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Abstract. In this paper we show that on complete metric spaces the class of weakly Picard oper-
ators contains some operators which are more general than the class of almost contractions.
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1. INTRODUCTION AND PRELIMINARIES

One of the most important concepts of fixed point theory is the Picard operator.
We know that a self mapping T of a nonempty set X is Picard operator, if T has a
unique fixed point and the sequence of successive approximation for any initial point
converges to this unique fixed point. Therefore, lot of different types of contractions
are Picard operators. (See for more details [1—4]). On the other hand, Rus [0] in-
troduced the concept of weakly Picard operator: a self mapping 7 of a nonempty
set X is weakly Picard operator, if the set of fixed points of T is nonempty and
the sequence of successive approximation for any initial point converges to a fixed
point of 7. There exist many weakly Picard operators in the literature, but one of
the most interesting of them is the class of almost contraction, which was introduced
by Berinde [2], on complete metric space. Berinde [3] shows that the concept of al-
most contraction is more general than the lot of different types of contractions in the
literature.

For the sake of completeness we recall the concept of almost contraction and some
related results.

Let (X,d) be a metric space and T : X — X be a map. T is said to be an almost
contraction if there exist a constant § € (0, 1) and some L > 0 such that

d(Tx,Ty) <éd(x,y)+ Ld(y,Tx) (1.1)

forall x,y € X.
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Note that, by the symmetry property of the distance, the almost contractive condi-
tion implicitly includes the following dual one

d(Tx,Ty) <8d(x,y)+ Ld(x,Ty) (1.2)

for all x,y € X. So, in order to check the almost contractiveness of a mapping 7', it
is necessary to check both (1.1) and (1.2).

Theorem 1 ([3]). Every almost contraction on complete metric space is a weakly
Picard operator.

On the other hand, a new type of contractive maps has been introduced by Jleli
and Samet [5]. Throughout this study, we called it as 8-contraction.

Let ® be the set of all functions 6 : (0,00) — (1,00) satisfying the following
conditions:

(©1) 0 is nondecreasing,

(©,) for each sequence {t,} C (0,00), lim, o 0(¢,) = 1 if and only if
limy, 00ty = 0+,

(®3) there exist r € (0,1) and / € (0, 00] such that lim,_, o+ % =1

Definition 1 ([5]). Let (X,d) be a metric space and T : X — X be a mapping.
Given 6 € ®, we say that T is f-contraction if there exists k € (0, 1) such that

0(d(Tx.Ty)) < [6(d(x. y). (1.3)
forall x,y € X with d(Tx,Ty) > 0.

If we consider the different type of mapping 6 in Definition 1, we obtain some of
variety of contractions. For example, let 6 : (0,00) — (1,00) be given by 8(¢) = eV,
It is clear that 8 € ®. Then (1.3) turns to

d(Tx,Ty) <k?d(x,y), forall x,y € X,Tx # Ty. (1.4)

It is clear that for x, y € X such that Tx = T’y the inequality d(Tx,Ty)
< k2d(x,y) also holds. Therefore T is an ordinary contraction. Similarly, let 6 :
(0,00) — (1,00) be given by 0(t) = eVte' Ttis clear that 0 € ©. Then (1.3) turns to

d(Tx,T
Med(Tx’Ty)_d(x’y) <k? forallx,y € X,Tx # Ty. (1.5)
d(x,y)
In addition, we have concluded that every f-contraction 7T is a contractive map-
ping, i.e.,
d(Tx,Ty)<d(x,y), forallx,y e X, Tx #Ty.
Thus, every 6-contraction is a continuous mapping. On the other side, Example in
[5] shows that the mapping T is not ordinary contraction but, but it is a #-contraction
with 0(r) = eV'¢'. Thus, the following theorem, which was given as a corollary by
Jleli and Samet [5], is a proper generalization of Banach Contraction Principle.
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Theorem 2 (Corollary 2.1 of [5]). Let (X,d) be a complete metric space and
T : X — X be a 0-contraction. Then T has a unique fixed point in X.

If we examine the proof of the above theorem, we can say that every 6-contraction
on complete metric space is a Picard operator.

In the next section, we introduce a new concept of almost 8-contraction on metric
spaces. Then we show that the class of almost §-contractions are more general than
the class of almost contractions and we also show that they are still weakly Picard
operators on complete metric spaces.

2. MAIN RESULT

Definition 2. Let (X, d) be a metric space and T : X — X be a mapping. Given
0 € ©, we say that T is almost 6-contraction if there exist k € (0,1) and A > 0 such
that, for all x,y € X withd(Tx,Ty) >0

6(d(Tx,Ty)) < [6(d(x,y) +Ad(y, Tx))]*. 2.1

Note that, by the symmetry property of the distance, the almost
0-contractive condition implicitly includes the following dual one

0(d(Tx,Ty)) <[0(d(x,y)+Ard(x,Ty)) (2.2)

forall x,y € X with d(Tx,Ty) > 0. So, in order to check the almost
0-contractiveness of a mapping 7, it is necessary to check both (2.1) and (2.2).

By the considering 6(«) = eVt , we can say that every almost contraction is also
almost 6-contraction.
Our main result is as follows:

Theorem 3. Every almost 6-contraction on complete metric space is a weakly
Picard operator.

Proof. Let (X,d) be a complete metric space and 7 : X — X be an almost 6-
contraction. Let xo € X be an arbitrary point in X. Define a sequence {x,} by
Xxn = T"xq for all n € N. If there exists 79 € N such that x,, = X,,+1, then x,, is a
fixed point of 7. So we can suppose that x, # x,41 for all n € N. Now, from (2.1),
for all n € N, we have

0(d(xn. xn+1)) = 0(d(T xn-1,Txn))
< [0(d(xXn—1.Xn) + Ad (xXn, Txp—1))]*
= [6(dCon—1.x)]".
Therefore we have

1 < 0(d(xn, xn41)) < [0(d(x0,x1)]F" (2.3)
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for all n € N. Letting n — oo in (2.3), we obtain
lim 6(d(xn,xn+1)) =1 (2.4)
n—>oo
which implies from (&,) that
lim d(xp,xp41) =07,
n—>oo

Therefore from (®3) there exist 7 € (0,1) and [ € (0, o0] such that

lim 0(d(xn,xp4+1))—1 _
n—>00  [d(xp,Xny1)]" '

As in the proof of Theorem 2.1 in [5], we can obtain

lim 7n[d(xp,xn+1)]" =0.
n—>0o0

Thus, there exits n; € N such that n [d(x,,x,+1)]” <1 forall n > ny. So, we have,

foralln > ny
1

1/r°
n
Let m > n > ny, then considering (2.5), we have

d(xpn,xm) <d(xp,Xp+1) +d(Xnt+1,Xn+2) + -+ d(Xm—1,Xm)

d(xXn,Xn+1) < (2.5)

m—1 m—1 1 s 1
= Zd(xi,xi—}—l) = Z B Z j1/r”
i=n i=”l ,‘:nl

o0
Since the series ‘Zl ,-11/r is convergent, we get d(xp, X ) — 0. This yields that {x,}
1=
is a Cauchy sequence in (X, d). Since (X, d) is a complete metric space, there exists
z € X such that limy, o0 X = Z.
On the other hand, from (®;) and (2.1), it is easy to conclude that

d(Tx,Ty) <d(x,y)+ Ad(y,Tx)
for all x,y € X with Tx # Ty. Therefore, for all x,y € X
d(Tx,Ty) <d(x,y)+Ad(y,Tx) (2.6)
is satisfied. Thus, from (2.6),
d(xXn+1,T2) =d(Txn,T2)
<d(xn,2) +Ad(2, Xn+1).

Letting the n — o0 in the above inequality, we have d(z,7z) =0andsoz = Tz.
Therefore, T is a weakly Picard operator on X. O

In the following example, the mapping 7 is not almost contraction, but it is almost
f-contraction on a complete metric space and so is weakly Picard operator.
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Example 1. Consider the complete metric space (X,d), where X = {0,1,2,---}
and d : X x X — [0,00) is given by

0 , X=y
d(x,y) = .
xX+y . x#Fy
Let T : X — X be defined by
0 , xe{0,1}
Tx =
x—1 , x>2

Then T is not almost contraction. Indeed, for y > 2 and x = y + 1, then we have
d(y,Tx)=0and
sup M:x,yeX,x=y+l =1.
d(x,y)
Thus, we can not find § € (0, 1) and L > 0 satisfying (1.1). Therefore, using Theorem
1 we can not decide that whether T is weakly Picard operator.

: . . . /rot _1
Now, we claim that 7' is almost #-contraction with 8(r) = eV, k = ¢~ 2 and
A > 0. To see this we have to show that

0(d(Tx.Ty)) < [0(d(x.y) +2d(y. Tx))]*
for all x,y € X with d(Tx,Ty) > 0. For this, it is sufficient to show
6(d(Tx,Ty)) < [0(d(x, p)]*
or equivalently
dTX,TY) arxTy)-dey) < -1, 2.7)

d(x,y)
forall x,y € X with d(Tx,Ty) > 0. First, observe that

d(Tx,Ty) >0 <% the set {x,y}N{0,1} is singleton or empty.

Since (2.7) is symmetric with respect to x and y, we may assume x > y in the fol-
lowing cases.

Case 1. Let {x,y}N{0,1} is singleton. Then d(Tx,Ty) =x—1and d(x,y) <
max{x,x + 1}, and so we have

d(Tx’Ty)ed(Tx,Ty)—d(x,y) <o L1 <ol
d(x,y) X
Case 2. Let {x,y}N{0,1} is empty. Then d(Tx,Ty) =x+y—2and d(x,y) =

x 4 y and so we have

d(TX, Ty) ed(Tx,Ty)—d(x,y) — X+y _26_2

-2 —1
<e <e .
d(x,y) x+y - -
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This shows that 7" is almost #-contraction with with 6(¢) = eVte' and so by Theorem
3, T is a weakly Picard operator.

Now we give some examples showing that 7 is almost &-contraction but not -
contraction.

Example 2. Let X =[0,1]U{2,3} and d(x,y) = |x — y|, then (X, d) is complete
metric space. Defineamap 7 : X — X,

2 xelo 1]

Tx = .
x , x€{2,3}

Since d(T2,T3) =1=4d(2,3), then for all § € ® and k € (0, 1) we have
0(d(T2,T3)) = 0(1) > [0()]F = [0(d(2,3))]F.

Therefore, T is not 6-contraction. That is, Theorem 2 can not be applied to this
example.
Now, we claim that T is almost 6-contraction with 6(¢) = eV k= \/Li and A = 4.

To see this have to show that
0(d(Tx,Ty)) <[0(d(x.y) +Ad(y. Tx))*
for all x,y € X with d(Tx,Ty) > 0 or equivalently

d(Tx,Ty) < %d(x,y)—i—Zd(y,Tx) (2.8)

forall x,y € X with x # y.
Now we consider the following cases:
Case 1. Let x, y € [0, 1], then

1
d(Tx,Ty)=z|x—y|= Ed(x,y)

=

d(x,y)+2d(y,Tx),

N = N =

that is, (2.8) is satisfied.
Case 2. Let x, y € {2,3}, then

5
d(Tx,Ty)=|x—y|§§|x—y|

1
= 3d(x.y)+2d(7.Tx).

that is, (2.8) is satisfied.
Case 3. Let x € [0,1] and y € {2,3}, then

d(Tx,Ty)=d(y,Tx)
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1
< Ed(x,y)+2d(y,Tx),

that is, (2.8) is satisfied.
Case 4. Let x € {2,3} and y € [0, 1], then

2 —1] 2 -1
d(Tx.Ty) = x+2y ‘: x+2y
=-x=y)

that is, (2.8) is satisfied.
Therefore T is almost 8-contraction with 6(t) = eV and so it is a weakly Picard
operator.

Example 3. Consider the complete metric space (X,d), where
X ={1,3,5,---}U{2} and d(x,y) = |x — y|. Let T : X — X be defined by

3, xe{2,3}
Tx =
1 , otherwise
Then it is easy to see that 7" is not 8-contraction. But T is almost 8-contraction with
_ 1 5= _ i
k= ﬁ,k_3and9(t) eVt
In the following theorem, by adding an extra condition on almost
f-contractions on complete metric space, we show that they are also Picard operators.

Theorem 4. Let (X, d) be a complete metric space and T : X — X be an almost 0-
contraction. Suppose that T also satisfies the following condition: there exist 01 € ©
and some A1 > 0 and kq € (0,1) such that

01(d(Tx.Ty)) < [61(d(x.y) + 11d (x, Tx)] (2.9)
forall x,y € X withd(Tx,Ty) > 0. Then T is a Picard operator.

Proof. Suppose that, there are two fixed point z and w of T. If d(z,w) =0, it is
clear that z = w. Assume that d(z,w) > 0. By (2.9) with x = z and y = w, we have

61(d(z,w)) = 61 (d(Tz, Tw))
< [61(d(z,w) + Md(z, T2))|“
= [1(d(z, w))]*,

which is a contradiction. Therefore 7" has a unique fixed point and so it is a Picard
operator. ]
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