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RECURSION FORMULAS FOR G; AND G, HORN
HYPERGEOMETRIC FUNCTIONS
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Abstract. The aim of this paper is to present various recursion formulas for Horn hypergeometric
functions by the contiguous relations of hypergeometric series.These recursion formulas allow us
to state the functions G; and G, Horn hypergeometric functions as a combination of themselves.
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1. INTRODUCTION

The first G; and G, Horn hypergeometric functions were defined by the series

[3-5]

00 m . p
Gi(@.B.85%.9) = Y @msp By (B)_, %2—,
m,p=0 : :
x| <r, yl<s, r+s=1
and
00 m ,p
G2l B = 3 @ @)y By By

m,p=0

x| <1, [yl<T,
respectively. Recently, Opps et al. [1] have obtained some recursion formulas for the
function F, by the contiguous relation of the Gauss hypergeometric function 5 Fp. In
[6], Wang gave some recursion formulas for Appell hypergeometric functions. The
aim of our present investigation is to construct various recursion formulas for each of
Horn hypergeometric functions G1 and G».

Recall that gamma function is defined in [2, 3] by

(o,@]
F(n)=/t"_1e_tdt , Re(n) > 0.
0

© 2015 Miskolc University Press



1154 RECEP SAHIN AND SUSAN RIDHA SHAKOR AGHA

The Pochhammer symbol (1),, is denoted by
A, =2A+1D)..A+n—-1), (meN:={1,2,3,..}) and (A)y:=1

and its well known form is also given in [1] as

_ =D _
A)_, = a=n, (neN:={1,2,3,...}). (1.1)
It easily follows from (1.1) that
M pen=RQ),,, A +m)_,,, (1.2)

form,n € N.

2. RECURSION FORMULAS OF G

In this section, we give some recursion formulas for the function G;. We start the
following theorem.

Theorem 1. Recursion formulas for the function G are as follows :

Gi(a+n.B.fx.y) =Gi(a.B.8":x.y) (2.1)

+(B)1Bx Y Gi(a+k p—1.+1:x.y)

k=1

+,3(,B/)_1yZG1 (+k.B+1,8 —1Lx,y)

k=1

and

Gi(a—n,B.B'ix,y) =Gy (. .8 :x.y) (2.2)

n—1
—(B)_1B'x)_Gi(a—k.p—1.8 +1:x.y)

k=0

n—1

—B(B')_,» ZGl (a—k,p+1,8 —1;x,y)
k=0

Proof. From the definition of the function G; and transformation

m p
@+ Dy = @ (142 +2)
we can get the following relation:
Gi(a+1.8.:x,y) =Gy (a.8.8:x.) (2.3)
+(B)_1 B'xGi (@ +1,p—1,8 +1;x,y)

+B(B)_yGi(a+1.8+1.8 —1Lx.y).
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By applying this contiguous relation to function G with the parameter o + 2 , we
have

Gi(x+2.8.8:x.y)

=Gy (a+1.8.8x.) +(B)1 B xG1 (¢ +2.8— 1.5+ 1:x.y)
+8 (ﬂ/)_lyCh (@+2.8+1,' —1;x,y)

=Gy (a.B.8":x.y)
+(B)_1 Bx[Gr(@+1.p— 1. +1:ix.y) + G1 (@ +2.8— 1.8 + L:x.y)]
+p (ﬂ/)_ly[Gl (@+ 1.8+ 1.8 —1:x,y)+Gi (¢ +2,6+ 1. —1;x,y)]

Gi(a+n.B.8"x,y) = Gi(a.B.8":x,7)

+(B) 1 B'x Y Gie+k.p—1.8 +1:x.y)

k=1

n
+B(B) 1y Gi(a+kp+1.8—1:x.y)
k=1
If we compute the function G; with the parameter o + n by relation (2.3) for n

times, we find the formula given by (2.1). Replacing o by o — 1 in the contiguous
relation (2.3), we get

Gi(a—1,8.8x,y) =Gi(a..8:x.y) = (B)_1 B'xG1 (. B—1,8 + 1;x.y)
—5(13/)_1 yG (Oé,,B + l,ﬁ/—l;x,y).

If we apply this relation to the function G; with the parameter o —n for n times,
we obtain the recursion formula (2.2) similar to the proof of formula (2.1). ]

By the same contiguous relations (2.1) and (2.2) we can express the functions G
in the above theorem in other forms.

Theorem 2. The function G satisfies the recursion formulas :

Gi(a+n.B.Bx.y) Xn:ni()( )ﬂ), k(B (2.4)

i=0k=0
xxkin1(oz+i+k,/3+i—k,,3/+k—i;x,y)

Gi(a—nppixy)=>> ('f) (”;’) Bik ()i 25)

i=0k=0
X (=) (=) Gy (@ +i+k,B+i—k B +k—iix,y).
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Proof. By the induction method, we only prove the recursion formula given by
(2.4). For n = 1, formula (2.4) is satisfied. Assume that the result (2.4) is true for
n =t. Then, we need to show that the relation (2.4) is satisfied for n = ¢ 4 1. Setting
n =t in (2.4), we have

t

Gi(a+t.B.8:x.y) ZZ (&) Bicic (B) oy x* '

i=0k=0
Gi(a+i+kp+i—kp +k—ix,y).

Replacing « by « + 1 in the above relation, we obtain

Gi(a+i+1,8.85xy) ZZ V(%) Bk (B) i ¥V

i=0k=0
Gila+i+k+1.B+i—kp' +k—iix,y).

In the above equality, we apply the contiguous relation (2.3) with the transformations
a—>a+i+k,B—pB+i—k,B — B’ +k—i.Using the relations

()6

<n>=0 , when k>n or k<0

and

k

and with some simplifications, we deduce

Gl(oz-l-z—i-l B.B:x.y)

S ) s (B3 G (e +h i~k bk~ i5x,0)

i=0k=0

+ZZ () Bk (B XY (B+i—k)_y (B +k—i),

i=0k=0
G (a+1—|—i—|—k B—1+i—k.p' +1+k—ix,y)

+ZZ (&) Bicie (B )y XV T (B +i—K)y (B +h—i)_,

i=0k=0
Gi(a+1+i+kp+1+i—kp —1+k—iix.y)
t+1t4+1-1

=33 IV Brick (B 2

i=0 k=0
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xGi(a+i+kB+i—kp +k—ix,y),

where we replace k by k — 1 in the second summation term and i by i — 1 in the third
summation term in the first equality. So, we obtain the recursion formula (2.4). In a
similar manner, the relation (2.5) can be easily proved. O

Theorem 3. For the function G1, we have

Gi(o.p+n.px,y) =Gy (a.B.8/:x,) (2.6)

+a(,3')_1yZG1 (@+1,B+k, B —1:x,y)

_afix Z(ﬂ+k - 1G (@+1.8+k—2.8"+1:x.y)

B+k—
and
Gi(a.p—n.p"sx,y) =Gy (a. .8 x, y) (2.7)
—a( lyZGla—l-l,B k+1,8 —1:x,y)
k=1
—af'x Z = ]){)IG (@+1,8—k—1,8 +1;x,y).

Proof. Using the definition of the function G and the equality

B+ 1)y = (ﬁ)pm(wﬂ ’;)

we can easily obtain the contiguous function

Gi(a.p+1,8:x.y) =G (. B.8:x.Y) (2.8)
+a(B)_yGi(x+1.8+1.8 —1:x,y)
—a('B;T_lﬂ/xGl (@+LB-1,8+1x,y).

If we apply this contiguous relation for two times for the function G with the para-
meter 8+ 2, we get
Gi(o.p+2.8:x,y) =Gi(a.p+1.8x.,y)
+a(B)_yGi(a+1.8+2.8 —1L:x.y)
_a—(’z/;l)l;‘ (8), %G1 (@+1.8.8 +1:x.3)
=G (oz,,B,,B';x,y)
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+a(B)_yGi(a+1.8+1.8 —1ix.y)

—Ol(ﬂ;T_lﬂ/XGl (@+1.8—1Lp +1:x.y)

+a(B)_yGi(a+1.6+2.8 —1Lix.y)
B+1)_,4

—OC(IBTI)IB/XGl (Ol+ 1,/3,/3/+ l,x,y)

By iterating this method on G with 8 + n for n times, we find
Gi(a.B+n.Bx,y) =G (a.p+1.8:x.y)

—I—oc(,B/)_lyZGl (@+1.8+k, B —1:ix,y)
k=1

k
—ap’x Z(I[z[;——i-k )IG (@+LB+k—2,8 +1:x,y).

Replacing B by B — 1 in contiguous relation (2.8), we obtain
Gi(oe,p—1.8:x,y) =G (. 8.8 :x,y)—a(B')_, yG1(a+1.8.8'—1;x.y)
B-1)_4

+at—1B G (a+1.—2.8 + 1;x.y).

F-1 ( )

If we apply this relation to the function G with the parameter 8 —n for n times, we
obtain the recursion formulas (2.7). ]

Theorem 4. For the function G1, the equalities
Gi(a. . B +n:x.y) =Gy (a.B.8:x.y) (2.9)

+a ()1 x> Gi(e+1.8—1.8 +k:x.y)
k=1

"+k—1
—afy Z(/?ﬂlk ) G (a+ LB+ LB +k—2x,y)

and

Gi (o, B, —n;x,y) = Gy (o, B,8;x,y) (2.10)
—a(B)_1x Y Gi(e+1.B—1.8 —k+1:x.y)

k=1
—i—ozﬁyz((ﬁ/ )1G1( +1.8+ 1. —k—1:x,y)

hold.



RECURSION FORMULAS FOR G1 AND G> HORN HYPERGEOMETRIC FUNCTIONS 1159

Proof. If we use following equalities

Gi(a.B.8 + 1;x,y) =Gy (o, .81 x.y)
+a(B)_1xGr(a+1.8—1.8 +1:x,)
—ap ('B/;),_lyGl (@+1.8+1,8 —1:x.y)

Gy (a,ﬁ,ﬁ/—l;x,y) =Gy (a,ﬂ,ﬂ/;x,y)
—a(B)_1xG1(a+1,8—1,8";x,y)

+oz,3('i;3/_—_1)1;1yG1 (+1.8+1.8 —2:x.y)

we obtain recursion formulas given by (2.9) and (2.10).

3. RECURSION FORMULAS OF G,

In this section, we give some recursion formulas for the function G,. We first
present the recursion formulas for the function G, about the parameter « and o'.

Theorem 5. The function G, satisfies the recursion formulas :

Gz(a—l—n,a’,ﬁ,ﬁ/;x,y)=G2(a,o/,,3,,3/;x,y) (3.1)
n
+(B)_1B'x Y Ga(a+k.o/ . p—1. +1:x.y)
k=1
and
Ga(a—n,o BB ix,y) = Ga(a, 0. B, B/ :x.y) (3.2)

n—1
~(B)_1 B'x D Ga(a—k.a . f—1.8 +1:x.y).

k=0
Proof. By the definition of the function G,, we get

Go(a+ Lo . B.x.y) =Ga(a.a . B.B"x,y)
+(B)1 B xGa(@+ 1.0/ =1 + Lix.y).

Applying this relation n times recursively, as the same as we have done in the proof
of Theorem 1, we immediately have complete the proof (3.1). U

The function G in the above theorem can be expressed in other forms as follows:

Theorem 6. For the function G,, the equalities

G (a —I—n,a/,ﬂ,ﬂ/;x,y)
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—Z< )(ﬁ) k(B x*Ga(a+ko p—k, B +kix,y) (3.3)

and

G, (oz—n,o/ B.B i x, y)

Z( )(ﬂ) k ) (_X)kGz(%a,,ﬂ_k’ﬂ,'Fk;X,y), (34)

hold.

Proof. By the inductive method as we have done in the proof of Theorem 2, the
proof can be easily seen. (|

Theorem 7. The function G, satisfies the following recursion formulas

Gy (a,a’—l—n,ﬁ,ﬁ/;x,y) =G, (cx o BB ix, y) (3.5)

+B(B 1yZG2 a o +k.B+1,8 —1;x,y)
k=1

= Z( )(ﬂ)k ) VG (. + k. B+k. B —k:x,y)

and

Gz(a,a’—n,ﬂ,ﬁ’;x,y)=G2(a,a/,,3,,3/;x,y) (3.6)

n—1
/)_1)/ ZGZ (a,a/—k,;3+ l,ﬂ'—l;x,y)

_Z< )(:B)k k(—y)sz(a,o/,ﬂ+k,ﬁ’—k;x,y)

Proof. By the definition of the function G5, we get
Ga (a0’ +1,8,8"x,y) = Ga (a0, B, 81 x. )
+B(B)_ yGa(a.d +1,+1,8 —1:x,y)
and
G (.0’ —1,8,8":x.y) = Gy (.0, B.B":x. y)
—B(B')_,yGa (o, . B+ 1.8 —1ix,y).

By applying this relation for n times, as the same as we have done in the proof of
Theorem 1, we complete the proof. O
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Now, we present the recursion formulas of the function G, about the parameter
and §'.

Theorem 8. Recursion formulas for the function G are as follows

Gz (.0, B+n,p"x,7) (3.7)
=Gy (.0 B, B ix.y)+d (B yZGz (o' +1,B+k,p — l;x,y)
k=1
B (B+k— 1) 1
af’x Z Bk Gz(a—i-la B+k—2,8+1x,y)
and
Gz (., B—=n.p";x,7) (3.8)

n
=G, ((x,a’,ﬁ,ﬁ';x,y)—a’ (,B')_ly Z G» (a,o/+ 1,B—k + l,ﬁ’—l;x,y)
k=1

—I—ozﬁxz((ﬂ ])C)IG (+1.0 . B—k—1,+1:x,y).

Proof. From the definition of the function G,, we have the following relation:

Ga(a.o . B+1,8x.y)
=Gy (o, BB ix.y)+o (B))_ yGa(a.od' +1,4+1.8 —1:x,y)

_aﬁ/x(ﬁ;%le (+1.0 . B—1,8 +1:x,y).

If we apply this relation for n times, we can easily prove the theorem by the same
method as we have done in the proof of Theorem 3. g

Theorem 9. Recursion formulas for the function G, are as follows

G (o0 B. B +n:x,y) (3.9)

n
=Gy (.o BB ix,y) +a(B)_ 1 x ZGZ (41, . =18 +k:x.y)
k=1

/+k 1)_ ’ /

and

Ga (.o . B, —n;x.y) (3.10)
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n
=Gy (. BB x.y)—a(B)_1x Y Ga(a+1.0/.f—1.8 -k +1:x.y)
k=1

—i—o/,ByZ%Gz(a,a’—k1,,B+1,/3/—k—1;x,y).
k=1

Proof. From the definition of the function G,, we have the following relation:
Gy (.o, B, +n:x.y)
=G, (a,o/,,B,,B’;x,y) +a(B)_xG, (oe+ Lo . B—1,8 +1:x,y)

(B)-1
—a'By B Ga(a,d'+1,8+ 1,8 —1:x,y).
If we apply this relation for n times, we can easily prove the theorem by the same
method as we have done in the proof of Theorem 3. O
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