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Abstract. We consider certain linear operators associated with gamma function in polynomial
weighted spaces of functions of one variable and study approximation properties of these oper-
ators, including theorems on the degree of approximation.
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1. INTRODUCTION

In [1 1] Lupas and Miiller introduced the sequence of linear positive operators {G;, }
defined by

Gu(fi) = [ entenf (%)

. . n+l _
which is called gamma operator, where g, (x,u) = * e **u", x € Ry := (0,00).

Approximation problems for G, in some function spaces were examined in many
papers, for example in [1, 11,13, 15].

The above operators were modified by several authors (e.g. [3, 4, 12]) which
showed that new operators have similar approximation properties to G, (see [2, 5,
=10, 14]).

The approximation of functions by gamma type operators

Ln(f:x) =

2 3)! n+3 [e%e} t
(@2n +3)lx / fydt. xeRy
0

nl(n+2)! (x +1)2nt4

in polynomial weighted spaces C, were studied by Karsli [6]. The space Cp, p €
No := N U {0}, is associated with the weight function

wo(x) =1 and wpy(x) =

14x?’ pen.
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and consists of all real-valued functions f for which fw) is uniformly continuous
and bounded on Rg = [0, 00). The norm on C, is defined by

1/ 1lp = sup wp(x)| f(x)]. (1.1

x€Ro
Moreover, if f is right-side continuous at x = 0, we define L, (f;0) = f(0),n € N.
We shall use the modulus of continuity of f € Cp,

wP(f?S): sup ||Ahf||p7 5207
hel0,6]

and the modulus of smoothness of f € C,,
wy(f.8)= sup ||A; fllp. 820,
hel0,5]

where

Apf(x) = fx+h) = f(x), AL f(x)= fx+2h)=2f(x+h)+ f(x)

for x,h € Ry.
In [6], it was showed that L, defines a positive linear operator C, — C,. For
f €Cp, p e Ngand x € (0,00), it was proved that

wp(X) [Ln(f %)~ F(2)] < Mp? (f, J%) o, (f, %) a2

where M), is a positive constant.
From (1.2) we conclude thatif f € C,, p € N, then

ILa(f5) = fllp = O (n™"/2).

Thus the question arises, whether the rate of approximation given in the paper [6]
cannot be improved. In connection with this question we propose a new family of
linear operators. The method was inspired by Kirov [7].

Let D, p € N, be the set of all real-valued continuous functions f on R, such
that

wp(x)xkf(k)(x), wp_k(x)f(k)(x), k=0,1,2,...,p

are continuous and bounded on Ry, and £ ?) is uniformly continuous on R. The
norm on D), is given by (1.1).
We introduce the following class of operators in D), p € N.

Definition 1. Fix p € N. For functions f € D, we define the operators

Qn+3)x"t3m L2 f(j)(z)(x—t)fd
n!(nJr2)!(x+t)2”+4j=0 J!

An(f:pix) =/O t, (1.3)

xeRy,neN.
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Throughout this paper we shall denote by M, g positive constants depending only
on indicated parameters o, 8, and point out that they are not the same at each occur-
rence.

2. AUXILIARY RESULTS

In this section we give some preliminary results which will be used in the rest part
of this paper.
In the sequel the following functions will be meaningful:

em(t):tm? ¢x,m(l):(t_x)m’ meNOv vaE[RO'
Using the definition (1.3) and the equality

(k) n! -
R ST

we can prove the following lemma.
Lemma 1. Fix p € No. Then we have
An(eo:pix) =1, (2.1)
Ap(em; p;x) =em(x) for p<m.
In [4] the author obtained the following result.

Lemma 2 ([4]). For any m € Ng, m < n + 2, we have
n+m)n+2-m)!
n!(n+2)!

and there exists a positive constant My, m € Ny, such that

Ln(em§x) =

(2.2)

m

Ly (¢x,m;x) <M a

m D] 23)

where [a] denotes the integral part of a.

Lemma 3. Fix p € No. Then there exists a positive constant M, such that
|La (1/wpix)|, < Mp, neN. (2.4)
Proof. For p = 0 the inequality (2.4) is obvious.
Let p € N. Using (2.2) we obtain
1 1 .(n+p)!(n+2—p)!
1+x?  14x? n!(n+2)!

which gives the assertion. O

wp (X)|Ln(1/wp:x)| = xP < Mp,

Similarly we can prove
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Lemma 4. Fix p € No. Then there exists a positive constant My such that

sup wp(X)x¥ Ly (1/wp—gix) <My, neNk=0,12,....p. (2.5)
X€|R+

Next we shall prove the following result.
Lemma S. Fix p € N. Then there exists a positive constant My, ;, such that

[An(f5 i) lp < My,p (2.6)
forall f € Dy andn € N.
Formulas (1.3) and (2.6) show that A,(f;p) is well-defined on the space Dy,
peN.

Proof. Let f € Dy, p € N. From this, using the elementary inequality
(a+b)k <2*"V@* +b%), a,b>0,k e N,
we obtain

k

=t [ f O] <257 O (k%) < My ( T )

wp0) " Wy 0)

x,t Ry, k=0,1,2,..., p. By linearity of A, we have
wp(X)[An (S pix)|

©  (2n +3)!xn+3tn 1 p xJ
< Ms wy(x + dt
A )/0 nl(n+2)!(x +1)27+4 | wy(r) jgo wp—; (1)
p .
= My pwp(x)  Ln (1/wp:x) + fo Ln (1/wp—j:x)
j=0
Thus, using (2.4) and (2.5) we conclude that
wp ()| An(fp3x)| < My, p,

which gives the result. ([l

3. MAIN RESULTS

In this section we give theorems on the degree of approximation of the function
f € Dp, p € N, by the operators A, (f; p).

Theorem 1. Fix p € No. Then there exists a positive constant M, such that, for
every f € D3pi1, we have
M,
nbts

lAn(f:2p + 1) = fllapyr < 1 f@PTD), neN.
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Proof. Let f € Dapt1, p € No. This implies that fP+D e (.
Observe that we can write

fw= 5 LL0E
Jj=0 7!
1
+% / (=P {FCPHD (1 4 5(x =) = £ CPHD (1)} ds.
. 0

Using (2.1) and (1.3), we obtain

w2p+1(X)[An(f:2p 4+ 1:x) = f(x)]

Qn+3)1xn 3 |PRA]

FO@)(x—1)
n!(n+2)!(x +r)2nt4 ,

)

o0
< w2p+l(x)/
0

=0

- ( )/00 (2n+3)!xn+3tn |x_t|2p+1
w X :
= Ry mlm )+ 02t (2p)!

x/l(l =2 {| F@PHD (1 sx—0))| + | £ @7 D@ L ds ar.
0

By our assumption we have
W2p+1(X)[An(f:2p + 1ix) — f(x)]
o0 2n + 3)Ix" T3 x—t|?pT1
< Mpw2p+1(x)||f(2p+1)||0/ ( ) T | |
o nl(m+2)N(x+1)*" Q2p+1)!

< Mpwap1(X)| f PPV ||o Ly (I¢x,2p+11:x). 3.1)

Moreover, by the Cauchy-Schwarz inequality and using (2.3), we get

W2p41(X) L (|¢x,2p+11:X) < waps1(x) (Ln (¢x,4p+2;x))1/2

1/2

x4p+2 1
= (Mp (1+ x2p+1)2 'n[(4p+3)/2])

Mp
T oppts

(3.2)

Combining (3.2) with (3.1) we immediately conclude

M
P f@rty,
2

nPtz2

[An(f32p+ 1) — fllapsr <

forn € N and p € Ng. The theorem is proved. O
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Theorem 2. Fix p € No. Then there exists a positive constant M, such that, for
every f € D3pio, we have

Mp
np+

1An(f:2p +2:) = fllapin < — 2 f@PHP)lo, neN.

Proof. Let f € Dapi2, p € No. Then f@r+2) ¢ . Similarly as in the proof of
Theorem 1, we can write

W2p+2(X)[An(f:2p +2;x) = f(x)]

- ( )/"o (2n +3)Ix"t3¢m (x —1)?P*2
w X .
= 22 | i+ 2) N (x + )2t 2p+ 1))

1
x / (1= F | Cr2 (g s(e— )|+ | 1272 ) ds ar.
0
From this, by our assumption and using (2.3), we obtain

W2p+2(X)An(f32p +2;x) — f(x)]
(2n +3)Ix"T3n

o0
Y 2p+2) /
= Pw2p+2(x)”f ”0 0 n'(n+2)'(x+f)2n+4

= Mpwap42(x)|| £ P22 |0 Ly (x.2p12: %)
x2p+2 1 M
. < p
14 x2p+2 ,l@p+3)/2] — pp+1
for x € Ry, n € N and p € Ny. This completes the proof of Theorem 2. O

(x—1)2PT2q;

< Mpl| £ P2, Faasdl

Corollary 1. For every fixed f € Dp, p € N we have
14n ()= fllp = O (n772).

Remark 1. Corollary 1 shows that the operators A,, n € N, give a better order of
approximation of functions f € D), p € N, than L,.
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