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Abstract. In this paper, a known theorem dealing with an application of quasi power increasing
sequences has extended by using a new class of increasing sequences instead of a quasi-o-power
increasing sequence. This theorem also includes some new and known results.
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1. INTRODUCTION

A positive sequence X = (Xj,) is said to be a quasi-(o, y)-power increasing se-
quence if there exists a constant K = K (X, (0,y)) > 1 such that Kn° (logn)¥ Xn >
m? (logm)¥ Xm for all n >m > 1, where y > 0 and 0 < o < 1 (see [14]). If we
take y=0, then we get a quasi-o-power increasing sequence (see [13]). A pos-
itive sequence (by) is said to be an almost increasing sequence if there exists a
positive increasing sequence (c,) and two positive constants M and N such that
Mc, <b, < Ncy (see [1]). A sequence (A,) is said to be of bounded variation,
denoted by (A,) € BV, if Y 00 [AAn| =Y 0o i | An —Ant1 |< 00. Let Y an be a
given infinite series with the sequence of partial sums (s,). We denote by ¢ the nth
Cesaro mean of order o, with & > —1, of the sequences (nay), that is (see[9])

n

T A% Yvay, (' =tn) (1.1)
ny=1
where
1 2)....
Az — (a+ )(a+ ') (O(+I’l) — O(T’Ia), A(in — O fOl" n> 0 (12)
n!
A series Y _ay is said to be summable | C,a;8 |, k > 1 and § > 0, if (see [ 1])
o0
> ¥ Fe oo (1.3)
n=1
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If we set § = 0, then we get | C,« | summablility (see [10]).
Let (p5) be a sequence of positive numbers such that

n
P,,=va—>oo as n—oo, (P-j=p-i=0,i>1). (1.4)

v=0

The sequence-to-sequence transformation

| &
Wp = —— vasv (L.5)

mv=0

defines the sequence (wjy) of the Riesz mean or simply the (N, p,) mean of the
sequence (sp), generated by the sequence of coefficients (p,) (see [12]). The series
> ay is said to be summable | N, p,;6 |, kK > 1 and § > 0, if (see [4])

00
Z(Pn/Pn)8k+k_l | W —wp—1 |k< 0. (1.6)

n=1

If we set § = 0, then we obtain | Ki , Pn | summability (see [2]). In the special case
pn = 1 for all values of n, the | N, pn;8 |, summability is the same as | C,1:8 [,
summability. Also if we take § = 0 and k = 1, then we get | N, p, | summability.

2. THE KNOWN RESULT

The following theorem is known dealing with the absolute Riesz summability
factors of infinite series.

Theorem 1 ([5]). Let (X,) be a quasi-o-power increasing sequence for some o
(0 < 0 < 1) and let there be sequences (By) and (Ay) such that

| Adn |< B, 2.1
Bn—0 as n— oo, (2.2)

o0
> 0| ABn| Xn < oo, 2.3)

n=1
| An | Xn = O(1). 2.4

If (py) is a sequence such that

Pp = O(npn), (2.5)
PnApn = O(pnpn+1), (2.6)

n Sk k
P t
E (—v) ﬁ =0(Xn) as n— oo, 2.7
v=1
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m—+1

P, P 1
> ”)8’” = ((p—”)“;) as m— oo, 2.8)
n=v+1 Pn v v

then the series Zn=1an I;’Z;” is summable | N,pn;S lk, k>1and0<§ <1/k.

Remark 1. In the hypothesis of Theorem 1, we have added the condition ”(4,) €
BV”.

3. THE MAIN RESULT

The aim of this paper is to extend Theorem 1 by using a quasi-(g, y)-power in-
creasing sequence instead of quasi-o-power increasing sequence. Now we shall
prove the following theorem.

Theorem 2. Let (A,) € BV and let (Xy) be a quasi-(o,y)-power increasing se-
quence. If all conditions of Theorem I are satisfied, then the series Y -, Pn

an S
summable | N, pp:8 |, k > 1,and 0 <8 < 1/k.

is

Remark 2. 1f we set y=0, then we get Theorem 1. If we take § = 0, then we get
a new result dealing with | N, p,, |, summability factors. If we take p, = 1 for all
values of n, then we get a new result dealing with | C,1;8 |, summability factors.
Also, if we take y=0 and §=0, the we get the known result (see [6]). Finally, if we
take (X ) as an almost increasing sequence, then we get the known result which was
published in [7].

We need the following lemmas for the proof of the theorem.

Lemma 1 ([8]). Except for the condition (A,) € BV, under the conditions on
(Xn), (Bn) and (Ay,) as expressed in the statement of the theorem, we have the fol-
lowing;

> " BnXn < o0, 3.1)
n=1
nXnfn = O(1). (3.2)

Lemma 2 ([3]). If the conditions (2.5) and (2.6) are satisfied, then we have

Po\_ (1
1()-o(3)

4. PROOF OF THEOREM 2

Let (T;) be the sequence of (N, p,) mean of the series e %. Then, by
definition, we have

zp z"f” =—2<P P ™

4.1
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Then, for n > 1 we obtain that

n
Pn Py_1Pyayvry
Ty—Th—1 = .
§ 8 Pp Py 1;2::1 Uzpv

Using Abel’s transformation, we get that

n—1
PyAy
Tpy—Tyq1 = Pn E A( vl )E rar-l——g vay
PnPn—l r=1

v=1
n—1
Pn P, Av
= — 1)t
PPn 1zlp (v+ )vpv
n—1
+ P, P, AL (U+l)
PPn 1Z Pv
n—1
P Pn IZPU v+1(v+ 1D A(Py /v Pv)

+)L [n(n+1)/n n1+Tn2+Tn3+Tn4

To complete the proof of the theorem by Minkowski’s inequality, it is sufficient to
show that

(o¢]

P Sk+k—1
> (—") | Ty [F< 00, for r=1,2.34. (4.2)

Now, applying Holder’s inequality, we have that

m+1 P Sk+k—1 .
n

z(—) | Tos |

n=2

DPn
m+1 -1 1 k
—mnzx fkl E:JmUMMM—$
Pn—l v=1 pU v
k—1
m+1 1 k n—1
P, 1 P, 1 1
=om LI S (2 porti ) 5 o
n—l,4 Pv v -1 v=1
P 1 op 1
=0m§j(l)pu%|uuk S e L
v=1 Pv n=v+1 Pn n—1

m k
Py k—1 kL1 Py osp
_ 0@ (—) o ) Ao Lo 1t 1§ (P2
)1;1 pv v v v v ‘Uka pv



A NEW FACTOR THEOREM 61
m k—1
P 1 P
oY (—) [ N2 6 L (Eook
v=1 P v Pv
Z P 1
=0(1) Z(p—“)‘?kvk—lv—k | Ay [ 1y ¥
v

—om Y. [l (Cryelel

v=1

—0(1)ZA|AU|Z(P’>“' i +0<1)|Am|Z(P”)8k"”'

v=1 v=1
m—1

=0(1) Y | Ady | Xy + O(1) | A | Xim
v=1
m—1
=0(1) Y BuXy+O0() | Am | Xm = O(1)
v=1
as m — 00, by virtue of the hypotheses of the theorem and Lemma 1. Now, by using
(2.5), we have that

mr1 o\ Sktk—1 .
n

Z(—) T |

n=2

Pn

m—+1 k

= 0(1) Z( )5" l—

ZP |Axv||rv}

m+1 n— n—1 k—1
—0(1>Z< e — 1 ZPvmxvnm"xg%ZPvmm
n—l n—1 —
m+1 1
—0(1>2Pvﬁv|rv 3y ( e
n=v+1 Pn Pn—1
k
—0(1>Z( Poyitg 1o = 00 3 wpu Lyt 2
v=1 v
_0(1)ZA(vﬂ)Z( )‘Sk"" L O(m ﬂmZ( )‘”‘"j}'
v=1 v=1

=o(1) Z v| ABy | Xy + O(1) Z Bu Xy + O()mpBp Xm

v=1 v=1
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=0(1) as m— oo,

in view of the hypotheses of the theorem and Lemma 1. By using Lemma 2, as in
Ty,1, we have that

m—+1 P Sk+k—1

n
3 (—) T |F
n=2

Pn
m+1 P n—1 lo+1 k
—0(1>Z( —)k-t D Poldot it |
n=2 Pn v=1 v
m+1 n—1 k
Py, 1
—0(1)2( )8k ! Zp_Pvl)‘v—Hl;lzv@
11—1 v=1 "
k—1
m+1 n—1
P, 1 P 1
_0(1)2( ")5" 1P IZ(p—”) — Ao [Fl 1y F { va}
n—1 " v
P m+1 P
—0(1)2( ) Y T e
v=1 Po n=v+1 Pn

P\ 1 v Poosk
=0(1 E: v — A to F (22
( ) (Pv) vk | v+1 || v| (Pv)

—0(1)2( )8"’” | Aot |l 1w [

|1 ¥
=0(l) as m— oo.
v

P

= 0(1) Z(—”)S" |
v=1 Pv

Finally, as in 75,1, we have that

m Sk+k—1 m k—1
> (P—) | Toa = 0(1) 3 (22 (P—) (”“) L ¥
n=1

Pn n—1 Pn Pn n

—0<1)Z( )‘”“ =1 M = 2 |t 1

_0(1)Z|)Ln|(Pn)8k|tn| =0() as m— oo.

n=1

This completes the proof of the theorem.
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