e ((b() —ka)fk)(x)\qwz(x)dx)

J

= H; + H».
For the term G, since j > k +2, by (3.1) we have

1/q
Hy=C ( | low —ka)M?;(fk)(X)‘qwz(x)dx)

1/q
< €M f el ( | |b(x)—b3k|‘1w2<x>dx)
J
: 1/q
< 2 el (( [ 156 =b, an02(0d)
J

+ (b, = bay onl + bm, b, D( [ n(dx)'7).
J

By Lemma 4 and the definition of BM O(R"), we have
1/q 1/q
([ 16)=ba, anlt0201dx) " < Clpll [ wawamte. 6y
B; B
|ij_ij,a)2| < Cl|x, (5.2)

and
|be; —bp| < C(j —k)|D]«. (5.3)
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From (3.2),(3.3) and (5.1)-(5.3), we get
Hy < CIbI S 1 2 om (G — k)27 /B w02 (x)dx) /4 /B 02 (0)\"7 dx)
J k

< CUBwll f 1Nl Lt ) (G —K)2U ~FIn(@2/a=D)
for j > k+2.

Similar to the estimate of (3.1),

W8 (b —ba,) fi)(x)| < €27 ( /C |b(z>—b3k||f(z)|dz).

So

1/q
(/C \M’}z((b(-)—ka)fk)(x)lqwz(x)dx)

J

< C277" (wa(B))) 1 (/C 1b(2) —kallf(ZWZ) :

Since w; € Ag4,, by Lemma 1 we know that a)zl_q2 € Aqé. Therefore by Lemma 4 we
have

1/q’
(f |b(x) —bp, |7 wa(x)' ™1 dx) < C||b||*(/ ()7 dx)V . (5.4)
Bx By
Using Holder’s inequality , (3.3) and (5.4) we get

=2 [ o) - bl fnmlds([ o0

J

) , , 1/q’
scz—f"(/B |b(y>—ka|qw2(y)1—qdy) 1 1 Lo ( /B w2(x)dx) /1
k |

J

sC||b||*||ka||Lq(w2)2—f"</B 02 ()1 ) V4 / w02 (x)dx)

J

< Clblwll f 2kl oy 29 7 @/7D.
Summarizing the above estimates, we have that for j > k + 2,
|-k Q) 200 |, = CBIl Tl ooy —k)20 7270,
5.5
Using (5.5) and repeating the estimation process of E1, we obtain

G =ClbIEN 11

K$ P (w1,02)

for 0 < p < co.
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Finally, let us estimate G3. Since j < k —2, by (3.4) we have

1/q
Hi=C ( fc | \(b(x)—ka)ug(fk)(x)\qwz(x)dx)

J

1/q
< C27F) farllpn ( /B |b(x)—ka|qw2(x)dx) :
From (3.2),(5.1)-(5.3) and (3.6), we get
Hy < Clb)ell fall o) ( —K)277%( /B W (x)dx)V4( /B wp (x)17 dx)Ve
J k

< Cbllell x| L (@) ( — k)21 —RI2n/a

for j <k-—2.
Similar to the estimate of (3.4),

|5 () —bg,) fi)(x)| < C27%" (/C Ib(Z)—kaIIf(Z)IdZ) :
So

1/q
( /C R G0) —ka>fk><x)\qw2(x>dx)

< 24 wa(8) " ([ @) - b 7@

Using Holder’s inequality, (5.4) and (3.6),

Hy < Cokn /B 15() —ba, |1f 2k )l ( / wa(x)dx) "/

B

1/q’
< C27kn ([B 1b(y)—bp, |7 w2 ()1 dy) I f x| L o) ( fB wa (x)dx) "

J

sc||b||*||ka||u(w2)2—k"</3 W (x)1 74 dx) Ve ( [B w2 (x)dx)
) .

J

< Clb Il £kl Loy 2V ~0%"14.
Thus
[b, o) (f xac) 2 (x) < ClBlall f 2kl Lt (@ (k — )20 702174
HallJ X)X L4 (wp) — IS Xk NIL9 (2) J

for j > k —2. Repeating the estimation process of E3, we obtain
Gy < CIIDILIAI%

K$ P (w1,02)

for 0 < p < co.
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Summing up the estimates of G1, G, and G3, it completes the proof of Theorem

3.
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