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1. |NTRODUCTION

The Hermite interpolation is a well-known theoretical tool for approximating func-
tions. Although the theory and practice of Hermite interpolation is well developed
for univariate functions (see, e. g., [1, 4, 6]), fewer results is known for the multivari-
ate case (see, e. g., [3,5]). We emphasize the importance of the work of Lorentz [3],
which surveys the well-known theory on the multivariate case. Here we describe a
computational method to construct Hermite polynomials fitting on to 2, 4, 8 points of
a 1D, 2D, 3D functions, respectively, up to thein derivatives.

2. ONE-DIMENSIONAL POLYNOMIAL

The aim of this section is to construct a polynomkdj (x) on to the points and
x,0f the functiony (X) up to itsrth derivatives.

d™Hr (x)  dMy(x)
dxn dxn
Let us seek for it in the form

|1=0,1, 0<m<r.

Hr(X) = AraXr1(¥) + Ar2Cr (X)Xt 2(X). 1)

The number of the prescribed conditions is+22. For the sake of a convenient
form of writing the vectors, we define theg;j. 1 unit vector (0< j <r) the (j + 1)th
entry of which is equal to 1 and the rest are equal zero. Then the vectors in (1) can
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226 A. NYiRI

be written in the form

r r
A= Z Aj+16r j+1, A= Z Ar4+2+€j+1,
j=0 i=0
r _ r .
Xr1(X) = Z (X—x%0)) e j+1 Xr2(X) = Z(X - X1) € j11,
j=0 j=0

whereC, (X) = (x—xg)"**. To determine the constardsthe derivatives of the function
H; (X) must be calculated at the valuesandxy,

r
A1 Xra(X) = Z aj+1(x - xo)’,

j=0
d™%1(x) & (M+ j)! j

Ara dxm = ; i (X—=xo) Am+1+is
Let us setx; — Xg = h. Then

d™X; 1(Xo)

Alg—=———==ml
rl dxm miams1,
d X -

To compute the derivatives of the second ternidptx), the following notation will
be used:f () = (X = X0)" 1, gj (X) = (X— X1)’,
d'f(x) (r+21)!
dx (r+1-t)
£ D) = (r+ 1), fP(x0) = 0ift <r + 1. Lett = m—1. Then ™ (xo) = O if
r+1>m-I, and

= 109 = (x =)™,

M Dyy = — TEDE praome _ .
f; (Xl)_(r+1—m+|)! ., m-l<r+1;
moreover,
g(x) = —( ,),<x )7 1<j M=,
0 ifl#]
Oxq) = ’
9y ) {j! it1=].

The derivative of their product is

:_%" [f1(9;09] = I; (rln) (998 (%),
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and @™/dx™)[fr(x0)gj(x)] =0forO<m<r.
One hasyg')(xl) =0ifl # j andgﬁl) = jl; thereforem—1 = m- j, and then

(r+21)!

r+1-m+j
(r+1—m+j)!h O<mc<r.

>

fr(m_j)(xl) —

The derivative at the point; will be

dm wom (r +1)! -
o | 102g; (Xl)]_;)(m—j)! Tri-mej " , O=msr,

and atxg

|

dm max m

S 1001 00)] = D (T 60100
|=Imin

fm=1#r+1 thenf™(x)) = 0andf ™ (xo) = (r + 1)}, som—1 =r + 1,

l=m-(r+1),and

(m—(r+1)) — j! r+1—m+j
9 (%) = r+1-m+j) (=h) 5
whence
dm
3 | 100l (x0)] =
= m f j! r+1-m+j
B (m— (r+ 1))(r DY Crome

j=m=(r+1)

forr +1 <m< 2r +1. The derivatives at the poing aregg') (x1) =0if I # j,

therefore, witm—1 = m— j, there should be
. 1)! L
f(m—J) _ (r+ _ r+1-mij
) (r+1-m+j) ’
whence
gm r 1=
- . = = | |
a | 10091 0] = = mi(r + 1) (M= +L—m=+j)!

j=m—(r+1)

forr + 1 <m< 2r + 1. Returning to the original notation, we get

Cr(X)Ar2Xr2(X) = Z a2+ fr (X g (x).
i=0
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Summing up the results above, we get

m
X
Ar,l% = Mlam1, O<mc<r,
d™1(x1) o (Mm+ )
Af’ldr—xmzé il h! 1+ O<mc<r,
d™X; 1(X0)
Ar,]_T = O, m>r,
dm
Ar,Zd_Xm [Cr (%) Xr,2(X0)] = O, 0O<m<r,
gm m R +1-m
Arp— X =mi(r + 1)! . : -
2 g [CrO)Xe20x)] = mi(r +1) JZ;) s e A3
forO<mc<r,
Ao [CooXeata)] = (™ o+ 1)
r,Zde r(Xo) Ar,2(Xo —m_(r+1) :
r i 1-m+j
jl (=)™
X A0
iy 1-me ) 24
forr+1<m<2r+1, and
gm r 1=
— =m [ _
Ar’Zde [Cr(X0) Xr2(X1)] = mi(r + 1)! Z Mo i-ms ) Q42+

j=m—(r+1)
forr + 1 <m< 2r + 1. Finally, the derivatives of the Hermite polynomial are
der(X) der’]_ dm

erﬂ = Ar,l dxm + Ar,zw [Cr (X)XnZ(X)] .
Examplel. Forr = 2,
Ha(Xo) = a1,
dHa (xo) _
“dx 2,
d?Ha(xo)
— g2
dX2 a3 9
Ha(x1) = a1 + aoh + agh? + ash®,
w = a, + ag2h + a,3h? + ash®,
d?Hz (x1)

vk as2 + a46h + as6h? + ag2h>.
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3. TWO-DIMENSIONAL POLYNOMIAL

The aim of this section is to construct a polynomi#l(x, y) on to the points
(X0, ¥0), (X0,y1), (X1, y0), (X1, y1), Which fit the given values up to itgh derivatives.
The conditions can be written as follows:

O™ Hr (Xs, yt) 0™ "U(Xs, t)

OXmayn  IxMayn
forO<mn<r,0<m+n<r,st=0,1. The number of the prescribed conditions
at one point i%r(r +3) + 1, and in the four points isr2 + 6r + 4.

Let us seek for it in the form

Hr (X, y) = A(X)Yr1(y) + B(X)Dr (y)Yr2(y).
For the sake of a convenient form of writing the vectors, let us define the unit

vector of j + 1 entriesgjq+1 (0 < q < j), the @ + 1)th entry of which is equal to 1
and the rest are equal to zero. Then the vectok; (i, y) can be written as follows:

r r
AX) = > A&, B() = > Bj(X)errs1 ),
j=0 j=0
Yia) = ) - yo)' €jisa, Yio) = ) v - y1) ejina,
i—0 i=0

whereDj(y) = (y - yo)!*1, 0 < j <r. The functionsA(x) andB(X) are composed as
Aj(¥) = AjaXja(X) + Aj2C (X)X 2(x),
Bj(X) = Bj1Xj1(X) + Bj2Cj(X)Xj2(X),

where

i i
Xja(¥) = )" (x=X0)' €jis1, Xj2(X) = > (X= x2)'ejjis1,
i=0 i=0

andCj(x) = (X - x)'*1, 0 < j < r. The distances between the coordinates are

X1—=X=hyi-y =g
For writing the vectord\j 1, Aj», Bj1, Bj2 conveniently, we introduce the notation

r+3+]j

j=(-D—5— m=120+10+2. Lj=lj+n.
With this notation, we get
J' j
A= ) A, Aj2 = ) a8,
=0 i=0
J' j
Bj1= Zblj+i+1ej,i+1, Bj2 = Zbl-j+i+lej,i+l-

i=0 i=0
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The number of the constardsbin A(X), B(x) is 4n, = 2r2+6r +4, which agrees with
the number of conditions; consequenth (X, y) is the minimal degree polynomial
satisfying the requirements.

The derivatives of the above vectors should be computed,

47,100 K (m+ o) |
d)J(m Z q (X = Xo)%ejms1+q5 0O<mc<ij,
d X X t+ .
12( ) Z ( q) (X Xl)qej t+1+0p 0<t< i,
dICJ(X) 0 (j +1)! .
= 2 - — - _ j+1-1 .
dx Ci'(®) (-+1_|)!(X Xo) ) 0<I<j+1,

dm

5 )@[C (0Xj2(x)] = Z ( )c(')(x)x(m")(x).

I |m|n

The limits of the sums are
Imin = 0, Imax=m ifO<mcgj,
Imin=m-J, Imax=]+1 ifj+1l<m<2j+1

The derivatives ofj(x) andBj(x) are

d™A(X) d™X: 1() g
d—xjm = Aj1 d)l<m A]dem[ i09X204)].
d™B;(x) d™X  1(x)

d)(Jm = Ble—JXm + Bj’zd_)(m [C](X)Xj,Z(X)] .

To compute the cdBcientsa andb at the points¢g andxz, the following formulas
are used:

d™A;(x0)

e = Mam, 0O<mx<j,

A +mileqt

d"A () _ i“ M+t g
dxm q'
g=0

+1 .
Z T ((JJ+ l) ! JJrl_laLj+m+1—I, 0<mc<j,

d™A| (o) B m! o
dxm  [m-(j+ 1)
2j+1- m

o Z [m-— (J+1)+q]

(—h)d aLj+m-j+g
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j+l<m<2j+1,

d"A) S (D
=ml Z Gerop " asm
j+1l<m<2j+1

Analogous formulas are valid f@;(x). The derivatives of the Hermite polynomial

are
O™ Hr(xy) _ d"A(X) d"Yri(y)  dB(x) d"

X ™t dxm dyn
The following formulas are also needed:

[Dr()Yr2(w)].

d" Y] 1(y) Z (n+ 9)!

(v — y0)°€jns1ss: 0<n<j,

d YJ’;(”) = Z ‘ ;S)! (¥ = y1)*8jtrss 0<t<|,
dlg—;l(y) = D) = %(y - yo)**, O<l<j+1
Thus, we can write
e A0 Yea)] = Z AL - o @
and the values of these are
ai:; [AGO) Yrato)] = 0, @)
o 1A () Ya(r)] = ZO T LDy
;im—n; [A () Y (o)) = ! % )

j=0
forO<n<r,0<m<2r+1.

To compute the derivatives of the second terrhii(x, z), the nextinterimnotation
will be used:fi(y) = Dr(v), 9j(y) = (v — y1)"~!. The derivatives of these are

fr("(y)=%(y o 0<i<rel
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D) =+ DL 100) = 0if0 < 1 <1+ 1, 10() = 0if I > 1+ 1,¢%) =
() (N e Ry i

(t) _Jor=ptift=r—j
W) = { ifter—j

d'f(y) X (n 0/ (n-1)

= f .
G HZ P @e ).
Imn=max{n—(r—1j), O}, Imax=nifr—-n<j<randO<sn<r;lpyn=n+j-r,
Imax=r+21if0<j<2r+1-nr+1<n<2r+1. Itiseasytosee that

n

gy | frwo)giwo)| = 0. O<nsr,

n )I(r - j)! : :
& [fr(yl)gj(yl)] = (n +?_ r)((zrri 1)_(rn _JJ?)! g o<n<r,r-n<j<r,
d" n (I’ + l)!(l’ - J)I r+1-n—j
G [ P00 = (G g

forr+1<n<2r+1,0<j<2r+1-n,
n (r+)4(r = j)! 2r+1-n—j
n+j-r/2r+1-n-j)!

forr+1<n<2r+1,0<j<2r+1-n. The derivatives of the second term in
H,(x, y) are

dd—; | fr(w1)g; ()| = (

Hmn " d"B ( ) dn
Sy 1B (9 Dr)Yea)] = JZ;) o g [ T0a)]

and their values of at, yo andy; are
armn

pyar [B (X) Dt (y0)Yr.2(yo)] = 0 @

forO<m<2r+1,0<n<r;

armn

d™MB;
HXMyN [B(X) Dr(y1)Yr2(y1)] = (r + 1)! Z (X)

dxm
j=r-n
( n ) (I‘ - J)' 2r+1-n—j

n+j—r (2r+1—n—j)!g

(8)
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forO<sm<2r+1,0<n<r;

m+n n 2r+1-n dej(X)
I a— = |
i (B0 Dozt = -+ 1 ) > e
r—j i
@ +( 1 —Jr)1 T ©)
forO<sm<2r+1,r+1<n<2r+1;
omn 2r+1-n dej(X) n
= |
s 09 Dol = €+ 3 = "
(r+1) 241N ]
@r+1-n-))’ (10)

forO<m<2r+1,r+1<n<2r+1. Applying the formulas (2), (3), (4), (5), (6)
and (7), (8), (9), (10), the derivatives Hf (X, y) can be calculated and upon these the
codficientsa, b can be determined.

Example2 (r = 2).
Ha(X0, yo0) = &,
HS? (%o, yo) = @y,
HE (%0, yo) = 852,
HY (%o o) =
HS (%o, yo) = as,

HY (%0, o) = a2,
Hz(X1, yo) = & + agh + agh? + a,h®,

i)

[

HS9(x1. yo) = az + ag2h + a;3h? + agh®,
HS™ (%1, yo) = a2 + az6h + agbh? + ag2h?,
Héy)(Xl, yo) = as + ash + a; %,
HE 0,10 = 2 + a2 + P
HY (%1, o) = 262 + 8,2,
Ha(X0, y1) = a1 + aug + 8eg” + g%,
ng)(xo, y1) = @ + asg + a1pg” + b,g°,
HS™ (%0, y1) = 852 + 21029 — a112hg + by2g°,
HY (%0, y1) = a4 + 8629 + b13¢” + byg®,
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Héx,y)(xo’ y1) = @ + a122g + by3g% + 95293’
Ha(x1,y1) = a1 + azh + agh® + aug + ashy + agg® + azh® + agoh’y + asohy®+,
+ big® + bohg® + bsh?g® + 97h3 ®
ng)(Xl’ J1) = ap + 262N+ agg + a;3h? + agh® + aip2hg + anth + a1292+,
+ bag® + bs2hg® + b73n%g> + bgh’g®,
ng,x)(Xl’ yl) _ a32 + a76h " a86h2 + a92h3 + a102g + a114hg + b32g3 + b76hg3+>
+ bgbh’y® + by2h%®,
Hgy)(xl, y1) = 8 + ash + ag2g + aoh? + a1,2hg + by3g? + by3hg? + by3h2g2+,
+ bag® + bshg® + b73h%g2 + Qlohz °,
Héx’y)(xl, y1) = a5 + a102h + a11h? + a122g + by3g? + bebhy? + bsg® + b;9n2g2+,
+ bg3n%g? + bio2hg® + by h%g°,
Héy,y) (X1, 1) = @62 + a122h + by6g + bp6hyg + b3bh?g + bs6g? + bsbhg? + be2g°+,
+ b76h3g + b1o6h’g® + b, ,2hg°,

4. THREE-DIMENSIONAL POLYNOMIAL

The aim of this section is to construct a polynontia(x, y, 2) which fits the given
values on to the coordinate poimg, X1, yo, y1, 20, Z1 UP to itsrth derivatives. The
conditions can be written as follows:

am+rH—pHI’ (X|’ !/s’ Zt) — am+n+pu (XI’ yS’ Zt)
OXMoynozP OXMoynozP

forl,st=0,1;0<mn,p<r;0<m+n+p<r. The number of thgth derivatives
of a function having three independent variables is the number of conditions at one
point, s; = %(j2 + 3j) + 1; up to itsrth derivatives, the number is equal & =
0S| = e+ Gr? +11r + 6), and for the eight points we havég

Let us seek for it in the form

Hr (X, y,2) = A(X,2)Yr1(y) + B(X, 2D (y)Yr2(y).

For the sake of a convenient form of writing the vectors, let us define the unit
vector of j + 1 entriesejq.1 (0 < g < j) theq + 1-th entry of which is 1, and all the
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rest are zero. Then the vectorsHin(x, y, 2) can be written by using the formulas

j
Vi) = D - yo) ejisa,
i=0
Djy) = (y—yo)**, O0<j<r.

AX2) = D A% e riaj,

=)
Ai(%,2 = Aj1(2X;1(X) + Aj2(29Cj (¥) Xj2(%),
Bj(X,2) = Bj1(9Xj1(X) + Bj2(29Cj (X) Xj2(x),

J
Xja(9) = D (x= %0)' €jis1,
i=0
Ci(¥ = (x-x)/*t, 0<j<r,

J
Aj,l(z) = ZAj,l,q (Z)ej,j+l—q,
g=0

j
Bj1(2 = Z Bj1q (2 €jj+1-0>
a=0

Aj1q(2 = @j1xZq1 (D + @j12:1Ej(DZq2(2),
Aj24(d = @j2xZq1 (2 + @j224:+1E((2)Z42(2),
Bj1q(@ = Bj12kZq1 (D + Bj12k+1E((DZq2(D),
Bj2q(@ = Bj22xZq1 (D + Bj2.2k+1E (2 Zg2(2),

j
Yia) = D (- y1)'ejisa,
=

r
B(¢2) = ) Bj(X 21,
j=0

j
ALZ(Z) = ZAj,Z,q(Z)ej,Hl—q,
g=0

j
Bj2(2 = Z Bj2q(2)€j+1-a;
g=0
0<qgx<ij,
0<qgx<j,

0<qg<ij
0<qg<j,

andZq1(2) = X (2- 20)' egis1, Zq2(d) = T, (2- 21)' giva, Eq@) = (2- )™,
0 < q < j. The vectorsy andB are composed by constant componengndb. To
give the connection, the following notation will be applied:

r+3+q . r+3+q v
|r,q=(r—Q)T, |j,q=(J—Q)T+.Z ni,
i=j+1
1 : 1
T ; _ o 3 2
n._§(|+l)(|+2), Nr_;n._é(r + 6r +1]r+6)
Lr,q:2Nr+|r,q, LJ’qZZNr'i'IJ’q, k:J—q,

q q
@j12k = Z A g +i+1€gi+1, Tj12k+1 = Z AN, +1jq+i+1€g,i+1
i=0

i=0
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q q
Ajook = Z aL;,+i+1€q,i+1, Xj22k+l = Z AN, +Ljg+i+1€qi+1-
i=0 i=0
The relations betweef andb are analogous to the previously given formulas where
ais replaced byp.

The number of the constardsb in Aj1, A2, Bj1, Bj2 is 8N, which agrees with
the number of conditionsN¢ = 8S;. ConsequentlyH, (X, y, 2) is the minimal degree
polynomial satisfying the requirements.

The distances between the coordinates@arexg = h, y1 —yo = 9,21 — 2o = 1.The
derivatives of theH, (X, y, 2) function are needed to compute the fiméentsa andb
(rather tedious calculations are omitted here to save space):

dPAj 14 (20) _

dz0 p!alj,q+p+17 0<p<q, (11)

i
I A q+pritvlt

dPAj1q(z1) qZ_'j(p+
d? 4l

P Iq+:I'_eriaN +lig+i+1
I | rTiq
+pl(g+ 1)'i§:0(p—i)!(q+1— I O<p=<aq
dij,l,q(ZO) ] q il (_|)q+1—p+i
B (o-Gen)ta+ 1)!i:p—(q+l) (Q+ 1= p+ i) Netliatied (12)
dpAJ 1q(Z]_) g |q+l—p+i
Lo | Y I E .
o p'(g+ 1)! (=g +i= p+i)!aNr+|,,q+|+1,

i=p—(q+1)
g+1<p<29+1

The derivatives of (11) are similar to the previous ones,

dpAg zz,g (20) _ plaL, pe. (13)
—dpAgzz’g ) = z(pi-: ! Iia-Lj,q+p+i+1+

+pl(g+ 1)!2 (plq_+il)_!p(+c;ier+ S 0<psa
T Cheen 3 NGRS
% = pl (q+ D)! Zq" (plqjil)_!p(:i“rf f’q:fi)!, q+1<ps<29+1

i=p-(g+1)
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To obtain similar formulas foB; 1 g andBj 2 4, a should be replaced Ry.
For the derivatives of(x, 2), expressions (11), (12), (13), (14) are to be used,

am+ p

X9 |Aj1@)Xja(x0)| =0 form# j-q, (15)
gme dPAj1j-m@

W [Aj,l(z)xj,l(xo)] T I
o™

[AJ 12X, 1(X1)] Zd Ai1q(2 (J )! L 0<m<j;

am+p '
IXMHZP |Aj22Ci(x0)Xj2(x)| =0, 0<mx<j, (16)
am+p j dpA"z’ (Z)
L ELC TP g gpta <L
g=j-m
mi (j + 1)! h2i+1-m-a N
' ' ., 0<m<ijj-g<m
(m-(j-g)!2j+1-m-q) jbi-q
omp )
HxMozP [AJ 2(2Cj(%0) X, 2(X0)] mx 17)
2]+zll—mdPAj’2’q(z) (j—q)! (_h)2j+1—m—q
q=0 dz° (2j+1-m-q)
om™p .
AXMHZP I:Aj,Z(Z)Cj(Xl)Xj,Z(Xl)] =mi(j + 1)!x
zjimdpAi,Z,q(Z) h2i+1-m-q

& d2 (m-(j-g)'Ri+1-m-0q)’

wherej +1 < m< 2j+ 1. The derivatives oB;(x, 2) will be obtained by replacing
by B in formulas (15), (16), and (17).

Finally, the derivatives of the first and second terms in the Hermite polynomials
are to be given, and these are as follows:

am+n+p am+pAr—n(X, Z)
— A Y, —n— %5
AXMIYNHZP [ (%2 r,l(UO)] n X920 s
am+n+p r— nam+pAJ(X Z) (r J)!gr_j_n
<t
OX"By"52 [A(X DY a(y1)] = ; N TR o<n<r;

Hmnp

XG0 [B(X,2)Dr(y0)Yr2(y0)] =0, O0<n<r,
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Hmnp

d™PBj(x,2)
OXMAYNaZP

r
809D ¥eayd] = -+ D1 D) s
(I’ _ J)' g2r+1—n—j .
X(n+]—r)(2r+l_n—j)!’ Osns<r;
am+n+p 2r+1—nam+pB (X Z)
Wy”f)zp [B(X, 2Dr (y0)Yr 2(yo)] = r+1 (r +1)! Z T oxMazP

(r = (g1
@ +1-n-j °
am+n+p 2r+1— nam+pB (X Z)
X0y [B(X,2Dr(y1) Yr2(y2)] = (r + 1)! Z W (nee)x

(r J)' 2r+1-n-j
(2r+l n-jr’

Example3 (r = 2). In order to save space, we show below only the first 4@fcoe
cients:

Ha(x%o, y0, 20) = &,
HY (X0 yo. 20) = &,
H? (%0, yo. 20) = 852,
ng)(Xo, Y0, 20) = y,
HE? (%o, yo, 20) = 2,
HS™ (%0, yo, 20) = 362,
HY (X0, yo, %0) = a7,
HY2 (%0, Yo, %0) = 8,
HY (%0, yo, 20) = &g,
Hg””)(xo, Yo, 20) = 3192,
Ha(Xo, yo, 21) = a1 + aol + a3I2 + §.11|3,
ng)(Xo, Yo,21) = @ + az2l + a1131% + 912|3,
H éz’z)(xo, Yo, 21) = 82 + a116l + a1061% + 83213,

r+1<n<2r+1.

Héx)(xo, Yo, z1) = ay + asl + 0%
HY2 (x0, yo, 21) = a5 + 2142l + a;41%,

HE™ (%0, o, 21) = 862 + 2,2,
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Héy)(Xo, Yo,21) = a7 + agl + §17|2’
HY2 (X0, yo, 21) = 8 + a172l + 8y
HS (%0, y0. 21) = @ + 8y,

H gy,y)(xo’ Yo, 21) = 3102 + 3,02,
Ha(x1. 0. %0) = ah? + ah + 2y + 2, h°,

HP(x1, yo, 20) = a1eh? + ash + & + a,h®,
H$? (X1, yo. 20) = (142 — a152l) h + 832 + 8,520,

HY (x4, y0. 20) = 862N + a4 + 321317 + 8, ",
HS? (x4, yo, 20) = 162N + a5 + 23N + ash’,

|2

>

H (x4, yo, 20) = @62 + 8216 + a246h? + a,gh®,
Héy)(xl, Yo, 20) = agh + a7 + ay,h?,
HY?(x1, yo, 0) = a1gh + ag + a,gh?,
HY) (x4, yo, 20) = ag + 8p72h + Byh?,
HY) (X1, yo. 201) = (810 + agoh) 2
Ha(X1. yo.21) = ay + apl + agl® + a1l® + (a4 + asl + ayal®) h + (8 + auel) W+,
+ (a21 +agol + apgl? + 931I3) h?,
HP (X1, yo. 21) = 8 + a2l + an131% + agl® + ageh? + (a5 + 2142l + aysl?) b+,
+ (azz + ap32l +ag312 + §32I3) hs,
Hglz)(xl, Yo, 21) = @32 + a116l + @196l + a1321° + (2142 + ay54l) h+,
+ (a232 + ag16l + agy6l? + %32I3) h?,
H (%1, yo, 21) = aa + asl + awal® + (86 + ayel) 2h+,
(801 + agal + agal® + aa1l®) 307 + (824 + agsl + agyl?)
Héx’z)(xl, Y0,71) = s + 142l + a1sl® + a1e2h+,
+ (azz + ap32l + ag131% + a32I3) 3h? + (a25 + ags2l + gsslz) h?,
HY(x1, yo, 21) = @62 + a162! + (a24 + apsl + a34I2) 6h2+,
+ (a21 + ol + apgl® + a31I3) 6h + (aze + §36I) h3,

Hé”)(xl, yo.z1) = ay + agl + ag7l” + (a9 + aol) hi+,
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+ (a7 + aggl + ag1?) %,
HYA (%1, yo, z1) = @g + @172! + agl? + arght,
+ (208 + 2572 + 3541%) 2,
Héx’y)(XL Yo,21) = ag + ayol + (a27 + gl + a37I2) 2n+ (a29 * 939I) e,

Hg/’y)(xla Yo, Zl) = a102 + a.202| + (aSO + §40l) 2h.
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