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Abstract. In this paper we consider a problem for the first order Dirac differential equations
system with spectral parameter dependent on boundary condition. The asymptotic behaviors
of eigenvalues, eigenfunctions and normalizing numbers of this system are investigated. The
expansion formula with respect to eigenfunctions is obtained and Parseval equality is given.
The main theorem on necessary and sufficient conditions for the solvability of inverse problem is
proved and the algorithm of reconstruction of potential from spectral data (the sets of eigenvalues
and normalizing numbers) is given.
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1. INTRODUCTION

We consider the boundary value problem generated by one dimensional Dirac dif-
ferential equations system
By +2(x)y=Ly, O0<x<m (1.1)
with boundary condition

V() = 31(0) =0, 12
V(y):i=@A+h1)y1(w)+hays(w) =0, '
where

(0 1 o p) gW) ()
B‘(—lO)"””‘(qu)—mm)’y—(yﬂm)’

p (x), g (x) are real valued functions in L,(0,7), A is a spectral parameter, 1 and
h, are real numbers, /5 > 0.

In the finite interval, the inverse problems for Dirac differential equations system
by different spectral characteristics (e.g., one spectrum and norming constants or two
spectra or spectral function) are solved in [2, 6, 10, 11, 18,20,21]. When spectral
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parameter contained in boundary condition, reconstruction of potential from spectral
function is carried out in [ 18] and the uniqueness of the inverse problem for Dirac
operator according to Weyl function is worked in [3]. Inverse spectral problem for
Dirac operator with potentials belong entrywise to L,(0,1); for some p € [1,00),
was studied in [2] and in this work, not only Gelfand-Levitan-Marchenko method
but also Krein method [12] was used. Using Weyl-Titschmarsh function, direct and
inverse problems for Dirac type-system were investigated in [8, 22]. For weighted
Dirac systems, inverse spectral problems was examined in [25].

On a positive half line, inverse scattering problem for a system of Dirac equations
of order 2n is completely solved in [9] and when boundary condition involving spec-
tral parameter, for Dirac operator, inverse scattering problem worked in [4, 17]. The
applications of Dirac differential equations system has been widespread in various
areas of physics, such as [5,23, 24] ever since Dirac equation was discovered to be
associated with nonlinear wave equation in [1].

This paper is organized as follows: In Section 2, the asymptotic formulas of ei-
genvalues, eigenfunctions and normalizing numbers of the boundary value problem
(1.1), (1.2) are investigated. By the eigenfunctions, completeness theorem is proved
and expansion formula is obtained. Parseval equality is given. In Section 3, the main
equation namely Gelfand-Levitan-Marchenko type equation is derived. In Section
4, we show that the boundary value problem (1.1),(1.2) can be uniquely determined
from its eigenvalues and normalizing numbers. Finally, in Section 5, the solution
of the inverse problem is obtained. Let’s express this more clearly. We can state
the inverse problem for a system of Dirac equations in the following way: let A,
and oy, (n € Z) are respectively eigenvalues and normalizing numbers of boundary
value problem (1.1), (1.2) and the quantities {A,,®,}, (n € Z) are called spectral
data. Knowing the spectral data {A,,0,}, (n € Z) to indicate a method of determ-
ining the potential £2(x) and to find necessary and sufficient conditions for A, and
on, (n € Z) to be the spectral data of a problem (1.1),(1.2), for this, we derive dif-
ferential equation, Parseval equality and boundary conditions. The main theorem
on the necessary and sufficient conditions for the solvability of inverse problem is
proved and then algorithm of the construction of the function £2(x) by spectral data
is given. Note that throughout this paper, we use the following notation: ¢ denotes
the transposed matrix of ¢.

2. PRELIMINARIES

The inner product in Hilbert space H = L(0,7;C?) @ C is defined by

(Y.Z) = /0 D1 ()71 () + 72 ()2 ()] dx + % aZs,
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where
y1(x) Z1(x)
Y=| »x) |€H, Z=| z2(x) | €H.
Y3 23

Let us define

_ I(y)
L(Y):= ( —h1y1(w) = haya () )

with
D(L) = { Y1Y = (1(x),y2(x),53)" € H, y1(x), y2(x) € AC[0,7],
y3=y1(m). y1(0) =0, [(y) € L2(0,7:C?),
where
1y = [ Y2t Py +a(x)y2
() = / :
=y +a(x)y1—=p(x)y2
The boundary value problem (1.1), (1.2) is equivalent to the equation LY = AY.
Let ¢(x,A) and ¥ (x, A) be solutions of the system (1.1) satisfying the initial con-

ditions
9(0,1) = ( _01 ) Y (m.A) = ( _Ah_zhl ) 2.1)

The solution ¢(x, A) has the following representation (see [3])

X
p(x,2) = go(x, A) + / K(x,0)g0(t, A, 2.2)
0
where @o(x,1) = —S(l:Icl)i))ch ,Kij(x,.) e L,(0,m), i, j =1,2for fixed x € [0, 7]

and K(x,t) is the solution of the problem
BK.(x,t) + K;(x,t) B = —2(x)K(x,1),
2(x) = K(x,x)B—BK(x,x), (2.3)
K11(x,0) = K21(x,0) = 0.
Formula (2.3) gives the relation between the kernel K(x,¢) and the coefficient of
£2(x) of equation (1.1).
The characteristic function A(A) of the problem L is
A(A) =W [‘P(X’A)a w(ka)] = QDZ(X’A)WI (ka) — 91 (X,A)WZ(X,/\), (24)

where W [p(x,1),¥(x,A)] is the Wronskian of the solutions ¢(x,1) and v (x,7)
and independent of x € [0, ]. The zeros of A(A) coincide with the eigenvalues A,
of problem L. The functions ¢(x,A) and ¥ (x, A) are eigenfunctions and there exists
a sequence f3, such that

V(x,An) = Bu@(x,An), PBn #0. (2.5)
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Normalizing numbers are

b3
1
o :=/ (|<m(x,xn)|2+ |¢2(x,xn)|2) dx + — o1 (. An)|*.
0 ha
The following relation holds (see [16]):
A(An) = Bnotn, 2.6)
where A1) = j—AA(/\).
Theorem 1. i) The eigenvalues Ay, (n € Z) of boundary value problem (1.1), (1.2)
are
An =AY+ en, {en}€la, (2.7)

where kg = n are zeros of function AsinAx. For large n, the eigenvalues are simple.
ii) The eigenfunctions of the boundary value problem can be represented in the

form
sinnx ,Sl)(x)
o(x,Ap) = ( s )—|- ( @5 | (2.8)

2

where Y023 |08V ()| +
iii) Normalizing numbers of the problem (1.1), (1.2) are as follows

Op =7+ 1Ty, {tw}€b. (2.9)

2
§,(,2) (X)‘ } < C, here C is a positive number.

Proof. The proof of this theorem is given in [15]. g

We note that using (2.2), as |A| — oo uniformly in x € [0, 7] the following asymp-
totic formulas are obtain:

1
p1(x,A) =sinAx+ O (meumMX) ’

1
@2(x,A) = —cosAx+ O (mellmklx) . (2.10)

Substituting the asymptotic formulas (2.10) into
AA) = A +h)ei(m,A) +haga(m,A),
we get as |A| = o0
AQ) = AsinAz 4+ O (e“m“”) . 2.11)

Proposition 1. The specification of the eigenvalues A,, (n € Z) uniquely determ-
ines the characteristic function A(L) by the formula

00 2 12
AN =-7(F- ] % (2.12)

n=1
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Proof. Since the function A(A) is entire function of order 1, from Hadamard’s
theorem (see [13]) using (2.11) we obtain (2.12). ]

Theorem 2. a) The system of eigenfunctions {p(x,A,)}, (n € Z) of boundary
value problem (1.1), (1.2) is complete in space L, (0,1;C?).
b) Let f(x), x € [0, 7] be an absolutely continuous function. Then the expansion
formula
o0

f) = D" anp(x.An). (2.13)

n=—oo

n =~ () 9 Am)
On

is valid and the series converges uniformly with respect to x € [0,7]. For f(x) €
L2(0,N;C2) series (2.13) converges in L2(O,n;C2), moreover, Parseval equality
holds

oo

AP =Y anlanl®. (2.14)
n=—o00
Proof. The proof of this theorem is obtained in [15]. O

3. MAIN EQUATION

Theorem 3. For each fixed x € (0, 7] the kernel K(x,t) satisfies the following
equation:

X
F(x,t)+ K(x,t) +/ K(x,§)F(&,t)déE=0, 0<t<x, (3.1
0
where
= T1 1
Fx.)= Y [—wo(x,)tn)i?o(t,)tn) - ;<P0(X,/\2)950(f,)&2)} : (3.2)
n=—oo L1
Proof. Using the transformation operators (see [14]), according to (2.2) we have
X
@o(x,A) = @(x,A) +/ H(x,t)p(t, A)dt. (3.3)
0
It follows from (2.2) and (3.3) that
Voo
> (Aot An)
n=—N "
N X N
1 . 1 -
= 3wl Adotan + [ K@E Y oo Al A
n=—N Un 0 n=—N On
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and
ol
D 9 Aot An)
n=—N "
N 1 N 1 ¢ .
= Y e Aa A+ Y e [ 9620
n=—N " n=—N "

Using the last two equalities, we obtain

N

1 1
3 [a—m,xnwz,xn)—;wo(x,x,%)@o(z,kz)]
n=—N n

N

- ZN [éfﬂo(x,ln)%(hln)—%wo(x»kg)fﬁo(t»kg)]
x N o 1
+ [0 K(x,S)n_Z_N [Wo(s,xn)@o(r,m—;goo(s,x,?)@o(z,xz)]ds
+ Ko 5 LA
0 T

n=—N

N 1 t ~ ~
_n;NW(x,xn) [O B(EAn) A (1,6)dE

or
O (x,t) = IN1(x,t) + IN2(x, 1) + IN3(x, 1) + INa(x,1), (3.4
where
Mo 1
OnGn)i= Y | ope e )= T MDA |
n=—N-""
I 1
Ini(x.0) = > [O{—(Po()f,ln)%(l,kn)—;wo(x,)tg)%(l,lg)],
n=—N-""

. N
o= [ Kwo ¥ [aiwo(s,xn)qao(r,xn)—%wo@,xz)@o(r,xz)]ds,
n=—N n

. N
i i= [ Ko 3 (A0S
n=—N
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N

t
Inatenyi= 3 gt [ 66 A A0S

n=—N

Let f(x) be an absolutely continuous function. Then using expansion formula (2.13),

Jim [0 O (e.n) ft)di = Jim [O n:Z_jNago(x,xn)@(z,xn)f(t)dz

N—o0

x N
. 1 3
— lim E: ;goo(x,)\g)gao(t,kg) f(t)dt =0, (3.5)
0 n=—N

Jim /O Iny1Geat) £(1)d1

) = N 1 - 1 0\ ~ 0
~ im /0 nzZ_N[Wo(x,xnwo(z,xn)—;cpou,xn)wo(r,xn)}f(z)dr

N—o0

= /n F(x,t) f(t)dt, (3.6)
0

T T X N
Jim [ e = gim 7 [Tkws) 3 [ o dainte

1 T X
——wo(s,A2)¢o<z,A2>]f(t)dsdz: / (/ K(x,s>F(s,r)ds)f<z)dr, 3.7)
T 0 0

lim /0 " Ina ) f0)d

N

N
e Lo
~ [ /0 K(x,é)n:Z_Nn@o(f,kn)%(t,)&n)f(t)dédt

N—>o0
- fo K(x.6) f(E)E. (3.8)
Jim /0 " Ina(ead) f(0)d1

. b4 N 1 r ~
= lim | (nz ago(x,/\n)/(; (p(é,/\n)H(t,E)dS) f(t)dt

N—
(oS —
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= / ﬂI:I(t,x) f(t)dt. (3.9)

We put K(x,t) = H(x,t) =0 for x < ¢. Using (3.4), (3.5), (3.6), (3.7), (3.8) and
(3.9) we obtain

/ F(x,t)f(t)dt—l—/ (/ K(x,é)F(é,t)d“;‘)f(t)dt
0 0 0

+ [O K(x.8) f(E)dE - / H(t.x) f(t)dt = 0.

Since f(x) can be chosen arbitrarily,

X
F(x,t)+ K(x,t) ~|—/ K(x,§)F(E,ndéE—H(t,x)=0.
0
When ¢ < x, this equality implies (3.1). O

4. THEOREM FOR THE SOLUTION OF THE INVERSE PROBLEM

Lemma 1. For each fixed x € (0, ] the main equation (3.1) has a unique solution
K(x,t) € Ly(0,x).

Proof. 1t suffices to prove that homogeneous equation
X
g +/ g(s)F(s,t)ds =0
0

has only trivial solution g(¢) = 0. Let g(¢) = (g1(¢), g2(¢)) € L2(0, x) be a solution
of the above equation and g(¢) = 0 for ¢ € (x, ). Then

(g(0). g(0) + ( /0 ¢(5) F(s.0)ds. g(z)) -

Using the expression (3.2), we get

/0 (g3(t) + g3 (1)) dt

1

+ _/x [/x(gl(s)sinkns—gz(s)cos)\ns)ds} g1(t)sinAntdt
0

n

/ [/x (g1(s)sinA,s —ga(s)cosAys) ds:| ga2(t)cosAntdt
0

1
50 X1

[ |:[ (g1(s)sinAYs — g2 (s) cos A s)ds] g1(t)sinArdt
0

N |-

T e

+

1
—[ U gl(s)sinkgs—gz(s)coskgs)ds:|gz(t)coskgtdt
T Jo
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2
/0 (gl(l)—i-gz(t) dt+ Z (/ [g1(t)sinA,t — ga(t)cosAy, t]dt)

n——oo

2
- Z (/ [g1(t)sinA5t — g2 (r)cos Apt ]dt) =0.

n——oo

Thus, it follows from the last relation that

X 2
[ @o+gwyar+ 5 (/0 g(t)goo(r,xn)dz)

n——oo
o0 1 x 2
- Z _(/ g(f)<ﬂ0(l,12)dt) =0.
= 4 0
n=—o00
Using Parseval equality,
2 1 X 2
lgl2= Y —( / g(t)gao(t,)ug)dt)
n=—oo ¥ \JO
we have
o0 1 x 2
Z —(/ g(t)wo(t,kn)dt) =0.
n=—oo %1 0

Since a; > 0 and from statement a) in Theorem 2, the system {@o(t,A,)}, (n € Z) is
complete in L, (0, ;C?), we obtain g(t) = 0. O

Theorem 4. Let L(82(x),hy,hs) and i(Q(x),ﬁl,ﬁz) be two boundary value
problems and
An =5Ln, ap =0y, NeZ).
Then
Q(x)=2(x)a.e.on (0,7), hy=h1, hy=h,.

Proof. Accordmg to (3.2), F(x,t) = F (x,t). Then, from the main equation (3.1),
we have K(x,t) = K(x t). It follows from (2.3) that £2(x) = .Q(x) a.e. on (0,7).
Taking into account (2.2), we find ¢(x,1,) = ¢(x,A5). In consideration of (2.11),
we get Ap) = ﬁ(kn) and from (2.6), B, = ,3” Thus, using (2.1) and (2.5), we
obtain /11 :ﬁl, hzzﬁz. O

5. SOLUTION OF THE INVERSE PROBLEM

Let the real numbers {1,y }, (n € Z) of the form (2.7) and (2.9) be given. Using
these numbers, we construct the function F'(x,?) by the formulas (3.2) and determine
K(x,t) from the main equation (3.1).
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Now, let us construct the functions ¢(x,A) by the formula (2.2), §2(x) by the
formula (2.3), A(A) by the formula (2.12) and B, by the formula (2.6) respectively,
ie.,

P
@(x,A) ;= @o(x,A) —1—/ K(x,t)p(t,A)dt,
0

2(x):= K(x,x)B— BK(x,x),

T (A2-22)
A = —n(xg—xz)n]:[ln—z,
Ay
==

Bn: £ 0.

The function F(x,¢) can be rewritten as follows:

F(x,t)= !

E[a(x—t)—i—a(x—l—t)T],
where
(x) = i L CosSAyXx —sinA,x _l cosnx —sinnx
e _n__oo op \ SinApx  cosApx 7 \ sinnx  cosnx
-1 0 . . .
and T = o 1) It is shown analogously in ([7], Lemma 1.5.4) that the function

a(x) e W21 [0,27].
5.1. Derivation of the differential equation
Theorem 5. The following relations hold:
B’ (x, 1) + 2(x)p(x,A) = Ao(x, 1), (5.1)
91(0,1) =0, ¢2(0,4) =—1. (5.2)

Proof. Differentiating on x and ¢ the main equation (3.1) respectively, we get

F)’C(x,t)—l—K;(x,t)—i—l((x,x)F(x,t)—i—/ox K.(x.6)F(E.HdE=0,  (53)

Ft/(x,t)+K;(x,l)+/ K(x,§)F;(&,1)dE =0. 5.4)
0
It follows from (3.2) that

F/(x,t)B + BF)(x,t) =0. (5.5)

Since F(x,0)BS =0, where S = ( _01 ) using the main equation (3.1), we obtain

K(x,0)BS =0, (5.6)
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or
Kll(x,O) = K21(x,0) =0.
Multiplying the equation (5.3) on the left by B, we get

BF(x,t)+ BK)(x,t) + BK(x,x)F(x,t) + [x BK . (x,§)F(&,1)dg =0,
and multiplying the equation (5.4) on the right by BO, we find
F/(x,t)B+ K;(x,1)B + [x K(x,§)F/(&,t)Bdg = 0.
Adding the last two equalities and using (g .5)

BK.(x,t) + BK(x,x)F(x,t) —I—/Ox BK . (x,§)F(&,1)d&

— K!(x.1)B +/x K(x.£)BF)(E.0)dE = I(x.1). (5.7)
Integrating by parts in (5.7) and from (5.6), "
I(x,1) = —K}(x,t)B + K(x.x) BF (x.1) /X Ki(x.)BF(ENDE  (5.8)
is obtained. Substituting (5.8) into (5.7), we have ’
BK/,(x.1) + BK(x.x)F(x.t) + K/(x.t)B — K(x.x) BF (x.1)
+ /Ox [BK;(x,g) n Ké(x,S)B] F(E,0)dE=0. (5.9)
Multiplying (3.1) on the left by £2(x) in form of (2.3) and adding to (5.9),
BK.(x.1) + K\(x.1) B + 2(x)K(x.1)
+ /Ox [BK;(x,g) + K} (x.§)B+ sz(x)K(x,g)] F(E,1)dE=0 (5.10)

is obtained. Setting
J(x,1) ;= BK.(x,t) + K;(x,t) B+ £2(x)K(x,1),

we can rewrite equation (5.10) as follows

X
J(x,t)—i—/ J(x,&)F(&,t)dE =0. (5.11)
0
According to Lemma 1, homogeneous equation (5.11) has only trivial solution, i.e.,
BK.(x,t) + K} (x,t)B+ 2(x)K(x,1) =0, 0 <t < x. (5.12)

Now, differentiating (2.2) and multiplying on the left by B, we have

cosAx sinAx
By (x.2) = AB ( sinAx ) + BK(x,x) ( —(lzos)kx )
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+/XBK;(x,z)( sin Az )dt. (5.13)
0

—COS At

On the other hand, multiplying (2.2) on the left by A and integrating by parts and
using (5.6), we find

Ao(x.A) =)LB( cosAx )+K(x,x)B( sinAx )

sinAx —COSAX

_f K;(x,z)B( sin A1 )dt. (5.14)
0

—Cos At
It follows from (5.13) and (5.14) that

Aop(x,4) = Boy(x,A) + [K(x,x) B— BK(x,x)] ( —sci:rcl)jj\cx )

_/x[K;(x,t)B—I—BK,’C(x,t)]( sin Az )dt.
0

—cos At
Taking into account (2.3) and (5.12),
B (x. 1) + 2(x)p(x,4) = 2p(x, 1)
is obtained. For x = 0, from (2.2) we get (5.2). ]
5.2. Derivation of Parseval equality

Theorem 6. For any g(x) € L,(0,7;C?), the following relation holds:

o0

1 ™ 2
Igllz, = Z a_(/o ¢(t,kn)g(t)dt) : (5.15)

n=—oo

Proof. Denote
T
00) = [ pe. g
It follows from (2.2) that

0() = /0 Golt (1)1,

where .
h(t) = g(t) +/ K (s,1)g(s)ds. (5.16)
t
Similarly, in view of (3.3),
g(t) =h(r)+ /ﬂ H(s,t)h(s)ds, (5.17)
t

where for the kernel H (x,t) we have the identity

t
H(x,t) = F(t,x)+/0 K(t,€)F(£,x)dE. (5.18)
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Using (5.16), we get
/ﬂ F(x.0h(t)dt :/ﬂ F(x.1) |:g(l)+/ﬂ Ié(s,z)g(s)ds] di
0 0 t
4 t
=f [F(x,t)—l—[ F(x,s)l%(t,s)dsi|g(t)dt
0 0
X t
2/ |:F(x,t)+/ F(x,s)I%(t,s)ds] g(t)dt
0 0

+ /xn [F(x,t) +f0t F(x,s)l%(z,s)ds] g(t)dt.

It follows from (3.1) and (5.18) that

269

/n F(x,H)h(t)dt = /x H(x,t)g(t)dt—[ﬂ K(t,x)g(t)dr. (5.19)
0 0 X

From (3.2) and Parseval equality, we obtain

/” [3(t) + h3(0)] dt + /ﬂ /nﬁ(x)F(x,z)h(z)dtdx
0 0 0

= On (M) +h5 )] dt +n§w ai ( /0 ’ ¢o(t,xn)h(r)dr)2
—nio% ( / ”gzo(r,x,?)h(t)dz)z

- nio ([ gzo(t,xn)h(r)dr)z

_ nio Qzl(jn).

Taking into account (5.19), we have

0% [T 2 i *
Z T_/o [hl(t)+h2(t)]dt+/0 h(x)(/o H(x,t)g(t)dt)dx

—/ﬂ h(x) (/n k(r,x)g(z)dz) dx
0 X

= /n [h%(t)+h§(t)]dt+/n (/nfz(x)H(x,t)dx) g(t)dt
0 0 t

—/ﬂ h(x) (/n k(z,x)g(z)dz) dx,
0 X
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whence by formulas (5.16) and (5.17),

00 9 x . )
> Qa()tn) :/0 [h%(t)+h§(t)]dz+/ (é(f)—h(t))g(t)dz

0

-, h(x) (h(x) —g(x))dx

- [((@o+go)a

is obtained, i.e., the relation (5.15) is valid. ]

Corollary 1. For any function f(x) and g(x) € Ly(0,7;C?), the following rela-
tion holds:

k4 B B o0 1 T ~ 4 _
[Caris= 3 ([ awpwana) ( [ o).

n=—oo
(5.20)
Lemma 2. Forany f(x) € W21 [0, ], the expansion formula
o0
f) = )" cnp(x.An) (5.21)
n=—o00
is valid, where
1 b3
in = [ a0 .
On Jo
Proof. Consider the series
o0
@)= ) enpx.An), (5.22)
n=—00
where
|
Cp = —/ o(x,An) f(x)dx. (5.23)
On Jo
Using Theorem 2.5 and integrating by parts , we get
1 4 J . -
in= o [t A B () 2 | F 00
1

i (¢ (0. An) Bf (1) — $(0,An) Bf(0)]
a IA /(; @()C,kn) [Bf/()() + .Q(x)f(x)] dx.

_.l_
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Applying the asymptotic formulas in Theorem 1.1, we find {c,} € [,. Consequently
the series (5.22) converges absolutely and uniformly on [0, 7]. According to (5.20)
and (5.23), we have

(e, ¢]

™ 1 T T
[ e swax= ¥ ——([ g@wauuyn)(/ wmkwfcﬂh)
0 e —oo %1 \JO 0
00 - - 00
= ¥ [ a0weina) = [ ga>( > awxuxa)
n=—00 0 0 n=—00
T
= [ a0 .
Since g(x) is arbitrary, f(x) = f*(x) is obtained, i.e., the expansion formula (5.21)
is proved. g
5.3. Derivation of boundary condition
Lemma 3. The following equality holds:
A
ptn) g (5.24)
o Bn

n=—oo

Proof. Using residue theorem, we get

9(x.An) _ Z o(xAn) _ i Res PR _ 1 / p(x.2)

- es =
W= nPn s ANn) e A=A AL 2mi Jry A(R)
(5.25)
where 'y = {/\ A =N+ %} From (2.12) and ([19], Lemma 3.4.2),
A(L) = AsinAw 4+ O(eTmAImy, (5.26)

We denote Gg = {A:|[A—n| >34, n=0,£1,+£2...} for some small fixed § > 0 and
sinAx| > Csell™*7™ ) e Gg, where Cy positive number. Therefore, we have

|AQ)| = Cs [ale™H7, ) € Gy
Using this inequality and (2.10), we obtain (5.24). ]
Theorem 7. The following relation is valid:
(An +h1) @1(7w,An) + haga (7w, An) = 0. (5.27)
Proof. From (5.24), we can write for any ng € Z

§0(x Ano) Z ,Bno‘/’(x An)

0P (5.28)

n=—oo

n#ng
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Let k # ng be any fixed number and f(x) = ¢(x,Ar). Then substituting (5.28) in
(5.21)

o0
P A) = D k(X An),

n=—oo

n#ng
where

ot = o [ [0~ 225000000 |t 20001.

n

The system of functions {¢@o(x,,)}, (n € Z) is orthogonal in L(0,7;C?). Then by
(2.2), the system of functions {¢(x,A,)}, (n € Z) is orthogonal in L, (0,7;C?) as
well. Therefore, ¢, = 6,1, where §,,; is Kronecker delta. Let us define

T
anki= [ 6 Apte 0. (5.29)
0
Using this expression, we have for n # k
agk — 'B—nank = . (5.30)
Br

It follows from (5.29) that a, ; = ag,. Taking into account this equality and (5.30),
Bi (ax —agi) = B (an —ann) = H. k #n,

where H is a constant. Then, we have
" H
Gt An)p(t. Ap)dt = oty — —
0 :Bn

and

T H
o(t, A Agdt =——, k .
/0 N

It is easily obtained that for k # n,

[ o121 (50 0) + 025 At Al
’ 1 H
= Gt [p2(. Ak )1 (70, An) — @1 (0, A ) @2 (7w, An)] = BB
According to the last equation, for n # k,
Brp2 (7w, Ak) Bnp1 (7w, An) — B @1 (0, Ak) Br2 (0, An) = —H (A — An).  (5.31)

We denote

Dy := Bnp1(m,An),  En:= Bupa(m, An). (5.32)
Then, we can rewrite equation (5.31) as follows

DiEn—ExDy = HO g —An), n#k. (5.33)
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Leti, j, k, n be pairwise distinct integers, then we get
DrE,—EyD;, = H(Ap—Ap),
DyEi —EnDi = H(An—Ai),
DiEp—E; Dy = H (X —Ap).
Adding them together, we find
Dyn(E;i — Ex) + En(Dk — Di) = E;i D — D; Ex.
In this equation, replacing n by j, we get another equation
Dj(Ei — Ex) + Ej (D —D;) = E; D — D; Ei.
Subtracting the last two equation,
(Dn— Dj)(Ei — Ex) = (Di = Di)(En — Ej).

In the case of £, = Ej, for some n, j € Z, then E, =const. From (5.33), D, =
M1An + p2. In the case of E, # Ej, then we obtain D, = uiA, + p2 and E, =
U3An + [Lg, where in both cases (41, U2, 3, 4 are constant. Therefore, using these
relation in (5.32), we find

Brnp1(w.An) = 1dn + 2, Bnp2(mw,An) = U3y + pa.
Using

01T, 0m) = O (1) C oa(rdn) = ()" 10 (1) ,
n n

An=n+0 (%) and B, = n(—1)" + O(1) derived from (2.6) and (5.26), we obtain
u1 =0, u3 = —1. Denoting hp := s and b1 1= — 4,

haa (0, An) = —(An +h1) @1(7.An), n€Z
is obtained and it follows from (5.33) that H = h5. O

Thus, we have proved the following theorem:

Theorem 8. For the sequences {A,,0p}, (n € Z), to be the spectral data for a
certain boundary value problem L(§2(x),h1,h2) of the form (1.1), (1.2) with 2(x) €
L»(0,7) it is necessary and sufficient that the relations (2.7) and (2.9) hold.

Algorithm for construction of the function £2(x) by spectral data {A,,a,}, (n € Z)
follows from the proof of the theorem:
1) By the given numbers {A,,a,}, (n € Z) the function F(x,t) is constructed by
formula (3.2),
2) The function K(x,t) is found from equation (3.1),
3) £2(x) is calculated by the formula (2.3).



274

KH. R. MAMEDOV AND O. AKCAY

ACKNOWLEDGEMENT

This work is supported by The Scientific and Technological Research Council of
Turkey (TUBITAK).

(1]
(2]

(3]

(4]
(5]
(6]
(7]

(8]

(9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]

[17]

(18]
[19]

(20]

REFERENCES

M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur, “Nonlinear-evolution equations of phys-
ical significance,” Phys. Rev. Lett., vol. 31, pp. 125-127, 1973.

S. Albeverio, R. Hryniv, and Y. Mykytyuk, “Inverse spectral problems for Dirac operators with
summable potentials,” Russ. J. Math. Phys., vol. 12, pp. 406—423, 2005.

R. K. Amirov, B. Keskin, and A. S. Ozkan, “Direct and inverse problems for the Dirac operator
with spectral parameter linearly contained in boundary condition,” Ukrainian Math. J., vol. 61,
no. 9, pp. 1365-1379, 2009.

A. Col and K. R. Mamedov, “On an inverse scattering problem for a class of Dirac operators with
spectral parameter in the boundary condition,” J. Math. Anal. Appl., vol. 393, pp. 470-478, 2012.
A. B. de Monvel and D. Shepelsky, “Initial boundary value problem for the mKdV equation on a
finite interval,” Ann. Inst. Fourier, Grenoble, vol. 54, no. 5, pp. 1477-1495, 2004.

T. Dzabiev, “The inverse problem for the Dirac equation with a singularity,” Dokl. Akad. Nauk
Azerbaidzan SSR, vol. 22, no. 11, pp. 8-11, 1966.

G. Freiling and V. Yurko, Inverse Sturm- Liouville Problems and Their Applications. Huntington,
New York: Nova Science Publisher, 2008.

B. Fritzsche, B. Kirstein, I. Y. Roitberg, and A. Sakhnovich, “Skew-self-adjoint Dirac system with
a rectangular matrix potential: Weyl theory, direct and inverse problems,” Integral Equations and
Operator Theory, vol. 74, no. 2, pp. 163-187, 2012.

M. G. Gasymov, “The inverse scattering problem for a system of Dirac equations of order 2n,”
Trans. Moskow Math. Soc., vol. 19, pp. 41-119, 1968.

M. G. Gasymov and T. Dzabiev, “Solution of the inverse problem by two spectra for the Dirac
equation on a finite interval,” Dokl. Akad. Nauk Azerbaidzan SSR, vol. 22, no. 7, pp. 3-6, 1966.
M. Horvath, “On the inverse spectral theory of Schrodinger and Dirac operators,” Trans. Amer.
Math. Soc., vol. 353, pp. 4155-4171, 2001.

M. G. Krein, “On integral equations generating differential equations of the second order,” Dokl.
Akad. SSSR., vol. 97, pp. 21-24, 1954.

Y. B. Levin, Lectures on Entire Functions. Providence: American Mathematical Society, 1996.
B. M. Levitan and I. S. Sargsjan, Strum-Liouville and Dirac Operator.  Dordrecht, Boston,
London: Kluwer Academic Publisher, 1991.

K. R. Mamedov and O. Akcay, “Necessary and sufficient conditions for the solvability of inverse
problem for a class of Dirac operators,” arXiv:1404.0192, 2014.

K. R. Mamedov and O. Akcay, “Inverse problem for a class of Dirac operator,” Taiwanese Journal
of Mathematics, vol. 18, no. 3, pp. 753-772, 2014.

K. R. Mamedov and A. C6l, “On an inverse scattering problem for a class Dirac operator with
discontinuous coefficient and nonlinear dependence on the spectral parameter in the boundary
condition,” Mathematical Methods in the Applied Sciences, vol. 35, no. 14, pp. 1712-1720, 2012.
S. G. Mamedov, “The inverse boundary value problem on a finite interval for Dirac’s system of
equations,” Azerbaidzan Gos. Univ. Ucen. Zap. Ser. Fiz-Mat. Nauk, no. 5, pp. 61-67, 1975.

V. A. Marchenko, Sturm-Liouville Operators and Applications, 2nd ed.  Providence, Rhode
Island,: AMS Chelsea Publishing, 2011.

K. Mochizuki and I. Trooshin, “Inverse problem for interior spectral data of the Dirac operator on
a finite interval,” Publ. RIMS, Kyoto Univ., vol. 38, pp. 387-395, 2002.



THE SOLVABILITY OF INVERSE PROBLEM 275

[21] Y. Mykytyuk and V. Puyda, “Inverse spectral problems for Dirac operators on a finite interval,” J.
Math. Anal. Appl., vol. 386, no. 1, pp. 177-194, 2012.

[22] A. Sakhnovich, “Skew-self-adjoint discrete and continuous Dirac-type systems: inverse problems
and Borg-M archenko theorems,” Inverse Problems, vol. 22, no. 6, pp. 2083-2101, 2006.

[23] D. G. Shepelsky, “An inverse spectral problem for a Dirac-type operator with sewing,” in Dynam-
ical Systems and Complex Analysis. Kiev: Naukova Dumka, 1992, pp. 104-112.

[24] B. Thaller, The Dirac Equation. Berlin: Springer, 1992.

[25] B. A. Watson, “Inverse spectral problems for weighted Dirac systems,” Inverse Problems, vol. 15,
pp- 793-805, 1999.

Authors’ addresses

Kh. R. Mamedov

Mersin University, Mathematics Department, 33343 Mersin, Turkey,

Institute of Mathematics and Mechanics of NAS of Azerbaijan, AZ1141 Baku, Azerbaijan
E-mail address: hanlar@mersin.edu.tr

0. Akcay
Mersin University, Mathematics Department, 33343 Mersin, Turkey
E-mail address: ozge.akcy@gmail.com



