HU e-ISSN 1787-2413

Miskolc Mathematical Notes
DOI: 10.18514/MMN.2014.1173

% _ Vol 15 (2014), No 2, pp. 525-535
B ER Y )&
I [ @g

Principal functions of matrix Sturm-Liouville
operators with boundary conditions dependent
on the spectral parameter

Deniz Katar, Murat Olgun, and Cafer Coskun



Miskolc Mathematical Notes HU e-ISSN 1787-2413
. Vol. 15 (2014), No. 2, pp. 525-535

PRINCIPAL FUNCTIONS OF MATRIX STURM-LIOUVILLE
OPERATORS WITH BOUNDARY CONDITIONS DEPENDENT ON
THE SPECTRAL PARAMETER

DENIZ KATAR, MURAT OLGUN, AND CAFER COSKUN
Received 18 March, 2014

Abstract. Let L denote operator generated in L, (R4, E) by the differential expression

1(y) ==y"+Q(x)y, x € R4 :=[0,00),
and the boundary condition (4g + 414)Y’ (0,1) —(Bg + B1A)Y(0,1) = 0, where Q is a matrix-
valued function and Ag, A1, Bg, B are non-singular matrices, with A9 B; — A1 By # 0. In this
paper, we investigate the principal functions corresponding to the eigenvalues and the spectral
singularities of L.
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1. INTRODUCTION
Let us consider the boundary value problem (BVP)

—u"+q(x)u=2%u, xeRy, (1.1

u(0)=0, (1.2)

in L2 (R4), where q is a complex-valued function. The spectral theory of the BVP
(1.1)—(1.2) with continuous and point spectrum was investigated by Naimark [20]. He
showed the existence of the spectral singularities in the continuous spectrum of the
BVP (1.1)—(1.2). Note that the eigenfunctions and the associated functions (prin-
cipal functions) corresponding to the spectral singularities are not the elements of
L?(R4). Also, the spectral singularities belong to the continuous spectrum and are
the poles of the resolvent’s kernel, but are not the eigenvalues of the BVP (1.1)—(1.2).
The spectral singularities in the spectral expansion of the BVP (1.1)—(1.2) in terms
of the principal functions have been investigated in [19]. The spectral analysis of
the quadratic pencil of Schrédinger, Dirac and Klein-Gordon operators with spec-
tral singularities were studied in [2—18]. The spectral analysis of the non-selfadjoint
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operator, generated in L2 (R4) by (1.1) and the boundary condition

y'(0)  BirA+Bo

y(0) aA+ap’
where «;, 8; € C,i =0, 1 with 981 — 180 # 0 were investigated in detail by
Bairamov et al. [9]. The all above mentioned papers related with the differential
and difference equations are scalar coefficients. Spectral analysis of the self-adjoint
differential and difference equations with matrix coefficients are studied in [3,10—13].

Let E be an n-dimensional (n < oo) Euclidian space with the norm |.|| and let

us introduce the Hilbert space L2 (R4, E) consisting of vector-valued functions with
the values in E. We will consider the BVP

—y"4+0(x)y=2A%y, xeRy, (1.3)

y(0) =0, (1.4)

in L2 (R4, E) where Q is a non-selfadjoint matrix-valued function (i. e., Q # Q*).
It is clear that, the BVP (1.3)—(1.4) is nonselfadjoint. In [14,21] discrete spectrum

of the non-selfadjoint matrix Sturm-Liouville operator and properties of the prin-
cipal functions corresponding to the eigenvalues and the spectral singularities were

investigated.
Let us consider the BVP in L, (R4, E)
—y"+0x)y =A%y, xeRy, (1.5)
(Ao +A12)y" (0,4) — (Bo + B11)y(0,1) = 0, (1.6)

where (Q is a non-singular matrix-valued function and Ao, A1, By, B are non-
selfadjoint matrices such AgB; — A1 Bog # 0. In this paper, we aim to investigate
the properties of the principal functions corresponding to the eigenvalues and the
spectral singularities of the BVP (1.5)—(1.6).

2. JOST SOLUTION OF (1.5)
We will denote the solution of (1.5) satisfying the condition
lim y(x,A)e =1, A1eC4:={A:1eC,ImA>0} 2.1)
X—>00

by E(x,A). The solution E(x,A) is called the Jost solution of (1.5).

Under the condition
(o,@]

/ * Q) dx < o0 22

0
the Jost solution has a representation

o0
E(x,A) = e **] —I—[K(x,t)e"“dt, (2.3)
P
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for A € C, where the kernel matrix function K (x,7) satisfies

X+t
00 2 t+s—x
K(x,t)= % / Q(s)ds +% / / Os)K(s,v)dvds
X+t X t+x—s
2
oo t+s—x
+% / / O(s)K(s,v)dvds. (2.4)
X+t s
2
Moreover, K (x,t) is continuously differentiable with respect to its arguments and
IKG] < o2, 2.5)
K0l = 3 |0 5] +eo* 5, 26
Kl < | 0C 55 | +eac 3 Xy

o0
where o(x) = [ ||Q(s)|/ds and ¢ > 0 is a constant. Therefore, E (x, 1) is analytic

X
with respectto A in C4 := {1 : A € C,ImA > 0} and continuous on the real axis [1].
Let £%(x,1) denote the solutions of (1.5) subject to the conditions

lim E*(x,)ett* =1, xli)n;ol:?f(x,/\)eimx =+idl, reCi. (2.8)

X—>00

Then
% [E(x,x),Ei(x,A)] — F2iAl, AeCq, (2.9)
W E(x, ), E(x,—A\)] = —2iAl, A€R, (2.10)

where W [ f1, f2] is the Wronskian of f; and f5.

Let ¢(x, 1) denote the solution of (1.5) subject to the initial conditions ¢(0,1) =
Ao+ A1A, ¢'(0,1) = Bg + By A. Therefore ¢(x,A) is an entire function of A.

Let us define the following functions:

Di(A) = @(0,\) Ex (0,£1) —¢'(0,A)E(0, 1) AeCy, @2.11)

where C4+ = {A:1 € C, £ImA > 0}. It is obvious that the functions D (1) and
D_(A) are analytic in C4 and C_, respectively, and continuous on the real axis. The
functions D and D_ are called Jost functions of L.



528 DENIZ KATAR, MURAT OLGUN, AND CAFER COSKUN

3. EIGENVALUES AND SPECTRAL SINGULARITIES OF L

The resolvent of L defined by

o0

Ri(L)f = / Ger.t:M)g()dt. g e Ly(Ry. E). 3.1)
0
where
ot =] G dec, @2
and
L —E(x, 20D M) T (1.2), 0<1 <x
Galx.1:4) = % —o( M [DT(EN)] T ET(1,+4), x <1 < 0. (3-3)

We will show the set of eigenvalues and the set of spectral singularities of the operator
L by o4 and oy, respectively.
Let us suppose that

Hy (M)
From (2.3) and (3.1)—(3.4), we get
og={A:AeCq, HL(A)=0}U{A:1eC_, H_(A) =0}
ogs ={A:A€R*, HL(A) =0} U{A: 1 e R*, H_() =0}, (3.5

where R* = R\ {0}.
We see from that, the functions

=detDy(M). (3.4)

K+ () = +mE(

K () = D2 @

E(x

Dy(A
Koy = W g

A)—D+2A)E+( A), AeCy,
—/\)—D (;)E( A), AeC.,
—)L)—D (A)E( ), AeR*,

are the solutions of the boundary problem (1.5)—(1 .6), where

Di(V)=

Now let us assume that

(Ao + A E (0,4) = (Bo+ BiA) EF(0,1).

(3.6)

3.7

(3.8)

(3.9)

0 € AC(Ry) , xll)ngo O(x)=0, sup [esﬁ HQ’(x) ”] <oo, €>0. (3.10)

x€[0,00)

Theorem 1. Under the condition (3.10), the operator L has a finite number of

eigenvalues and spectral singularities, and each of them is of finite multiplicity.
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4. PRINCIPAL FUNCTIONS OF L

Under the condition (3.10), let Aq,...,A; and A;11,...,Ax denote the zeros HT
in C4 and H™ in C_ (which are the eigenvalues of L) with multiplicities m1,...,m;
and m; 41,...,my, respectively. Itis obvious that from the definition of the Wronskian

d WK (x,1),E(x,))] d’ —Di(}) =0 (4.l
dAr ' - dAr Ay
forn=0,1,...mp—1,p=1,2,..,j, and
dr d"
WK™ (x,A), E(x,—A = D_(A =0 4.2
{W (K~ (x.2), E(x )]}A:A,, {W ()}m,, (42)
forn=0,1,..mp—1,p=j+1,.. k.
Theorem 2. The following formulae:
KT(x,A =Y Fud E(x,A 4.3
{W (x. )}MP Z o p){w, (x. )} e
n=0,1,.mp—1,p=12,..,j where
=" N b
FuOp) = |} s D+ (44)
A=2p
" “ o
{WK—(X,A)} - ZNm(kp){M—mE(x,—l)§ S @)
A=Ap m=0 A=2Ap
n=01,..mp—1,p=j+1,.. .k where
n an m
Nup) = | " )} oo D-2) (46)
A=Ap

hold.

Proof. We will prove only (4.3) using the method of induction, because the case
of (4.5) is similar. Let be n = 0. Since K (x, ) and E(x, ) are linearly dependent
from (4.1), we get

where fo(Ap) # 0. Let us assume that 1 <ng < mp, —2, (4.7) holds; that is,

P + B o om
{WOK (x, A)} _’;Fm(xp){m—mE(x,x)}H . (4.8)

)x=)xp =Ap
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We will prove that (4.3) holds for ng + 1. If Y(x,A) is a solution of (1.5), then
Y(x, 1) satisfies

BA”
2 n n n—2
[—% + Q(x)—)tz] PV (x.2) = 220 B Y (6. A) +n(n — 1) 22 Y (x, 4.
4.9)
Writing (4.9) for K (x, ) and E(x, ), and using (4.8), we find
d? 5
[—WWLQ(X)—)L ]gno+1(x,)tp) =0, (4.10)
where
" no+1
_ oo + am
Enot1(x.Ap) = {WO+1 K*(x, A)}mp _ m;o Fn(Ap) {M—mE(x,A)}mp
4.11)
From (4.1), we have
no+1 +
4.12)
Hence there exists a constant f, o1 (Ap) such that
gn0+1(x’)\p) = anH()‘p)E(x’Ap)- (4.13)
This shows that (4.3) holds for n = ng + 1. O
Using (4.3) and (4.5), define the functions
ad
Un,p(x) = {WKJF(X A)} » = Z F ()Lp){ 8)\”’E(x A)% o 4.14)
=Aip m=0 A=Ap
n=0,1,..mp—1,p=12,..,jand
o “ o
Un.p(x) = { WK (x,x)}H = Z Nim(Ap) { M—mE(x,—A)} R (4.15)
=Ap m=0 A=Ap
n=01,.mp—1,p=j+1, ..k
ThenforA =A,, p=12,....j,j+1,...k,
I(UO p) =
1
l(Ut,p)+ — T BAZ(UO p) = (4.16)
(U ! (U Lo (U
( np)+1'3)& ( n— 1’p)+2'8)&2 ( n— 2p)
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n=273,..,mp—1,
hold, where [(u) = —u” + Q(x)u — A%u and ﬁ—mml (1) denote the differential ex-
pressions whose coefficients are the m-th derivatives with respect to A of the corres-
ponding coefficients of the differential expression /(u). (4.16) shows that Uy, p, is the
eigenfunction corresponding to the eigenvalue A = Ap; Uy, p, Uz p,...Up,—1,p are
the associated functions of Up p, [16, 17].

Uo,p.U1,p,--.Un,~1,p, P =1,2,...,j,j +1,...,k are called the principal func-
tions corresponding to the eigenvalue A = A,, p=1,2,...,j,j +1,....k of L.

Theorem 3.
Unp€Llr(Ry,E), n=0,1,.mp—1,p=12,...j,j+1,.. k. “4.17)
Proof. Letbe 0<n <mp—1land1 < p < j. Using (2.5) and (3.10), we obtain that
_ [ x*t
HK@JW§ceV2ﬁ (4.18)

From (2.3), we get
an
b

where ¢ > 0 is a constant. Since ImA, > 0 for the eigenvalues A,, p =1,2,..., j, of
L, implies that

E(x,k)§

o
_ [ x*t
< xe XAy +c/t"e 2 e tmAp gy (4.19)
A=2, J

" .
{aAnE(x,)L)} €Ly(Ry.E), n=0.1,.mp—1, p=12,...j. (4.20)
A=A,

So we get Uy, p € L2(Ry, E) from (4.14) and (4.20) Similarly we prove the results
forO<n <mp—1, j+1=< p <k. This completes the proof. O

Let 1,..., 4y and fy+1, ..., 47 be the zeros of Dy and D_ in R* with multiplicit-
iesny,...,ny and ny1,...,n;, respectively. We can show

an
% o K(x,)&)}/\

n 8m
m=0 A

=up =up

n=0,1,...,np,—1, p=12,.., v, where

Cn(itp) = — (:1) { aT,:_mm D_(A)} , 422)
& K(x,A = ; R " E A
FLCR D SRl F i
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n=0,1,...np—1,p=v+1,..,1,
where

an_m
Rn(pp) = (}};) {W—_MDJr(A)} : (4.23)

Now define the generalized eigenfunctions and generalized associated functions
corresponding to the spectral singularities of L by the following :

" z o
Vo) =kl =Y G| gmEeal L @
A=up m=0 A=up
n=0,1,..,n,—1,p=12,.,v,
n n om
A=up m=0 A=up

n=01,.,np,—1,p=v+1,..,1L

Then Vy,p,n=0,1,...np,—1,p=1,2,...,v,v+1,...,/, also satisfy the equations
analogous to (4.16).

Vo.psVi,pseos Vip—1,p, P =1,2,...,0,0 + 1,...,/ are called the principal functions
corresponding to the spectral singularities A = pp, p =1,2,...,v,v+1,...,[ of L.

Theorem 4.
VapE L2(Ry,E), n=0,1,.np,—1, p=12,..,v,v+1,...,[

Proof. ForO <n <np—1and 1< p <vusing (2.3), we obtain

o0

a" : :

%BA” E(x,/\)} < (ix)"e’“”x1+f(it)" K(x,t)e' ' dy
X

)L=Mp
sinceImu, =0, p=1,2,...,v, we find that
(o,@] (o,]
. ; 2 2
/H(lx)ne’””xIH dx =/x " = oo.
0 0
So weobtain Vy, , ¢ Lo(Ry,E),n=0,1,..np,—1, p=1,2,...,v. Using the similar

way, we may also prove the results for0 <n <n,—1,v+1=<p <. O

Now define the Hilbert spaces of vector-valued functions with values in E by

H, = f:/(l+|x|)2” I f())*dx <oop, n=1.2,.., (4.26)
0
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o0
H_, = g:/(1+|x|)_2" lg()|?dx <o}, n=1,2,..., (4.27)
0

with the norms
o0
1712 i=[(1+IXI)2" I £ ()II* dx,
0
and

o0
Igl?, = / (1+|xD7>" |g(x)]* dx,
0

respectively. Then
Hn+1 ; Hn g L2(|R+,E) g H—n ; H—(n-i-l)’ n= 1,2,..., (428)
and H_, is isomorphic to the dual of H,,.

Theorem 5.
Vap € H_(ny1), n=0,1,.np—1, p=12. v,o+1,..,1L
Proof. ForO <n <np—1land1 =< p < v using (2.3) and (4.24), we get

o0
/ (L4 ]2V |1, [P dx
0

n

o aAnE(X’A)}

)L=Mp

o0
< M/(l 2o gy { 0
J -
where M > 0 is a constant. Using (2.3), we have
o0
/(1 + |x|) 72 +D “ (ix)" e Mr¥ ] szx < 00,
0

and
2

o0 o0
/(l+|x|)_2(”+1) /(it)” K(x,t)e™'dt|| dx < oco.
0 X

Consequently Vy, p € H_(,41) forO<n <np—1and 1 < p <v. Similarly, we obtain
Va,p € H_(y41)for0<n <np—landv+1=<p </ O
Let us choose
no =max{ni,na,...,0y,Hy+1,..., A1 }.
By (4.28), we get the following
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Theorem 6.
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