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Abstract. Some new results related of the left-hand side of the Hermite-Hadamard type inequal-
ities for the class of mappings whose second derivatives at certain powers are s—convex in the
second sense are established. Also, some applications to special means of real numbers are
provided.
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1. INTRODUCTION

Let f : I € R — R be a convex mapping defined on the interval / of real num-
bers and a,b € I with a < b. The following double inequality is well known in the
literature as Hermite-Hadamard inequality [6]:

a+b 1 b fa)+ f(b)
f( > )SE/; f(x)dxf—z .

Both inequalities hold in the reversed direction if f is concave. For recent results,
generalizations and new inequalities related to the Hermite-Hadamard inequality see
[3,4,9,11,12,14,17].

The classical Hermite- Hadamard inequality provides estimates of the mean value
of a continuous convex function f : [a,b] — R.

Definition 1. Let / be on interval in R. Then f : I — R is said to be convex if
the following inequality holds

fAx+A=)y) =Af(x)+A-=21)f(»)
forall x,y € [ and A € [0,1] . We say that f is concave if (— f') is convex.

The class of functions which are s-convex in the second sense has been stated as
the following (see [7]).
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Definition 2. Let s be a real number, s € (0, 1] . A function f : [0,00) — R is said
to be s-convex (in the second sense), if

fOx+A=2)y) =2 f(x)+ A=) f(y)

for all x,y € [0,00) and A € [0, 1]. Some interesting and important inequalities for
s-convex (in the second sense) functions can be found in [1,2,5,8, 10, 15,16, 18, 19].
It can be easily seen that convexity means just s-convexity when s = 1.

In [13], Sarikaya et. al. established inequalities for twice differentiable convex
mappings which are connected with Hadamard’s inequality, and they used the fol-
lowing lemma to prove their results:

Lemma 1. Let f : I C R — R be twice differentiable function on 1°, a,b € I°
witha < b. If f" € Ly[a,b], then

1 b a+b
mf f(x)dx—f( : )

2 1
B G, / m @ [f"(ta+A=0b) + f"(th+ (1 =na)]d,
2 0
where
[2 7t € [O’ %)
m(t) :=

(1-1)* teli 1]
Also, the main inequalities in [ 3], pointed out as follows:

Theorem 1. Let f : I C R — R be twice differentiable function on I° with " €
Ly[a,b]. If | f"| is convex on [a,b], then

G atb\|_ b=’ If" @I|+|/" ®)
al, st (57)| =55 J

24 2
Theorem 2. Let f : I C R — R be twice differentiable function on 1° such that
f" e Lyla,b] wherea,b e I,a <b. If | f"|? is convex on [a,b], g > 1, then

I a+b (b—a) [If"@+f"®)77"
m/a f(X)dx_f(T)'SS(Zp—i—l)l/p[ 7 i|

1,1 _
where;—i—a—l.

(1.1)

(1.2)

The main aim of this paper is to establish new inequalities of Hermite-Hadamard
type for the class of functions whose second derivatives at certain powers are s-
convex functions in the second sense.



HERMITE-HADAMARD TYPE INEQUALITIES FOR s-CONVEX FUNCTIONS 493

2. MAIN RESULTS
In order to prove our main results we need the following lemma:

Lemma 2. Let f : I C R — R be twice differentiable function on 1°, a,b € I°
witha <b. If f" € L[a,b], then the following equaliy holds:

()
(b16a) {/ Zf"( +2—b)dt+/ Zf”( a+ b)dr}. 2.1)

Proof. By integration by parts, we have the following identity
/zf”( +—b)dt+/ t f”( a-+ b)dr
0 0
4 Vot 22—t t
_b—a{/o tf (§a+7b)dz—/o tf' (—a+2b)dz}
4 2 t 2=t \|' 2 Yot 2—t
= t——f | za+—> —a+—>b|dt
b—a{ a—bf(2a+ 2 )0+b—a/0 f(2a+ 2 )
2 2 oot -
viar (e )] + /f(_fﬁzb)dz}
a o b—alo 2 2
16 a+b) 8 /1 (t 2—1 )
=- + ~a+——>b|dt
(b— a)zf( 2 (b—a)*Jo I3 2

(—a + b) dt.
(b a)

Using the change of the variable in last integrals, we get the required identity (2.1).
0
Theorem 3. Let f : I C [0,00) — R be twice differantiable mapping on I°, a,b €

I witha <b . If |f"]is s- convex in the second sense on |a,b), for some fixed
s € (0,1], then the following inequaliy holds:

1 [P a+b (b—a)* (2514 — (45 +12))
E/a f(x)dx_f( 2 ) S G D)6 +2) 6 +3)

[lf"@]+|f"®)|].
2.2)

Proof. Using Lemma 2 and the s- convexity in the second sense of | /|, we find

o [ (“30)




494 MEHMET ZEKI SARIKAYA AND MEHMET EYUP KIRIS

b—a)* 1 i 2— 2—¢ 1
By i) t2|: ”(—a+—tb)‘+ f”(7a+§b)udz
0

- 16

ot 0 [( ) /" )}+( )\f"(b)!
+(2 ) /" )|+( ) \f”(b)l]dt

_ 6=’ (/@] +| /"B [/ [zs+2+z2(2—r)s]df}
0

2s+4

_(b—a)? (2T —(4s +12))
24 s+ D (s+2) (s +3)
where we have used the fact that
[1t2(2—t)sdt = 2S+4_(S2+7s+14), and /lt”zdt -
0 E+DE+2)(s+3) 0 s+3
The proof is completed. O]

[|f"@]+]f"®)|]

Remark 1. If we take s = 1 in Theorem 3, then inequality (2.2) becomes inequality

(1.1).

The next theorem gives a new upper bound of the left-hand side Hermite-Hadamard
inequality for s-convex functions:

Theorem 4. Let [ : 1 C [0,00) — R be twice differantiable mapping on 1° ,
a,b el witha <b. If |f"|? is s- convex in the second sense on [a,b] , for some
fixed s € (0,1] and q > 1, then the following inequaliy holds:

1 b a+b
m/ f(x)dx—f( : )

<(b—a>2( 2 )é (lf"(a)ﬂ+(2S+1—1)|f"(b)|4)5

T 25t \2p+1 s+1

N ((2s+1 _1) |f//(a)|q + |f//(b)|q)q

s+1 (2.3)
(b_a)2 2 % 1 7 "
=73 (2p+]) 5Dt [lf"@]+|f"®)]],

where L + = =1.
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Proof. From Lemma 2, using Holder’s inequality and the s-convexity in the second

sense of | /|7, we find
1
1 [P a+b b—a) (' , »
— - t|°P dt
oo [ odn—r (50) < O ([ e a)
a S(2—t 1t
lavlp
f ( 7 a+2

e e Y
G ;6(1)2 (2p1+ 1)‘1’ {(/01 [(%)S | £ (@)|" + (?)s |f//(b)}q} dz)q
) (/(’1 (55) ir@r (5) 1o dt);}

_(b—a) [ 2° \7
T 25t \2p+1

y {(f”(a)q+(2“‘“—1)|f”(b)|q)‘l’+ ((2“‘“—1)f”(a)|q+f”(b)lq)‘l’}_

s+ 1 s+1

Let ar=|f"(@", b1 =2 =)/ O, a2 = (2T = 1) | f" @], b2 =
| f”(b)|. Here , 0 < % < 1 for g > 1. Using the fact that

n n n
D (@x+be)' =) ai+) b
k=1 k=1 k=1

for (0 <s<1),ay,az,....anp >0, by,bs,....,b, >0, we obtain

T a+b\| _(-a)*( 2 P01 \d
ﬁ/a f(x)dx_f( 2 )‘— 25+ (2p+1) (s+1)

% [(‘f”(a)‘ + (2s+1 - l)é ‘f”(b)‘) + ((2s+1 —l)é ‘f” (a)‘ + ‘f//(b)‘)]

1

() () [ Yoo

b— 2 2 % 1 é " 1"
<O (55) (59) e @l o).

This completes the proof.
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Corollary 1. Under assumption Theorem 4, if we take s = 1, then the inequality
(2.3) becomes the following inequality

1 b a+b
oo [ roar—r (“37)

(b—a)? {(If”(a)lqﬁf”(b)lq)‘5+(3|f”(a)|q+f”(b)q);}
T 16Q2p+1)r 4 4

(b- a)

2q+2(2p

[!f”(a)| +[f®)|]-

Theorem 5. Let f : 1 C [0,00) — R be twice differantiable mapping on 1° ,
a,bel witha<b. If | f"|? is s-convex in the second sense on [a,b], for some fixed
s € (0,1] and q > 1, then the following inequaliy holds:

b
e (2)

2

(b—a) (1 o "ay|? + 2T (s>+Ts+14) |, g g
N (g) {<2S(s+3)f @] 2s(s+1)(s+2)(s+3)|f ®)|

25+4—(S2+7S+14) " q " q l
+(2S(s+1)(s+2)(s+3)‘f @[+ 575 +3)|f()}

Proof. From Lemma 2, using the well known power mean inequality for g > 1
and the s- convexity in the second sense of | f”/|, we find

ﬁ/abf(x)dx—f(a;rb)‘
) o)
([ (e ) ) )

O (0L e (5 )

1
q q
dt)
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([ 1 (3 Lo )

1

(b_a)z 1 l_é 1 " q 2s+4_(s2+7s+14) " q ‘
=16 (5) (m\f @+ 5 neraery @l
2S+4_(S2+7S+14) " q 1 i q é
(2S<s+1>(s+2><s+3)‘f @+ 5573 17"
which completes the proof of Theorem 5. U

Corollary 2. Under assumption Theorem 5, if we take s = 1, then inequality (2.4)
becomes the following inequality:

1 b a+b
o | seav=r (%5 )‘

_(b-a (3|f”(a)|q+5|f”(b)|q); .\ (SIf”(a)lq+3|f”(b)l")‘l’
- 48 8 8

3. APPLICATIONS TO SPECIAL MEANS

In [1], the following result is given.

Let g: I — I; C[0,00) be a non-negative convex functions on /. Then g¥(x) is
s—convexon I,0<s < 1.

For arbitrary positive real numbers a,b (a # b), we shall consider the following
special means:

b
(a) The arithmetic mean: A = A(a,b) := at ,a,b >0,
(b) The harmonic mean:
2ab
H=H (a,b):= ,a,b>0,
(@.5) a+b 4
(c) The logarithmic mean:
a if a=>b
L=L(ab):= ,a,b >0,
b— .
lnb—ﬁm if a # b

(d) The p—Ilogarithmic mean
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1
pr+Hli_gr+1]p .
i Ll LT Ry
Ly =Ly(a.b):= [(”“)“’ ")] ,peRNU—1,0}: a,b > 0.
a if a=b

It is well known that L, is monotonic nondecreasing over p € R with L_; := L
and Lg := I. In particular, we have the following inequalities

H<L<A.
Now, using the results of Section 2, some new inequalities is derived for the above

means.
() Let f :[a,b] > R, (0 <a <b), f(x)=xT1, 5 (0,1]. Then,

1 b
ﬁ/ f(x)dx = L3t (a.b),
a

L@ H1O) _ o o
£ (“ erb) — A5 (a.b).

(a) From Theorem 3, we obtain
(b—a)?s(25T* — (45 + 12))
25+3(s+2)(s +3)

|L$E] (a.b)— A*F (a.b)| < A@ ™, p57h.

For instance, if s = 1 then we get
1
|L3 (a.b) — A% (a.b)| < o (b—a)>.

(b) From Theorem 4, we have
|L3% 1 (a.b)— A5t (a.b)]

1
S (b _a)z 2¢ ? (s—1)gq s+1 (s—1)q %
= o (Zp—l-l) [(" (1))

1
+ ((2s+1 _ l)a(s—l)q +b(s—1)q) qi|

1

stb—a)? ( 25 \7» 1 o

=73 (2 1) T AW,
p+ (s+1)4

where ¢ > 1 and % + é = 1. For instance, if s = 1 then we have

1
(b—a)? 1 \7
|L3(a.b)— A% (a,b)| < 7 2 ,p>1.
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(c) From Theorem 5, we get

s+1 s+1 (b—a)2 l l_é
L3 (a.b) = A" (a,b)] < 25+4 (s +2) (s + 3) (3)

1
|:(s(s +1)(s +2)a V9 4 (2S+4s —53 =752 — 14s)b(s_1)q) K
1
+ ((2S+4s —53 =752 - 14s)a(s_1)q +s(s+1)(s+ 2)b(s_1)q) ,,:|
where ¢ > 1 and % + é = 1. For instance, if s = 1 then we have

(b—a)® (48)4

2 42
|L3 (a.b) — A (a,b)| < o ,

@) Let f :[a,b] C[0,00) > R, (0<a <b), f(x)= % € K2, 5 € (0,1]. Then,

1 b
E/ f()C)dX = L:i (a,b),

uﬂm;fw):AwﬂﬁﬂL
b
FED = a7 @h).

(a) From Theorem 3, we obtain

(b—a)® @M —@s+12)[ (on)  , (—5-2)
25F4 (s +1)(s+2)(s+3) [a +0 ]

For instance, if s = 1 then we get

IL=5(a.b)— A (a,b)| <

2
-7 0] = 5240,

(b) From Theorem 4, we have

|LZ3 (a,b)—A%(a,b)|

1
s(b—a)? 28 P (—s—2) —s— g
< q 2s+1 —1 b( s 2)q)
— 2s5+4 (2]7 +1 (a + ( )

(o aen )]

1

_® —a)? ( 2 ) ’ S [a(—s—Z) + b(—s—z)]
— l 9
8 \2p+1l) (s41ya!
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where ¢ > 1 and % + é = 1. For instance, if s = 1 then we have
L1 (a,b)— A7 (a,b)]

b—a)>( 2 \7 1 1

1

2 »
< (b—a) ( 4 ) A(a=3b7?)
8 2p+1

1

where g > 1.
(c) From Theorem 5, we get

g G- (1)
|ILZg(a,b)—A(a,b)| < 254 (s +2) (s + 3) (5)

1
[(s(s F1)(s +2)aT5 7D 4 (2545 — 53 757 — 14s) b(_s_z)q) !

Q|

+ ((2”43 — 53 =752 — 14s) a2 (s + 1)(s + 2)b(_s_2)q)

)

1 -1 (b—a)2 1 1_% -3 _3 1 _3 3 1
|LZ{(a.b)—A (a,b)|5W 3 (677 4+10b737) 7 + (10a™>7 +6b7>7) 7 |,

where ¢ > 1 and % + é = 1. For instance, if s = 1 then we have

where g > 1.
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