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1. INTRODUCTION

In the class of functional differential equations, the question on the solvability of
the initial value problem, as is well-known, is non-trivial even in the linear case. For
example, the simplest scalar functional differential equation

b
u'(t) = ? +4(1), 1 €[0,b], (1.1)
has no solutions satisfying the initial condition
u(0) =c,

provided that the function g € L([0, b], R) and the real constant c are related by the

inequality
b
f q(s)ds + —c.
0

From the standpoint of the theory of ordinary differential equations, the fact indicated
may seem somewhat strange if we note that (1.1) is a scalar linear equation with the
constant coefficient »~!, and this coefficient, moreover, becomes arbitrarily small
when the length of the interval, b, increases to +co. Such phenomena are, however,
not uncommon, if not typical, for functional differential equations.
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106 ANDREI RONTO

At present, there are not but a few sharp and efficient conditions guaranteeing the
unique solvability of the initial value problem for differential equations with arbitrary
argument deviations, and most of them are available for the one-dimensional case
only (see, e. g., [4] and references therein).

In this paper, we continue the study initiated in [2, 3, 6] and establish some new
conditions guaranteeing the unique solvability of the problem

n

u, (1) = Z 1 (Ouj(wi (1) + qi(), t€la,b]l, k=1,2,...,n, (1.2)
j=1

ur(t) = cx, k=1,2,...,n. (1.3)
Here, n € N, 7 is a given point from [a, b], gi : [a,b] — R and r; : [a,b] — R,
k,j=1,2,...,n, are Lebesgue integrable functions, {c; | k = 1,2,...,n} C R are
given constants, and wy;, k, j = 1,2, ..., n, are arbitrary measurable transformations

of the interval [a, b] to itself.

By a solution of problem (1.2), (1.3), as usual [1], we mean a vector-function
u= (uk)z=1 : [a, b] — R" with absolutely continuous components uy, k = 1,2, ...,n,
satisfying relations (1.2) almost everywhere on [a, b] and possessing properties (1.3).

2. NoTATION

The following notation is used throughout the paper.
() N=1{1,2,...,}, R = (—00, 00).
(2) Li([a, b],R")is the Banach space of Bochner integrable functions « : [a, b] —
R" endowed by the norm

..... nJa
(3) C([a,b],R") is the Banach space of continuous functions u : [a,b] — R”
endowed by the norm
C([a,b],R") 3 u = (up)y_; —> max max |ug(?)]. 2.1
k=1,2,....,n t€[a,b]
(4) C:([a,b],R™), where T € [a, b], is the subspace of C([a, b], R") constituted
by those functions u for which u(t) = 0.
(5) r(A) is the spectral radius of a bounded linear operator A.
(6) GL,(R) is the algebra of the n-dimensional square matrices with real ele-
ments.

3. CONDITIONS FOR THE UNIQUE SOLVABILITY OF PROBLEM (1.2), (1.3)

In this section, we present our main results concerning the initial value problem
(1.2), (1.3). The proofs are given later, in Section 5.
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3.1. Existence of Green’s operator. The following statement provides condi-
tions sufficient for the unique solvability of the initial value problem (1.2), (1.3).

Theorem 3.1. Let there exist some a € [1,40) and {y, | k = 1,2,...,n} C
(0, +00) such that one of the following conditions is satisfied:

max vralmax—z re i) |lwii(®) — 7% < a, 3.1a
A vighmax ———r 3yl Ol 0 = (3.12)

51gn (t—71) f o
max su Vi [ i($)| g i(s) — T|%ds < 1, (3.1b)
k=12,..n te[a,bR Vi |t — TI" Z I / J

n n
(0]
max vrai max Z —_— Z Vi
k=1,2,...,n t€la,b]\{7}

wi ()
o] f |71 ($)llwrj(s) — T|%ds| < @.  (3.1c)
= vilt—1 = T

Then the initial value problem (1.2), (1.3) is uniquely solvable for arbitrary con-
stants {c; | k = 1,2,...,n} C R and integrable functions q; : [a,b] — R, k =
1,2,...,n

None of the strict inequalities (3.1a), (3.1b), and (3.1c) assumed in Theorem 3.1
can be replaced by the corresponding non-strict inequality. For instance, the condi-
tion

D T Ol S0 62
does not guarantee the unique solvability of problem (1.2), (1.3) because, as follows
from the example given below, for any @ € [1, +0) and 7 € [a, b], one can specify a
functional differential system (1.2) for which relation (3.2) is satisfied but the Cauchy
problem (1.3) is not uniquely solvable.

Example. Given 1 € [a,b] and a € [1, +0), consider the scalar functional differ-
ential equation

|t _ Iaf 1

(t) = ﬁ 51gn (t - T) M(Q) t€la, b], (33)

where 0 € [a, b] is an arbitrary point different from 7. This equation, clearly, has form
form (1.2) withn =1, ¢1(¢) = 0, w;1(¢) = 6, and
| _ |a/ 1
r(f) = T sign(t — 1)
for almost every ¢ € [a, b]. It is easy to verify that, for an arbitrary A, the function
u)=Ale—1",  telabl,
is a solution of the homogeneous Cauchy problem

u(t) =
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for equation (3.3). However, condition (3.2) is satisfied for this equation because
. 1
vrai max —————y [ri(@lwi(?) - 7% = a.
telab\(t) yy |t — 7|*
One can verify that the non-strict versions of inequalities (3.1b) and (3.1c¢) are also

satisfied in this case.

3.2. Positivity of Green’s operator. The conditions given below guarantee not
only existence but also the positivity of Green’s operator associated with the homo-
geneous Cauchy problem (1.2), (1.3).

Theorem 3.2. Let there exist some {01,07,...,0,} C{—1, 1} such that
oo rij()sign(t—71) >0 (3.4

for almost every t € [a,b] and all k, j = 1,2,...,n. Moreover, assume the existence
of some constants a € [1,+00) and {y; | k = 1,2,...,n} C (0, +00) such that one of
the following conditions is satisfied for all k = 1,2,...,n:*

: n
. o sign(t—1) .
Vralmax—E oy k() lwe (D) — 7% < a, (3.52)
telab\t)  y |t — 7] < 7YiTkj j
Tk 1 1
sup - @ 2,00 f r(s) lwgj(s) — 7l%ds < 1, (3.5b)
relab)\(7) Vklt—TI“; AR B J

n

; n wi j (1)
. opsign(t—T1 i
vral max L(l) ri (1) E o ylf rii(s)lwji(s) — 7|%ds < a. (3.5¢)
telab\7} i |t — 7| = =1 T

Then the initial value problem (1.2), (1.3) is uniquely solvable for arbitrary con-
stants {c | k = 1,2,...,n} C R and integrable functions g : [a,b] — R, k =
1,2,...,n If, in addition, q; and cy, k = 1,2,...,n, possess the property

3
O'k(f qk(s)ds+ck)20, tela,bl, k=1,2,...,n,
T
then the unique solution u = (ux);_, of problem (1.2), (1.3) satisfies the condition
oui(t) > 0, tela,b]l, k=1,2,...,n.

The example presented in Section 3.1 shows that conditions (3.5a), (3.5b), and
(3.5¢) are optimal in the sense that none of them can be weakened to the correspond-
ing non-strict inequality.

4. GENERAL STATEMENTS

The theorems presented above rely upon some general results on linear integral
functional operators. The results mentioned are presented in this section.

“We emphasise that one and the same condition should be satisfied for all k from 1 to n.
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4.1. Spectra of linear integral operators with inner superpositions. Let R; :
[a,b] - GL,(R),i =1,2,...,N, where N € N, be matrix-valued functions with
Lebesgue integrable components, and w; : [a,b] — [a,b],i = 1,2,..., N, be measur-
able functions.

For every u from C.([a, b], ]R”),T we put

N t
(Bu)(1) := Zf Ri(9)u(w;(s))ds, t € [a,b]. “4.1)
i=1 VY7

Obviously, B is a bounded linear mapping of the space C-([a, b], R") to itself. One
can show that operator (4.1) is completely continuous in the space mentioned.
Until the end of this section, we fix a diagonal matrix

Y =diagf{o,02,...,04,} “4.2)

with components {01, 07,...,0,} C {—1,1}. For the sake of brevity we introduce a
definition.

Definition 4.1. For {x,y} ¢ R" we write x >y y (resp., x >y y) if, and only if
OrXy = Oy (resp., oxxg > oryy) forallk =1,2,...,n.

The following statement provides a convenient way to estimate the spectral radius
of operator (4.1).

Proposition 4.1. Let each of the functions R, : [a,b] — GL,(R), v=10,1,...,N,
satisfy the condition

YR,()Zsign(t—1)>0 fora.e. te€la,b] 4.3)

with respect to the given matrix (4.2). Furthermore, assume that there exists an
absolutely continuous function y : [a, b] — R" possessing the properties

y(t) =0; y() >z 0 forallt € la,b]\ {7} “4.4)
and

y'()sign(t—1)>3x 0 fora.e.te€a,b], 4.5)

and such that, with a certain constant o € (1, +00), the integral relation

N t
y(®) =3 QZ f Ri(s)y(wi(s))ds (4.6)
i=1 Y7

is true for every t € [a, b].
Then the spectral radius r(B) of the operator B : C(la,b],R") — C.(la, b], R")
given by formula (4.1) is less than 1.

Remark 4.1. The inequality in (4.3) and similar relations below is understood com-
ponentwise.

See notation (4), Section 2.
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Proposition 4.1 is obtained from [3, Corollary 6] and the argument given in the
proof of [6, Theorem 1]. The details are omitted here.

Proposition 4.2. Let the functions Ry : [a,b] — GL,(R), v=10,1,...,N, satisfy
condition (4.3). Moreover, there exist some constants y € [0,1) and a € [1, +c0) and
an n-dimensional vector g with the property

g>s 0 4.7)

such that
N t
Zf&@WW%WM$WwW,mMH (438)
v=l YT

Then the spectral radius r(B) of operator (4.1) in the space C([a, b], R") is less
than 1.

Proor. Let y : [a,b] — R” be the function given by the formula
y(0) =t -1l"9,  t€labl, (4.9)

where @ and g are the values appearing in the formulation of Theorem 4.2. Function
(4.9) obviously possesses properties (4.4). One can verify that, for almost every
1 € [a, D],

Y0 =alt—1" " sign(t - 1)y,

and, hence, function (4.9) also satisfies condition (4.5). Furthermore, it follows from
assumption (4.8) that function (4.9) satisfies condition (4.6) with o := y‘l.i There-
fore, it remains to apply Proposition 4.1. O

Proposition 4.3. Let the functions Ry : [a,b] — GL,(R), v=10,1,...,N, satisfy
condition (4.3). Let, moreover, there exist some constants y € [0, 1) and « € [1, +c0)
and n-dimensional vector g with property (4.7) such that the following relation is
satisfied for almost every t from [a, b]:

wy (1)
DR D] f Ri(s)glwi(s) — 7| ds - sign (t = 7) <y ya [t — 7" 'g.  (4.10)
; T
Then the spectral radius r(B) of operator (4.1) in the space C([a,b],R") is less
than 1.

To establish the theorem formulated above, one should combine Theorem 4.1, [3,
Corollary 7], and [3, Remark 6].

It is sufficient to consider the case where y > 0 because if y = 0, then the corresponding relation
(4.6) is satisfied with an arbitrary o € (1, +00).
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Proposition 4.4. Assume that there exists a certain diagonal matrix (4.2) with
{o1,002,...,0,} C {-1,1} for which the functions R, : [a,b] — GL,(R), v =
0,1,...,N, satisfy condition (4.3) and, moreover, let there exist some constants y €
[0,1) and « € [1, +o0) and n-dimensional vector g with property (4.7) such that

N
Z Ry(®) glwy(®) — 7|*sign(t —7) <z yalt — 71" g fora. e tela,b]l. (4.11)

v=1
Then the spectral radius r(B) of operator (4.1) in the space C([a,b],R") is less
than 1.

Similarly to Proposition 4.3, the assertion of Proposition 4.4 is deduced from [3,
Corollary 8] and [3, Remark 6].

4.2. Solvability of linear initial value problems. The combination of the state-
ments presented in Section 4.1 with Lemma 4.1 given below leads one to efficient
conditions of solvability of the Cauchy problem (1.3),

u(t) =c, (4.12)

for the functional differential equation of the form

N

u'(t) = Z Ri(®u(w;(®)) + q(1), t € la,b], (4.13)

i=1

where N € N, the functions R; : [a,b] — GL,(R),i=1,2,...,N,and q : [a,b] —
R” are integrable, and w; : [a,b] — [a,b], i =1,2,..., N, are measurable.

Lemma 4.1. If an absolutely continuous function u : [a,b] — R" is a solution of
the Cauchy problem (4.13), (4.12), then it satisfies the equation

u(t) = (Bu)(t) + ¢ + f q(s)ds, t € la,b]. (4.14)

Conversely, every continuous solution u(-) of equation (4.14) is also a solution of
problem (4.12), (4.13)

The assertion of Lemma 4.1, which is easily verified by direct computation, allows
one to interpret the space of solutions of the homogeneous problem

N
W)= ) Riu(i(n),  t€la,bl,
i=1
u(t) =0,

as the set of fixed points of operator (4.1) considered in the space C-([a, b], R").
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Lemma 4.2. Let the functions R; : [a,b] — GL,(R), i = 1,2,...,N, satisfy

condition (4.3) for some matrix (4.2) with elements {o1,0%,...,0,} C{-1,1}. Then
N
Z Ri(Hu(wi(t))sign(t — 1) 25 0 fora.e. t€la,b], 4.15)

i=1
provided that the continuous function u : [a, b] — R" satisfies the condition

u(t) >x 0, te€la,bl. (4.16)

Proor. Indeed, let u : [a,b] — R” be an arbitrary continuous function possessing
property (4.16), or, which is the same (see Definition 4.1), such that the component-
wise inequality

Su(t) >0, t€]a,b], 4.17)
is true. Since {oy | k = 1,2,...,n} c {=1,1}, it is obvious that X2 is the identity
matrix and, hence, according to Definition 4.1, relation (4.15) can be rewritten in the
form

N
2 ) Ri(®)ZXZu(wi(t)sign(t—7) >0 fora.e.te|a,b]. (4.18)

i=1
In view of (4.17), we see that Xu(w;(¢)) > O forevery i = 1,2,..., N and almost every

t € [a, b]. Therefore, (4.18) is true provided that each of the functions R; : [a,b] —
GL,(R),i=1,2,...,N, satisfies condition (4.3). |

Lemma 4.3. Condition (4.3) is satisfied if, and only if
ooy 1 (D) sign (1= 7) 2 0 (4.19)
for almost every t € [a,bl and all k,j = 1,2,...,nandv = 1,2,...,N, where r,(:;.)
stand for the corresponding elements of the matrix R, = (r](g]'.) ijl.

Proor. It is not difficult to verify that, for all v = 1,2,..., N and almost every
t € [a, b], the matrix R, (¢)Z in the left-hand side of (4.3) has the form

rgvl)(t) ol 0'21”2\;)(1‘) ce. O (T,,rﬁ)(t)
v) (v) v)
SRY(DE = 02011y (1) ryy (0 cen 020, (D) ’
a0 a0

and, therefore, (4.3) means nothing but the fulfilment of (4.19) for almost every ¢ €
[a, b] and all k and j from 1 to n. O

The following statement summarises the conditions established by the proposi-
tions above.
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Proposition 4.5. Assume that the matrix-valued functions R, : [a, b] — GL,(R),
v=0,1,...,N, satisfy condition (4.3) with respect to some matrix (4.2) with compo-
nents {o1,07,...,0,} C {—1,1}. Moreover, let there exist some constants y € [0, 1)
and a € [1, +00) and vector g € R" with property (4.7) such that one of conditions
(4.8), (4.10), and (4.11) is true.

Then the spectral radius of operator (4.1) in C:([a, b], R") admits the estimate

r(B) < 1.

Proor. One should apply Proposition 4.2, 4.3, or 4.4, depending on the conditions
assumed. O

Combining Proposition 4.5 with with Lemma 4.1, we arrive at

Theorem 4.1. Under conditions of Proposition 4.5, the initial value problem (4.12),
(4.13) has a unique solution u(-) for any q € Li([a, b],R") and ¢ € R". Moreover, if
q and c possess the property

!
f q(s)ds =5 —c, t € [a,b], (4.20)
then the solution u(-) of problem (4.12), (4.13) satisfies condition (4.16).

Proor. The validity of the first assertion of the theorem is a consequence of Propo-
sition 4.5 and Lemma 4.1. The second assertion follows from Lemma 4.2. O

For systems (4.13) with coefficients not satisfying conditions of type (4.3), the
following somewhat weaker statement is true.

Theorem 4.2. Assume that, for some constants y € [0,1) and a € [1,+0) and
vector g = (gr);_, € R" with strictly positive components, one of the following

conditions is satisfied:®

N t
> f V()| glwn(s) — Tl ds - sign(t =) < ylt = 1|9, te€la,bl, (421)
v=1 YT

N

N wy (1)
Y sien@® - 0RO, [ IR(slglor) -l ds
i=1 Y7

v=1

<yalt-1%'g fora e telabl, (422)

and
N
Z IRy(D)| g lwy(t) — 7|* < yalt - 7! g fora.e. t€]a,b). (4.23)
v=1

SIn (4.21) and similar relations below, we use the notation |M| = (jmy iDk,j=1 for a matrix M =
(i j=1-
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Then the initial value problem (4.12), (4.13) has a unique solution u(-) for any
q € Li([a,b],R") and c € R".

It should be noted that, in contrast to Theorem 4.1, the solution u# of problem
(4.12), (4.13) may not possess property (4.16) under assumptions of Theorem 4.2
even if g and c satisfy condition (4.20).

4.3. Auxiliary statements and the proof of Theorem 4.2. We need the follow-
ing lemma.

Lemma 4.4. Let A : C:([a,b],R") = C.(la,b],R") be the operator defined by
the formula

N
(Au)(®) := Z ft IR;(s)] sign (s — 7) u(w;(s)) ds, t € la,b]. (4.24)
i=1 YT
Then the componentwise estimate
—(Au) (t) < (Bu) (1) < (Au) (1), t €la,bl, (4.25)
is true for an arbitrary continuous function u : [a,b] — R”" possessing the properties
u(t) = 0; ut) >0, tela,b]. (4.26)
Recall that the operator B : C.([a, b],R") — C:([a,b],R") is determined by the
matrix-valued functions R; : [a,b] — GL,(R), i =1,2,..., N, according to formula

4.1).

Proor orF LEmMa 4.4. Indeed, let u satisfy (4.26). Then, according to (4.1), we
have

N t N t
-, f IRi()] w(wi(s))ds < (Bu) (1) < ) f IRi(5)] u(wi(s))ds
=1 Y7 i=1 Y7

if t > 7, and, similarly,

N " N ¢
> f IR(s)| u(wi(s))ds < (Bu) (1) < = ) f IRi(s)| u(wi(s))ds
=17 i=1 Y7

if ¢ < 7. This, in view of (4.24), leads us to (4.25). ]
The following statement is, in fact, Theorem 5.3 from [5].

Theorem 4.3. Let K be a normal and reproducing cone in a real Banach space X
and A and B be linear operators in X such that
{Au + Bu, Au— Bu} C K for an arbitrary u € K. 4.27

Then the relation
r(B) < r(A) (4.28)
is true for the spectral radii of A and B.
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Remark 4.2. Theorem 5.3 from [5] contains the assumption that the mapping A
should leave the cone K invariant, i. €.,

A(K) CK. (4.29)

It easy to see that inclusion (4.29) follows immediately from condition (4.27) and,
thus, can be omitted in the formulation.

Now we are in position to prove Theorem 4.2.

Proor orF THEOREM 4.2. Let us set
X :=C.([a,b],R" (4.30)

and

K :={u= (up)_, € Cx([a,b],R") | uy(t) > 0forallk =1,2,...,n
and 7 € [a,b]). (4.31)

Obviously, set (4.30) (see notation (4), Section 2) is a Banach space with respect to
the uniform norm (2.1). It is also easy to verify that set (4.31) is a cone in X and,
moreover, this cone is normal and reproducing (see, e. g., [5], §§ 3.2 and 3.3, for the
terminology).

It follows from Lemma 4.4 that relation (4.25) holds for the operators A and B
given by formulae (4.1) and (4.24), respectively. Taking (4.31) into account, we con-
clude that the operators mentioned have property (4.27), and therefore Theorem 4.3
ensures the validity of estimate (4.28).

Relations (4.21) and (4.22), as is easy to see, can be rewritten as

N ¢
> f IRy(s)] sign (s = D) glwy(s) —Tl"ds < ylt—7"g, t€]a,bl, (4.32)
v=l YT

and
N N wy(1)
DRI, [ sl sign(s - g lurts) ~ 1l ds <
v=1 i=1 Y7
<yalt-1*'g, tela,b], (433)

respectively. Therefore, assumptions (4.21), (4.22), and (4.23) guarantee the ful-
filment of the corresponding relations (4.8), (4.10), and (4.11) with X equal to the
identity matrix and R;, i = 1,2, ..., N, replaced by the functions

la,b] > t — |R;(?)|sign(t — 1), i=1,2,...,N.

Applying Proposition 4.4 to the operator A : C([a, b], R") — C.([a, b], R") given by
the formula (4.24), we conclude that its spectral radius admits the estimate

rA) < 1. (4.34)
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In view of (4.28), inequality (4.34) implies that #(B) < 1. Now, similarly to Theo-
rem 4.1, it remains to apply Lemma 4.1. m|

5. PROOFS OF THE RESULTS OF SECTION 3

Letusput N := n? and, for anyv=12,...,N,

-1
k\,::r

+1 (5.1)

n

and

jv:=v—n{v_1J, (5.2)
n

where the symbol |- | stands for the integer part of a number. Furthermore, define the
functions wy : [a,b] — [a,b] and R, : [a,b] = GL,(R),v =1,2,...,n?%, by setting

wy(1) = Wi, j, (D) (5.3)

and
Ry(1) := rg,j, (DI, 5.4
where v = 1,2,...,n%, 1 € [a,b], and II, is the n-dimensional matrix the only

non-zero element of which is equal to 1 and located at row &, and column j,, v =
1,2,...,n%; in other words,

014015, O1k02j --- O1kOnj
521011 0202 i orr OrgOni

HV - Z,kv 1:]\' 2,kv 2s]v 2,]{\, n,]v , (55)
Oni,O1,j, Onk02j, - OnkOnj,

where 6y j, k, j = 1,2,...,n, is the Kronecker symbol.

5.1. Lemmata. Let us establish several auxiliary statements.
Lemma 5.1. For any v from 1 to n?, the equality
ky—Dn+j,=v (5.6)
is true. Furthermore,
ey |v=1,2,...,0%}={1,2,...,n} 6.7

and

Uvlv=1,2,...,n%)={1,2,...,n). (5.8)



INITIAL VALUE PROBLEM FOR LINEAR EQUATIONS WITH ARGUMENT DEVIATIONS 117

Proor. Equality (5.6) is obvious from formulae (5.1) and (5.2). To establish (5.7)
and (5.8), one should note that (5.1) can be rewritten as the system of equalities

ki=ky ==k, =1,
kn+l :kn+2 = :k2n :27

kons1 = kopyo = -+ = k3, = 3, (5.9)
kin-1yn+1 = kin-tyns2 = -+ = k2 = n,

and, similarly, relations (5.2) mean that

J1= Jnel = Jonel =00 = et = 1,
J2= Jns2 = Jums2 =0 = J-ne2 = 2,
J3 = Jnt3 = Jams3 =0 = Ja-n+3 = 3, (5.10)
Jn=Jm=Jan =" = jp2 =0
Relations (5.9) and (5.10) lead us to the required equalities (5.7) and (5.8). |
Lemma 5.2. A number v € {1,2,...,n% satisfies the condition ky, = k, where
ke{l,2,...,n}, if, and only if it satisfies the inequality
1<v—(k-=1)n<n, (5.11)
in which case
jv=v—(>(k=1Dn+1. (5.12)

Proor. Taking (5.9) and (5.10) into account, we conclude that condition (5.14) is
necessary and sufficient for the fulfilment of the equality k = k,. Equality (5.12) is
an immediate consequence of relation (5.6). |

For all k from 1 to n, put

e, :=co0l(0,0,...,0,1,0,...,0).
N— e
k-1
Lemma 5.3. Let {my; | k,j = 1,2,...,n} C R be arbitrary constants and v =

(v j);?:] be an arbitrary vector. Then the equality

I’l2 n
D mijeillvo = " mygo; (5.13)
v=1 j=1

is true for any k from 1 to n.

Recall that the n x n matrices I, v = 1,2, ..., n?, appearing in equality (5.13) are
defined by formula (5.5). The asterisk in (5.13) and similar formulae below marks
the transposed vector.
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Proor oF LEmma 5.3. In view of (5.5), for any v from 1 to n*, we have

ifk = ky,

n
.
* .]V
e HVU — 6k,k 6.’. = 6k,k vV; = .
& 2 ) Ok O g 710  in the contrary case.

Jj=1
By virtue of Lemma 5.2, an integer v satisfies the equality k, = k if, and only if it is
represented in the form
v=(k—1)n+p, (5.14)
where 1 < p < n. Therefore, for any v and k, we have

o€l = M p+1Vp+1 %fv satisfies (5.14)and 1 < p < n, 5.15)
0 in the contrary case.
The last relation yields the equality
n2 n
Z mi j, el = Z Mk.pUp>
v=1 p=1
which coincides with (5.13). m|

The following lemma establishes some relations for the functions Ry : [a,b] —
GL,(R),v=1,2,... ,n%, defined by formula (5.4).
2

Lemma 5.4. Letv = (vj);le € R" be an arbitrary vector and ¢y, v = 1,2, ...,n",
be arbitrary constants. Then the equalities
2

ek D BRAO = > Gty /(0] (5.16)
v=1 j=1
and
I’l2 n
e; D OMRVDID = > bty IOl ) (5.17)
v=1 j=1

are true for any k from 1 to n and almost every t € [a, b].
Proor. Application of Lemma 5.3 with

mj := 1) Pk—1)n+ js
where t € [a,b] and k, j = 1,2,...,n, yields
n2 n
Z Bkt Thyji (1) € T1y0 = Z Pk~ yn+ Tk () V. (5.18)

v=1 j=1

Taking equality (5.6) into account, one can rewrite (5.18) in the form
2

> b O T = 3 G e i (1) vy (5.19)

v=1 j=1
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It follows from (5.4) that ry, ;, ()11, = Ry(?) for any v and ¢, and, hence (5.19) means
that (5.16) is satisfied. Relation (5.17) is proved similarly. m|

Lemma 5.5. Let v = (v(v))
vectors. Then the equalities

V= 1,2,...,n% be arbitrary n-dimensional

ekZR (O™ = Z R (5.20)
j=1
and
n2
e IRl =Z D Do) (5.21)
v=1 j=1

are true for any k from 1 to n and almost every t € [a, b].

Proor. In view of the equality

n

o =3 e,

i=1
for almost every ¢ € [a,b] and all k = 1,2, ...,n, we have

n2 nz
e Z Ry(Hv™) = e Z R, () Z v(v)e,
v=1 v=1 i=
n n2
_ Z [e; Z uf.”)Rv(t)e,-J. (5.22)
i=1 v=1

In view of Lemma 5.4 applied with v := e; and ¢, := v(v) v =1,2,...,n% equality
(5.22) yields

ekZRv(t)U(v) _ [Z ((k=Dn+j) J(t)5z]]
(Z ((k 1)”“’])51 J) rk/(t)

k—1 j
— Z 5( )n+J)rkj(t)

j=1
for all k from 1 to n and almost every ¢ € [a, b], which proves (5.20). Relation (5.21)
is established by analogy. O

Lemma 5.6. The equality
W(k-1yn+j(1) = W () (5.23)
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is satisfied for almost every t € [a, b] and all k and j from 1 to n.

Proor. Let {k, j} Cc {1,2,...,n}be arbitrary. Then, obviously, k = k, and j = j, for
v:= (k- 1)n + j. Applying the equality (5.6) of Lemma 5.1 and using the definition
(5.3) of the functions wy, v=1,2,..., n?, we obtain that

W(ky—1yn+j, (1) = wy(1) = Wy, j, (1)
for almost every ¢ € [a, b]. This yields the required property (5.23). |

Lemma 5.7. Problem (1.2), (1.3) is equivalent to problem (4.12), (4.13), where
N = n? and wy : [a,b] — [a,b] and R, : [a,b] — GL,(R), v = 1,2,...,N, are
defined by formulae (5.3) and (5.4), respectively.

Proor. Letu = (uk)zz1 : [a,b] — R be an arbitrary continuous vector-function.
Applying formula (5.20) of Lemma 5.5 with v := u(w,(¢)), v = 1,2,...,n?, for any
k from 1 to n, we obtain

2 n

n
ep D RO u(@y(D) = ) (@1 j()ri0)
v=1 j=1
and therefore, by Lemma 5.6,

2 n

n

e; > RO u(wy(0) = Y 10 j(wii() (5.24)
v=1 Jj=1

for almost every ¢ from [a, b]. Comparing the right-hand side member of (5.24) with

that of (1.2) and taking the arbitrariness of # and k into account, we arrive at the

desired conclusion. O

Lemma 5.8. Assume that the functions ry; : [a,b] — R, k, j = 1,2,...,n, satisfy
relations (3.4) for almost every t € [a,b] and all k, j = 1,2,...,n. Then the corre-
sponding functions R, : [a,b] — GL,(R), v = 1,2,.. ., n? given by formula (5.4)
satisfy condition (4.3) with respect to matrix (4.2).

Proor. Indeed, according to Lemma 4.3, condition (4.3) is satisfied if, and only if
) .

the components N la,b] —» R, k,j = 1,2,...,n, of the matrices R, : [a,b] —
GL,(R),v=1,2,..., n?, satisfy inequalities (4.19) almost everywhere on [a, b]. By
virtue of (5.4), forany v=1,2,... ,n% and almost every t € [a, b], we have
(1) ifk=kyand j=j,,
rl({v.)(t) _ Tk, j (1) 1 vand j=Jy (5.25)
J 0 in the contrary case.
In view of (5.25), the fulfilment of all the inequalities (4.19) means that
Ok, 0j, Tk, ju (D) sign(t —7) 2 0 (5.26)

for all v = 1,2,...,n% and almost every t € [a,b]. However, it follows from
Lemma 5.1 that equalities (5.7) and (5.8) are true and, therefore, the fulfilment of
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conditions (3.4) for all k, j = 1,2,...,n and almost every ¢ € [a, b] ensures that re-
lation (5.26) is satisfied for allv = 1,2, ... ,n* and almost every t € [a,b]. We have
thus shown that functions (5.4) satisfy condition (4.3). O

5.2. Proof of Theorem 3.1. Let us show that, under the conditions assumed, the
required assertion for the Cauchy problem (1.2), (1.3) follows from Theorem 4.2
applied to the corresponding problem (4.12), (4.13).

Case 1: Condition (3.1a) holds. Assumption (3.1a) ensures that the functions wy :
[a,b] — [a,b] and R, : [a,b] — GL,(R),v = 1,2,... n2, given by formulae (5.3)
and (5.4) satisfy condition (4.23) of Theorem 4.2 with

g :=col(y1,¥2,...,%¥n) (5.27)
and
1 , 1 - N
Y= max vraimax P ]Z; ¥ lrij@lw ;) — 71*. (5.28)

Indeed, let us put v; = y;, j = 1,2,...,n. Applying equality (5.17) of Lemma 5.4
and taking formulae (5.3) and (5.12) into account, we obtain that

}’l2 n
e; D Lo IRDIg = D w1 /O (D] y; (5.29)
v=1 j=1
for almost every ¢ € [a, b] and all k£ from 1 to n. By virtue of Lemma 5.6, relation
(5.29) can be brought to the form

n2 n
e; D o IRDIg = > w0rj(®) (0] ;.
v=1 J=1
Therefore, property (4.23) in our case is equivalent to the fulfilment of the inequality

n
Z r Oy j lwk (D) = 1™ < yarylt — 77!
j=1
for almost every ¢ € [a, b] and all k from 1 to n. However, this condition is satisfied
in view of (3.1a) and (5.28).

Case 2: Condition (3.1b) holds. In this case, condition (4.21) of Theorem 4.2 is
satisfied. Indeed, let us define the vector g by formula (5.27), where y1, ¥2, ..., ¥»
are the positive constants appearing in (3.1b). Then condition (4.21) is equivalent to
the system of relations

N t
Z f e IR() g lwy(s) — 7" ds - sign(t = 7) <y |t = 71" ¥ (5.30)
v=l YT

valid forall k = 1,2,...,nand t € [a, b].
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Applying equality (5.17) of Lemma 5.4 withv; := y;, j = 1,2,...,n, and ¢, :=
lwy(s) —7|%,v=1,2,...,n% and using Lemma 5.6, we show that the equalities

N n
D eilon(s) =" Ru()lg = ) low-nne () = T"lrj(9) 7,
v=1 j=1
n
= > lwij(s) = Tlr(9l v,
j=1
are satisfied for any k = 1,2,...,n and almost every s € [a, b]. Therefore, relation
(5.30) in our case means that, for all k = 1,2,...,n and t € [a, b], the inequality
n !
Z 7jf rj($)l lwkj(s) = 7|"ds - sign (t = 7) < yyrlt — 7|* . (5.31)
J=1 T
is true. Setting now
51gn (t—1) f o
v := max sup Vi |7k i (8| lwi (s) — 7|%ds
k=120 efabir) Vel =TI Z / ! !

and taking assumption (3.1b) into account, we conclude that (5.31) is satisfied for all
t € [a,b] and k from 1 to n. As we have already seen above, this means that relation
(4.21) is true.

Case 3: Condition (3.1c) holds. Let us show that, in this case, condition (4.22) is
satisfied with the vector g defined by formula (5.27) and

1 _ O sign (wy() — 1)
v:=— max vrai max Z — |
@ k=12.n telabl\ir) £ gy |

r(1)l

t—1*!

n w(1)
X Z Yi f r1j(Hllwsj(s) — 7|ds.  (5.32)
j=1 T

Indeed, in the case indicated, condition (4.22) for functions (5.3) and (5.4) means
that, for all k = 1,2,...,n and almost every ¢ € [a, b],

N

N V(0
> sign (@y(®) = ) ¢ IRV(D)] f“ IRi(5)] glwi(s) = 7" ds
i=1 Y7

v=1

<yalt—t "y (5.33)

or, which is the same,

D e IR <yl =y, (5.34)

v=1
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where
2 o)
0 =Y, [ RO ls) ~ 11 ds sign .0 - 1)
i=1 Y7

forany v = 1,2, ..., n% Applying formula (5.21) of Lemma 5.5, we obtain

n

2
n
* k—1 j
e; D IRV @) = > o) (o)
v=1

J=1

n n Wk~ 1yn+j ()
= Yol Y [ RO lonts) - 1 ds sign @ik s 0 -
= -1 YT

whence, by Lemma 5.6, it follows that
n2
e; > IRy 0™(0)
v=1

n w1
=Ygl [ | YRl gkwits) - o | ds sign iy 1) (535)
j=1 T i=1

for almost every t from [a, b]. On the other hand, by virtue of formula (5.27) and
Lemmata 5.4 and 5.6, the equality

n

nZ
& D R glwi(s) = 71" = 3 Yl lw-tymai(s) = 7I°
i=1

=1

= > vl lwpls) - 7 (5.36)

=1

is true for almost every s € [a,b] and all j = 1,2,...,n. Using (5.36) and (5.35), we
obtain that

2

¢ D IRO10Y (1)

v=1

n n wi (1)
= > I (Z v f Irju(s)llwu(s) = Ti*ds | sign (wij(t) = 7)  (5.37)
Jj=1 I=1 T
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forall k = 1,2,...,n and almost every ¢ € [a, b]. Substituting (5.37) into (5.34), we
bring the latter relation to the form

n n wy j(f) )
Dbl Y [ ol (o) - ettds |sign iy - )
= = YT
<yalt—1y. (5.38)

Taking (5.32) into account, we conclude that (5.38) is satisfied forall k = 1,2,...,n
and almost every ¢ € [a, b] in view of condition (3.1c).

We have thus shown that, under the conditions assumed, Theorem 4.2 can be
applied to problem (4.12), (4.13) with N = »n? and the functions wy, and R,, v =
1,2,...,n%, given by formulae (5.3) and (5.4). Using the theorem mentioned and
taking Lemma 5.7 into account, we arrive at the desired assertion on the unique solv-
ability of the original Cauchy problem (1.2), (1.3).

5.3. Proof of Theorem 3.2. We shall show that the assertion of Theorem 3.2 for
the Cauchy problem (1.2), (1.3) can be obtained from Theorem 4.1 applied to the
corresponding problem (4.12), (4.13).

Indeed, by virtue of assumption (3.4) and Lemma 5.8, the functions wy : [a, b] —
[a,b] and R, : [a,b] —» GL,(R),v = 1,2,...,n%, defined by formulae (5.3) and (5.4),
satisfy condition (4.3) with X given by (4.2). Therefore, it is sufficient to show that,
under our assumptions on r; and wyj, k, j = 1,2,...,n, some of conditions (4.8),
(4.10), and (4.11) are satisfied.

Let us put

g = COI (0'171, 0—2y2’ L] U'nyn), (539)

where y1, y2, ..., ¥, are the positive constants appearing in conditions (3.5a), (3.5b),
and (3.5c). Obviously, vector (5.39) possesses property (4.7).
Consider the following three cases.

Case 1: Condition (3.5a) holds. Let us prove that, under assumption (3.5a), the
functions wy and Ry, v = 1,2,...,n%, in the corresponding system (4.13) satisfy
condition (4.11) of Theorem 4.1.

Indeed, applying formula (5.16) of Lemma 5.4, we show that condition (4.11) is
equivalent to the fulfilment of the relation

n
o Z a7y 1) -1+ (1) = 7|" sign (t = 7) < opyorya |t — 7|*
J=1
= yya |t — 7|¢ (5.40)
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for all k = 1,2,...,n and almost every ¢t € [a,b]. By Lemma 5.6, relation (5.40)
means that

n
Tk Y 0710 i (0) = 7" sign (¢ - 7) < yeyarle - T (5.41)
j=1
forallk = 1,2,...,nand almost every ¢ € [a, b]. However, the existence of a constant
v € [0, 1) such that (5.41) holds for all k = 1,2, ...,n and almost every ¢ € [a,b] is a
consequence of assumption (3.5a) because one can put
ok sign(t—1)

y:= max vrai max

n
Dm0 (o) = .
k=1.2...n telabl\T) ayy |t — 7] “ JETH /

Case 2: Condition (3.5b) holds. Let us show that functions (5.3) and (5.4) in this
case satisfy condition (4.8).

It follows from Lemma 5.4 that condition (4.8) with g given by formula (5.39)
means that

n t
Ok Z f 7Y jlwg=1yn+j(8) = 71 j(8) ds < y |t = 71" i,
=1
or, equivalently (see Lemma 5.6)
n f
o Y0, [ lans(o) = wtrg(o)ds < vyl ot (5.4
=1 d

for all 7 € [a, b] and k from 1 to n. A constant y € [0, 1) such that (5.42) holds for all
k and ¢ exists due to assumption (3.5b).

Case 3: Condition (3.5¢) holds. Assumption (3.5¢) ensures that the functions wy,
and Ry, v = 1,2,...,n%, in the corresponding system (4.13) satisfy condition (4.10)
of Theorem 4.1.

Indeed, let us define the vector g by formula (5.39). Condition (4.10) for func-
tions (5.3) and (5.4) in our case means that, for all k = 1,2,...,n and almost every
t € la,b],

wy (1)

N N
o sign(t — 1) Z exRy(1) Z f Ri(s) glwi(s) — 7|%ds
v=1 i=1 YT

<ymalt—1*" (5.43)

or, which is the same,

n2

o sign(t — 1) Z eZRV(t)w(V)(t) <yyalt—1*", (5.44)

v=1
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where
7 (D)
wV(t) = Z f Ri(s) glwi(s) — 7|* ds
i=1 YT

forany v = 1,2,...,n%. Formula (5.20) of Lemma 5.5 implies that, for almost every
t€la,blandallk=1,2,...,n,

2 n

n

. k—Dn+j

e > Ruuw @) = > w000
v=1

j=1
n n’ (k-Dn+ (1)
= Z ricj(1) € Z fm Ri(s) glwi(s) — 71" ds |,
Jj=1 i=1 VYT

whence, by Lemma 5.6,

n? n (1) n2
e Z_; Ry ™)) = > rij(0) fT [6}" Z:‘ Ri(s) glwi(s) - r|“] ds.  (5.45)

j=1
However, it follows from Lemmata 5.4 and 5.6 and formula (5.39) that the equality

n2 n
&5 D R glwi(s) =11 = > o1y i(s) lwogtai(s) - 7I°
i=1 =1

n
= Z aryirj(s) lwj(s) — 7|*
=1

is true for almost every s € [a,b] and all j = 1,2,..., n, and, therefore, equality (5.45)
yields

J=1

n? n wi (1) [
e Z] Ru(®w(1) = Z rkj(1) ) [; oy rji(s) lwj(s) = TI“] ds.  (5.46)

In view of (5.46), relation (5.44) can be rewritten as

n wij (1) [
aesign(t = 1) ) 1ij(0) f {Z a1y i(s) lwji(s) = r|“] ds
j=1 T =1

<yl -1, (5.47)

It remains to note that the existence of a constant y € [0, 1) such that (5.47) is true
for almost every ¢ € [a,b] and all k = 1,2, ..., n is guaranteed by condition (3.5c).

Thus, in each of the three cases considered above, the conditions of imposed on
problem (1.2), (1.3) in Theorem 3.2 guarantee that the corresponding problem (4.12),
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13) satisfies all the assumptions of Theorem 4.1. It therefore remains to use Theo-

rem 4.1 and Lemma 5.7.

(1]

(2]
(3]
(4]
(3]

(6]
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