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Abstract. In this paper, some new integral inequalities of Hermite-Hadamard type are presented
for functions whose nth derivatives in absolute value are s-logarithmically convex. From our res-
ults, several inequalities of Hermite-Hadamard type can be derived in terms of functions whose
first and second derivatives in absolute value are s-logarithmically convex functions as special
cases. Our results may provide refinements of some results for s-logarithmically convex func-
tions already exist in literature. Finally, applications to special means of the established results
are given.
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1. INTRODUCTION
A function f: I — R, @ # I C R, is said to be convex on / if the inequality

fax+A=0)y) <tf(x)+A-1)f(y).

holds for all x,y € I and ¢ € [0, 1].
Let f: I € R — R be a convex mapping and a,b € I with a < b. Then

b
f(”b) sﬁ/ f(x)dxsw. (L.1)

2

The double inequality (1.1) is known as the Hermite-Hadamard inequality (see [8]).
The inequalities (1.1) hold in reversed direction if f is concave.

For recent results on Hermite-Hadamard type integral inequalities for convex func-
tions see [5,7,10-13,15, 18, 19] and closely related references therein.

The classical convexity has been generalized in diverse ways such as s-convexity,
m-convexity, (o,m)-convexity, h-convexity, logarithmically-convexity, s- logarith-
mically convexity, («,m)- logarithmically convexity and h-log-convexity. Many pa-
pers have been written by a number of mathematicians concerning Hermite-Hadamard
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type inequalities for these classes of convex functions see for instance the recent pa-

pers [1-4,6,8,9,14,17,20-25,27] and the references therein.
The notion of logarithmically convex functions is defined as follows.
Definition 1 ([1,25,26]). If a function f : I € R — (0, 00) satisfies
fOx+A=0p) <If O O, (1.2)

for all x, y € I, A € [0, 1], the function f is called logarithmically convex on /. If
the inequality (1.2) reverses, the function f is called logarithmically concave on /.

The concept of logarithmically convex functions was further generalized as in the
definition below.

Definition 2 ([1, 25, 26]). For some s € (0, 1], a positive function f : I C R —
(0,00) is said to be s-logarthmically convex on [ if and only if

f Qx4+ 1=y <[f @ [f )=
holds for all x, y € [ and A € [0, 1].

It is obvious that when s = 1 in Definition 2, the s-logarithmically convexity be-
comes the usual logarithmically convexity.

Xi et al. [25], obtained the following Hermite-Hadamard type inequalities for s-
logarithmically convex functions.

Theorem 1 ([25]). Let f : 1 C [0,00) — (0,00) be a differentiable function on
’ ks
1° a, bel®°witha<band f € L([a,b)]). If’f ‘ for g > 1 is s-logarithmically

convex on [a,b] for some given s € (0,1], then

b
f@=5 [ f s

< 02 (%)H/q (B3O Ly ]+ L2 (rg 0] (13)
where
Fa@re[" e, o<|r@|.| o] <1
Forol" T re.  1=|r@l]re)
Li(u.q) =

F@r o Fus. o<|r@|=1<|rm).

F@r o R, o<|r o) <1< @)
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S R, o< @

Jre| =t

F" e =| s @] ]
Ly (p,q.u) <
F[" R, o<|r@|=1<|ro)|
™ R, o<|re) <1< @)
Lav—1-21) v#£1,
Fi(v) = { : .
o) { e (V=) v A
0=
’ % v=1
and
B ‘f/(a) sq/2 - f/(a) q/(2s) ) ‘f/(a)‘SQ/Z i ‘f,(a)‘Q/(Zs)
e T e T e T e

Theorem 2 ([25]). Under the conditions of Theorem I, we have

b
‘f(b)—ﬁ/ f () dx

_ 1-1/q
<) g 30 L )]

where L1 (i,q), L2 (1,q,u), F1 (v), F> (v) and p; fori =1, 2, 3, 4 are defined as
in Theorem 1.

Theorem 3 ([25]). Under the conditions of Theorem I, we have

f@+f®y 1 [°
‘ > _b—a/a f(x)dx
_ 1-1/q
G 4“) G) L g DY+ Ly (07 q.0)] 7} 15)

where L1(u,q), L2 (1,q,u), F1 (v), F2(v) and p; fori =1, 2, 3, 4 are defined as
in Theorem 1.
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Applications to special means of positive numbers of the above results can also be
seen in [25].

For further results on Hermite-Hadamard type inequalities for s-logarithmically
convex we refer the reader to [1,9,26,27]. The main purpose of the present paper is
to establish a new Hermite-Hadamard type integral inequalities in Section 2 by using
the notion of s-logarithmically convexity and new identity for n-times differentiable
functions from [15]. The applications of our results to special means of positive real
numbers are also given in Section 3.

2. MAIN RESULTS
The following Lemmas are essential in establishing our main results in this section.

Lemma 1 ([15]). Let f : I C R — R be a function such that ™ exists on I° and
7@ e L ([a,b]) for some n € N, where a, b € 1° with a < b, we have the identity

—_ k k
2 b—al, = 2k+1 (k4 1)! 2
(b—a)n 1 -1 ) 1—1¢ 1+l
= P TESPY /(; (l—l)n (l’l-l+t)fn Ta—i-Tb dt
-D)"(b-a)" (! _ 1—t 1+t
+(2,le/0 1=0)""Y(n=1+1) f® (Tb+ 5 a)dt, 2.1)
where an empty sum is understood to be nil.
Lemma 2 ([16]). If u > 0 and u # 1, then
1 n+1 n k
(=D " n! (-1
t"utdt = ————+nlu (2.2)
[o (Inp)"*! g, (n—k)! (i) !
forn e N.
Lemma 3. If u > 0 and u # 1, then
! n'u " 1
(1-0)"u'dt = ————n! (2.3)
/o (Inpy" ! ,; (n—k)! (In )+
forn € N.

Proof. By making the substitution # = 1 —u in (2.2), in which u is replaced by ﬁ,
we get (2.3). O
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Lemma 4 ([3]). For o > 0 and p > 0, we have
T (e, ) _f (=0 ptdr = Z(n“) < o0, 2.4)

where
@ =a@+D(@+2)...(a+k—-1).
Theorem 4. Let f : I C [0,00) — (0,00) be a function such that @ exists on
q
1° and f® e L ([a,b]) for some n € N, where a, b € I° with a < b. If‘f(”)

is s-logarithmically convex on [a,b] for some s € (0,1] and g € [1,00), we have the
inequality

f@+ 1)
2

1 b
= s

n—1 [1+( 1) ](b—a)kf(k) (ﬂ)

k+1 |
S (k1) 2

- (b—a)" ( n

—oatlpgl \n+1

I—E ) ¢ 1 i
) FRIGIRIEIO) {[Fl (m))s +[Fy (u‘l»")]"} ,
(2.5)

sq/2

’

(s/2.5/2), ifo<|f @), [f ™) <1,
(1-5/2.1-5/2), if1<|f®(@)].|f®®)].
(s/2.1=5/2),  f0<|fM(a)| <1< |f™D®),
(1—5/2,5/2) ifo<|[fM®)<1<|fM()],

PARI L))
f™(a)

where u =

(8.0) =

and

Fl (\),I’l) = { (}lnv)n—i-l + Inv n.ZkZI (n_k)!(lnv)k+l , V # 1,

rESE v=1

q
Proof. From Lemma 1, the Holder inequality and using the fact that ‘ VARINET

s-logarithmically convex on [a, b], we have

f@ ) k[1+(—1)k] (b—a)kf(k)(a—lrb)

k+1 |
2 = Rkt 1)! 2
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1o b—a) (' .
—EL f(X)dX Em([) (l—l) (n—l—l—t)dt)

X { (/1 A=) (n—1+1) ‘f‘”) (a)(q(lzt)s (f<"> (b)‘q(ly)s dt) "
0

+ ( / A" 141) |r@ (b)\q(lz_t)s ™ (a>|q(12+t>s df)l/q} . 26)
0

Sincefor0 <& <1<7n,0<A<land0<s <1. Then

1
1=3

g}.x S ESA, and nkb S n).s-f‘l—s‘ (27)
When 0 < ‘f(”) (a)‘ , ’f(") (b)‘ < 1, by using Lemma 3 and (2.7), we have

N

f(n) (b)‘q(HZ—t) dt
a(‘3h)

/1 A=0)""Tn—1+1) ‘f‘”) (a)(q(lz_t)s |
0

1+1
2

S/()l(l—t)"_l(n—l+t)’f(”) (a))s )f(n) (b)‘sq( )dz

s 1
=l @@ e[ [Ca-rta-1snuar
0

=[P @@ e[ Awn. es
and

142\°
2

£ (a)’q( ) a

sq(154)

./01 (l—t)"—l (n_l‘i‘t)‘f(n)(b)‘q(lz_[)s‘

< /0 N (=140 | £ @) o (a)(”(lzﬂ) di
= |7 @ s (b))”/ : f 1 s
0
=™ @ r® (b))”/2 Fi(w'n). 9

When ‘f(”) (a)’ , ‘f(”) (b)‘ > 1, by using Lemma 3 and (2.7), we have

/1 (1=0)"""(n—1+1) ‘f(n) (a)‘q(lz_t)s |f(”) (b)‘q(]—{t)s dt
0
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=[O @@ [Car e
0

= 1@ @ @[ R, @10

and

/1 A= (n—1+1) ‘f‘”) (b)‘q(lgt)s ‘f(n) (a)‘q(’?)s 0
0

—s 1
S‘f(")(a)f(”)(b)‘q(l /2)/ A=) (n—1+0)p™"dt
0

— ‘f(n) (a)f(n) (b))Q(l—S/z) Fy (M_l’n) . (211

When 0 < ‘f(”) (a)| <1< ‘f(”) (b)‘, by using Lemma 3 and (2.7), we have

/ et |0 @ o (b)]q(ly)s dr
0

5 )f(”) (a)‘sq/Z ‘f(n) (b)‘CI(l—l/Zs)/l Uty (01 41) g ds
0

=@ @ e R, @)
and

/01 (=it a=1+n|ro e |0 (a)‘q@)s di

< \f"’) (a)\sq/2 )f(”) (b)(q(l_l/zs)/o1 A=Y =141 "dt

q(1—s/2)

_ ‘f(m (a)“’/zs ‘fm) (b)) Fi(p~ln). 13)

When 0 < ’f(”) (b)‘ <1< ‘f(”) (a)‘, by using Lemma 3 and (2.7), we have

[ st am 1 [ @ o (b)]q(lﬂs dr

- ‘f(n) (a))LI(l—s/Z) ‘f(n) (b))sq/Z/l a —[)”_1 (11 40) uds
0

= s @ [ @) . @)

and
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142\*
2

f(n) (a)‘q< ) dt

a(z4)’ ‘

[a-nrtatenlroo)
0

q(1—s/2) sq/2 1 _ _
[0 e [Ca-o et utar

q(1-s/2) 5q/2
= |/® @ RO Y ) e AL
£ () 5q/2 . . . .
where p = T (a) . A combination of (2.8)-(2.15) into (2.6) gives the desired
result. This completes the proof of the Theorem. ([l

Corollary 1. Under the assumptions of Theorem 4, if ¢ = 1, we have the inequality

f@+f®) 1 (°
‘ 7 _b—a/a f(x)dx
n—1 k[1+(—1)k] (b—a)kf(k) (a+b)
e ] 2
bh—a)? § 6
<O @ [ (Fwm+ R @) @6

where F1 (v,n), uand (8, 0) are defined as in Theorem 4.

Corollary 2. Under the assumptions of Theorem 4, if n = 1, we have the inequality

f@+fk) 1 (°
‘ 7 _b—a/a f(x)dx

=0y . 8, P I 1
<e-o(3) @ |7 o fr et a el e

where i
v(Inv—1)+1 ’ 54
men-{ P 2
and
(s/2,5/2), if0<|f @|.|f (| =1,
6.6) (1=s/2.1=5/2), if1=|f @|.|[f ®)].
(s/2.1-s/2),  if0<|f@|<1<|f ).
(1-5/2.5/2) ifo<|f' )] <1< |f (a).
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Corollary 3. If we take g = 1 in Corollary 2, we have

f@+rm 1 b
> _b—a/a f(x)dx

b— , 8, 9
f( 4a)\f (a>} \f (b>\ {IFL (. D]+ [F (e )]}, @18)
where F1 (v, 1), wand (8,0) are defined as in Corollary 2.

Corollary 4. Suppose the assumptions of Theorem 4 are fulfilled and if n = 2, we
have

f@+f® 1 f°
7 _b—a/a f(x)dx
N2 1—5 , , | 1
<SS (G) @l el fn i ta e e
where
2v(lnv—1)—(31nv)2+2, b, £ (b) 5q/2
Fi(v,2)= nv s =77
1) {g, " v=1, T @
and
(s/2.5/2), ifo<|f @|.|f | <1,
Goy_ ) (/218D s @l f 0
] 6/21-s/2). iro<|f @] <1< | 0)].
(1-5/2.5/2) ifo<|f "B <1=|f @]
Corollary 5. If ¢ = 1 in Corollary 4, we have
f@+f® 1 f°
7 _b—a/a f(x)dx
b—a)? | 51 6
<= @ |7 o] tE 21+ [F ()] @20

where F1 (v,2), u and (8,0) are defined as in Corollary 4.

Theorem 5. Let f : 1 C [0,00) — (0,00) be a function such that ™ exists on

1° and f™ e L ([a,b)) for some n € N, where a, b € I° with a < b. If|f(”)

q

is s-logarithmically convex on [a,b] for some s € (0,1] and q € (1,00), we have the

inequality
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b b
‘f(“);f()_bla/ f(x)dx
- k
Z [1+( 1) ](b—a) f(k)(ﬂ)
= 2 k+ D! 5
b—a)" [n(Zq—l)/(q—l) —(n— 1)(24_1)/@_1)] 1-1/q

_ 1-1/q
< g1
- 2n+1p) 2g—1

§ 0 1 1
x| @ @[ [ r® @) {[Fz(ﬂ,n)]q+[F2(M_l’”)]q}’ 2.21)
where

(lnv)k
Fz(l),n) = { Zk 1 (ng—q+D)x <00, Vv 5& L,

Ra T v=1,

(ng—q+Dg=mqg—q+1)(ng—q+2)..(ng—q+k),
w and (8,0) are defined as in Theorem 4.

Proof. Using Lemma 1, the Holder inequality and the s-logarithmically convexity

q
of ‘f(”) on [a,b], we have

f@+ 1)
2

R L (AR B =a
_ (k) _ 7
T (k£ 1)1 S ( 7 ) S YER Y (/ (n—1+t)a-—1 dz)

% {(/1 (1 _[)!I(n—l) |:|f(n) (a)‘q(lz_t)s ‘f(n) (b))q(lzﬁ>si| dt)l/q
0
+ (/01 (1 _Z)fI(n—l) |:‘f(n) (b)“l(lzt)A ‘f(n) (a)|q(12+t)s:| dt) l/q} . (2.22)

The proof follows by using similar arguments as in proving Theorem 4 and using
Lemma 4. O

1 b
_a/a f(x)dx

k=1
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Corollary 6. Under the assumptions of Theorem 5, if n = 1, we have the inequality

b 1 b
f(a)-;f( )_b_a/ (o) de
h— —iN\"Vey 8, e | 1
=) el el et em e
(2.23)
where
F 1) = leozl(lnvk)f_l <oo, VF#I, .  _ f/(b) a2
2(1)’ )_ 1’ ! v:1’ = f/(a)

and (8, 0) is defined as in Corollary 2.

Corollary 7. Under the assumptions of Theorem 5, if n = 2, we have the inequality

fa)+ f(b) 1 b
7 _b—a/a f(x)dx
<(b—a)2[2(2‘1_1)/(’1_1)—1]1_1/q g1\
= 16 (2(]—1)
7 8 7 0 1 1
X(f (a)‘ )f (b)‘ {[FZ(M,2)]4—|—[F2(/f1,2)]‘1%, (2.24)
where
0o (lnv)¥7! 1
Fz(v,2)={ Zlk=1—(q+1>k <00, v#lL
m, V= 1,
f//(b) 5q/2
(@+Dr=@+1D@+2)..(g+k), p= @

and (8,0) are defined as in Corollary 4.

Theorem 6. Let f : I C R — R be a function such that f™ exists on 1° and
7@ e L([a,b]) for some n € N, where a, b € I° with a <b. If ‘f(”)

logarithmically convex on [a,b] for g € (1,00), we have the inequality

q .
is §-

fO B k[1+DF| -k o (a +b)

k+1 !
2 S (k1)1 2
1 b n+1=g (b — q)" | 1 2g—1\]-%
[ e < (LML 2
b—al, 2n+lp) n qg—1" g—1
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<@ [ @[ i+ e e

where
sq/2

F™b)
f®(a)

Z
B(z;a,pB) =/ 71 —t)l‘ﬂ dt,0<z<1l,a4>0,>0
0

v—1
_) e vEL
Rro={ Pl

is the incomplete Beta function and (8, 0) are defined as in Theorem 4.

Proof. Using Lemma 1, the Holder inequality and the s-logarithmically convexity
of ‘ f !

on [a,b], we have

b
ia/a f(x)dx

‘f(a)+f(b)_
2

ne1 ko [1 + (—1)"] (b —a)k e (a N b)

k+1
S 2k () 2

1 1-1/q
_(b-a)" (/ (1— 1?@=D/a=1) (n_1+z)q/(q—1)dz)

- 2”"‘111!

1/
(f ‘f(n)()‘<z> ‘fm)(b)) o(5) ) !

1/q
1 (152)° i
+(/0 ‘f‘”)(b)‘q T )( ’ ) . (2.26)
By using (2.7) and the fact that

1
/ (1= )=D/G=D (y _ | 4 ya/@=D g,
0

1
znnqqtqll/n (n ~a (l—l‘)q Tt = n qur_qll (1 ng—1 2q—1)
0

n qg-—1 1
we get the required inequality (2.25) from (2.26). O
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Corollary 8. Suppose the assumptions of Theorem 6 are satisfied and if n = 1, we
have the inequality

b b
‘f(a);rf()_bia/ Fods
bh— —iN\Vaey o, s, e . i
=550 (;q__11) @ | ) {[F3(M)]"+[F3(M‘1)]"}, 227)
where
’ sq/2
R R POl
F3(v):{ r oL M T

and (8,0) are defined as in Corollary 2.

Corollary 9. Suppose the assumptions of Theorem 6 are satisfied and if n = 2, we
have the inequality

f@+fm)y 1 b (b—a)? 1 2g—1 2g—1\1""4
2 _b—a/a S (o dx) < 21+1/q [B (E’F’F)]
7 8 7 0 1 1
<[ @[ |7 @ fiEeor +[m e e
where
P sq/2
R R POl
F3(")={ R I

B (z;a, B) is the incomplete Beta function as defined in Theorem 6 and (8,0) are
defined as in Corollary 4.

Remark 1. We can get several interesting inequalities for log-convex functions by

setting s = 1 in the above results. However, the details are left to the interested reader.

3. APPLICATIONS TO SPECIAL MEANS

For positive numbers a > 0, b > 0, define

b 2ab
A(a,b)z‘“zr ,G(a,b):\/ab,H(a,b):aj_b,
1/(b—a)
) azn
I(a,b)=

a, a=>b
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and /
+1_,p+171/P
(s ] pA0—landa #b,
b_ —
Lp(a,b)= lnb—ﬁm’ p=—landa #b,
I(a’b)7 p:Oanda#b’
a, a=>h.

It is well known that A, G, H, L = L_1, I = Lo and L, are called the arithmetic,
geometric, harmonic, logarithmic, exponential and generalized logarithmic means of
positive numbers a and b.
In what follows we will use the above means and the established results of the
previous section to obtain some interesting inequalities involving means.
Theorem 7. LetO <a<b<1,r<0,r#—1,5s€(0,1] and g > 1.
(1) If r #£ =2, then

)A (@ ") = [Ly gy (a,b)]r+1‘

3—1
s(b—a)(%) "I+ 11[G (a6

s 2(l—b—rqs/2L (arqs/z’brqs/z)) 1/q
rqs(Inb—Ina)
Lprs Z(a—rqs/ZL (arqs/z’brqs/z)_ 1) 1/q

rqs (Inb —Ina)

) If r = =2, then

1 1
‘H(a,bfL(a,b)‘

<(b-a) (%)3_; [G(a2.67))

y a2s l_bqsL(a—qs’b—qs) 1/q+b25 aqsL(a—qsyb—qS)_l 1/q .
gs(Ina—1Inb) gs (Ina—1Inb)

Proof. Let f (x) = %5 for 0 < x < 1. Then | /' (x)| = x" and

In|f Qx+A-D)»|" <XW|f @"+ 1= | )]



INEQUALITIES FOR s-LOGARITHMICALLY CONVEX FUNCTIONS 233

for x, y € (0,1], A €[0,1], s € (0,1] and ¢ > 1. This shows that | £/ (x)|? = x"4 is
s-logarthmically convex function on (0, 1]. Since| f/ (a)| > | f/ (b)| = b" > 1, hence

@2 b\ ayras/
-(z) =)

“ZM@
/ r o |(=s/2) 1 -1 (\1%
7 @f ) {mwmwﬂﬂm,mﬂ

and

2| s Z(I—b—rqs/ZL (a’qs/z,brqs/z)) 1/q

= [G (ar,br)] a

rqgs(Inb—1Ina)

2 (a_’qs/zL (arqS/Z’brqs/z) _ 1) 1/q

rqgs (Inb —Ina)

+b—rs

Substituting the above quantities in Corollary 2, we get the required inequality.  [J

Remark 2. Many interesting inequalities of means of positive real numbers can
be obtained by using the other results, however, the details are left to the interested
reader.
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