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Abstract. In this paper, when approximating a continuos non-negative function on the unit in-
terval, we present an alternative way to the classical Bernstein polynomials. Our new operators
become nonlinear, however, for some classes of functions, they provide better error estimations
than the Bernstein polynomials. Furthermore, we obtain a simultaneous approximation result for
these operators.

2010 Mathematics Subject Classification: 41A36; 41A28

Keywords: Bernstein polynomials, nonlinear operators, simultaneous approximation

1. INTRODUCTION

Polynomials appear in a wide variety of areas of mathematics and science. We
often need polynomials rather than more complicated functions as they are simply
defined, can be calculated on computer systems and represent a tremendous variety
of functions. However, sometimes it may be needed to modify polynomials in order
to get a more efficient approximation. This paper concerns with the modification of
the classical sequence of Bernstein polynomials (see [1]) which is one of the most
widely used tools in approximation theory and numerical analysis. We show that our
modified operators become nonlinear with respect to a given function, however, for
some classes of functions, they provide better error estimations than the Bernstein
polynomials. More precisely, we introduce the following operators:

n K 1/a
Lua(fi0) =13 Z Xk (1= x)nk pe (—) , (1.1)
n
k=0
where f is a non-negative function on [0,1], x € [0,1], » € N and « > 0. Observe
that
Lna(fix) = (Ba(f*x)"",

where B, denotes the classical Bernstein polynomials. We refer [2] for detailed
investigations on the Bernstein polynomials. Observe that L, 1(f;x) = B, (f.x).
From (1.1), we see that operators L o are positive but nonlinear, and also preserve
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the positive constant functions. If eq (x) = x% (a > 0), then L, 1 preserves eq, ie.,
we get
L, 1 (ea;x) = eq(x) =x%.
One can also check that ’
Lyo(f;0)= f(0)and L, «(f;1) = f(1) for any o > 0.
If0 <k < f < K on]0,1] for some constants k and K, then it is clear that
k< Lna(f)=Konl0,1].
Using Holder’s inequality, we also get
Ly 1 (f1x) < By (%) < Lpa(f3x) forany > 1. (1.2)

For a fixed @ > 0, if % is monotonically increasing or decreasing on [0, 1], then
soare all L, o(f).

2. APPROXIMATION PROPERTIES OF NONLINEAR BERNSTEIN-TYPE OPERATORS

Now, by C ([0, 1], [0, +00)) we denote the class of all non-negative and continuous
functions on [0, 1].

Theorem 1. For any f € C ([0,1],[0,400)) and o« > 0, we have L, o (f) = f
on [0, 1], where the symbol = denotes the uniform convergence.

Proof. Let f € C ([0,1],[0,400)) and & > 0. Assuming 0 < f < K on the interval
[0, 1] define the function g : [0, K%] — [0, K] by g(y) = y'/®. Then, by the uniform
continuity of g on [0, K%] and the uniform convergence B, ( f%) to f% on [0, 1], we
observe that g o B, ( f'%) is uniformly convergent to g o f'% on the interval [0, 1]. This
means that L, o (f) = f on [0, 1]. O

In Figure 1, it is indicated an approximation to the function

f(x) = % n %Cos (S”Tx)

by means of the operators L, 3( f;x) for n = 15,30, 50, 100, respectively.
On the other hand, it follows from the general Leibniz rule

(K
(u.v)(k) = Z (,)u(k_i)v(")
i

i=0

=355 (H)(1)- (=)

l l
i1=0i2=0 im_1=0 \'1/ \"2

that

(k_il) (il_iZ) (im—2_im—1) (i 71)
XUy U, Uy U,
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flx) = (1/2)+(1/2)cos(57x/2) , n=100

FIGURE 1. Approximation to f(x) = % + %cos (5”7") by
Ly 3(f;x)forn =15,30,50,100, respectively.

where, as usual, /') = —— - Now using this, we obtain the following simultaneous

approximation result for L, o(f).

W)
Theorem 2. Ifa = 1/m, m € N, then, we get {Lnji(f)} = £® o [0,1] for
every f € Ck([0,1],]0, 4+00)) with k < nm.

Proof. First observe that L, 1 (f:x) is a polynomial with degree < nm. Then,
for each k < nm, we may write that

A A
()

ol () ()

Since {B, (/)}® = £® on[0,1], we see that

® & w2 k(i) (im-
LoD} =23 (1)(2)(1,11_?)

i1=0i=0 i;—1=0
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AT
S (0 R

(k)
— fl/mfl/mfl/mfl/m

m times

— f(k),
which completes the proof. O

Here, we give the following conjecture:

Conjecture 1. Foranya > 0and f € C* ([0,1],[0,4+00)) . {Ln.o(f)}® = f®
on [0,1].

We also get the following approximation results.

Theorem 3. If @« = 1/m, m € N, then, we get, for every n € N and
f€C(0,1],[0,4+00)), that

|ty h=r] < 5mEa (110,
where K := || f|| and w denotes the classical modulus of continuity of f.
Proof. Using the identity
U™ — 0" = (u—v) W " 24 a2 0T, 2.1)
we see that
L1 (f10 = f@)] = |(Ba(rm:0)" = (£1/m@)"|
< [Ba(f 1m0y = £V )|
" m—i i—1
x> (Bar ™)) (£ )

i=1

Since 0 < f(x) < K for every x € [0, 1], we obtain that
Ly 1 (F:0) = F)| < mK " By (£1/m52) = £1/m o)

Now taking supremum over x € [0, 1] and also using the approximation order of the
classical Bernstein polynomials for the function /7 the proof is completed. [




NONLINEAR BERNSTEIN-TYPE OPERATORS 397

Theorem 4. If « = m, m € N, then, we get, for every n € N and
f € C([0,1],]0,4+00)) for which || f|| = k > 0, that

5 1
Lnm —JI == "—=.
Lo ()= 15— (17 )

1/m 1/m

Proof. In (2.1) if we replace u and v with u and v

have

, respectively, then we

m—1 m—2 1 1 m—=2 m—1*
u m +y m vym—+. ... +umy m —+v m

Using the last equality, we see that
Lnm (£330 = £ = | (Ba £ ™50) 7 = (17 (0) ™|
_ |[Bn (f™:x) = f™ (x)]
X (B0 (70T
1
< — [ Ba(f™x) = [ ()]

mk

5 1
ST fm,—),
dmk " ( NG

whence the result. O

1/m

u —U

Thus, the following open problem arises.

Open Problem. As in Theorems 3 and 4, can we get an approximation order for
anya >07?

The next result is useful when approximating a function f for which f1/% (a > 1)
is convex.

Theorem 5. If « > 1 and f € C ([0,1],]0,4+00)) such that f1/% is convex on
[0, 1], then the error estimate ‘Ln 1 (f;x)— f(x)| is better than | B, (f;x) — f(x)].

Proof. It is well-known that if f1/¢ is convex, then B, (f /%) is also convex, and
Bu(fY%x) > fl./“(x) for every x € [0, 1] (see, for instance, [3]). Thus, we get
L, 1(f:x)> f(x). Furthermore, it follows from (1.2) that

F() < Ly 1 (f3%) < Bu(f:x) forany a = 1,

whence the result. O
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> Ly1(fix) = B,(fix)
Ly 374(fix)
Ly1po(fiX)

> Lyalfix)

Ly q6(fix) = x°

0571
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FIGURE 2. Approximation to f(x) = x® by Lyi(f:x) fora=
1, %, 2,3, 6, respectively.
. . 4 .
In Figure 2, takingn =4 and « = 1, 3 2,3, 6, respectively, we graph L4,$ (f) for
the function f(x) = x%. Then, we observe that
f(x)=x%= L4’%(f;x) <L4’%(f;x)
<L4’%(f;x) < L4’%(f;x)
< Laa(f:x) = Ba(f:x).
Thus, in this example, for fixed x,n, we see that L, (f;x) is getting close to

1 . .
f(x) = x% as o goes to 2 Notice that f1/% is convex for 0 < a < 6 and concave for
o > 6.
Similar result also holds for the approximation to concave functions.

Theorem 6. If o > 1 and f € C ([0,1],[0, +00)) such that % is concave on [0,1],
then the error estimate |Lp o (f;X) — f(x)| is better than |B,(f;x)— f(x)].

We get from Theorem 6 and Figure 3 that, forn =7,
f(x) = sin'/*(x) > La.a(f1x)
> L73(f1x) > L72(f:x)
> L71(f:x) = B7(f:x).
After Theorems 5 and 6, the following problem arises:

Open Problem. Is there any other class of functions satisfying a better error es-
timation as in Theorems 5 and 6 ?
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1.0 A > f(x)=sin¥/4(nx)
— T L (X
Z = \\\ 7,4(f )
/ \\ > Ly 3(fx)
//'/ \ L7’2(f,'X)
// \\
"/ N> Ly 1) = By(fix)
0.0 : : : : -
0.0 02 04 0.6 08 1.0

FIGURE 3. Approximation to f(x) = sin'/4 (mx) by L7,4(f;x) for
o =1,2,3,4, respectively.

3. EXTENSION TO THE MULTIVARIATE CASE

Our idea can be applied to the multivariate Bernstein polynomials in the following
way. We first consider the standard unit simplex in R” (m € N) :

Sm={(x1,000,xm):0<x; <1 (@ =1,....m)and x1 + -+ xpy < 1}.

Now, instead of Cartesian coordinates, we denote barycentric coordinates by a bold-
face symbol:

X = (X0,X1,....Xm) With xg := 1 —Xx1 —Xxp — -+ — Xpp.

Then, using the multi-index notations

k _ ko ki
X =x,"x;"-

k| =ko+ki+-+km,

ny n!
k| kolky!---kpy!

for x € R+ and k =(ko,k1,....km) € NG’ 1 we define the following (nonlinear)
multivariate operators:

k
..xmm’

1/a
Lna(fix)=1{>" (i)x“f”‘ (l;‘) , 3.1)
k|=n

where f : S, — [0,400) is a function, n € N and & > 0.
In this case, as in Theorem 1, one can get the next result, immediately.
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Theorem 7. For any f € C (Sp,[0,+00)) and o > 0, we have Ly o (f;X) =
f(x) on Sy,.

The bivariate version of (3.1) with Cartesian coordinates may be written as fol-
lows:

1/a
n n—k ik —i—k .
. B nlx/ y*(1—x—y)y*t=/ ol K
Ln,a(fJCv_V)— § § 'k!(fl— —k)! f ;’;
k=0j=0 J ]

where (x,y) € S, n e N,a>0and f € C (S2,[0,+00)).
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