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Abstract. In this paper algorithms are developed for computing the Stirling transform and the
inverse Stirling transform; specifically, we investigate a class of sequences satisfying a two-
term recurrence. We derive a general identity which generalizes the usual Stirling transform
and investigate the corresponding generating functions also. In addition, some interesting con-
sequences of these results related to classical sequences like Fibonacci, Bernoulli and the num-
bers of derangements have been derived.
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1. INTRODUCTION

The Stirling numbers arise frequently in mathematics, especially in enumerative
problems. This is the reason of their important role in combinatorial analysis, num-
ber theory, probability, graph theory, calculus of finite differences and interpolation.
The notations for these numbers have never been standardized, this paper follows
the notation of Riordan for the signed Stirling numbers of the first kind s (2, k) and
Knuth’s notation for the Stirling numbers of the second kind {Z}

The Stirling transform of a sequence (a,) is the the sequence (by) given by

n

by =3"1"0 0, (1.1)
and the inverse transform is
n

an =Y s(nk)by. (1.2)

k=0
The identity (1.1) has a combinatorial interpretation given in [2]. If a,, is the num-
ber of objects in some class with points labeled 1,2,...,n (with all labels distinct)
then b, is the number of objects with points labeled 1,2,...,n (with repetitions al-

lowed).
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In this paper algorithms are developed for computing the Stirling transform and the
inverse Stirling transform; specifically, we investigate a class of sequences satisfying
a two-term recurrence. We derive a general identity which generalizes the usual
Stirling transform and investigate the corresponding generating functions also.

Given a sequence d,, := ag,m (m > 0). We construct an infinite matrix § :=
(an,m) as follows:

The first row ag », of the matrix is the initial sequence; the first column b, := a, o
(n > 0) is called the final sequence and, each entry a, ;, is given recursively by

An+1,m = An,m+1 +Mdn,m. (1.3)

Conversely, if we start with the final sequence, the matrix § can be recovered by
the recursive relations

Apnm+1 = An+1,m —Mdp m. (1.4)

2. DEFINITIONS AND NOTATION

In this section, we introduce some definitions and notations which are useful in the
rest of the paper. N being the set of positive integers and No = NU {0} .
The falling and rising factorials are defined, respectively by

X))y =xx=1D-(x—n+1),(x)g=1
and
(X),=x(x+1D-(x+n—-1),(x)g =
The (signed) Stirling numbers s (7, k) of the first kind, are usually defined by

n
() =Y _s(n.k)xk, @.1)
k=0
or by the following generating function
L n(1 40y = 0 22
7 (1 +x) —st(n, ) 2.2)
n>

It follows from (2.1) or (2.2) that
sm+1L,k)y=smn,k—1)—ns@n,k) 2.3)

and that
s(n,0)=68,0 meN), s(n,k)=0 (k>nork <0),

where §,, ,» denotes the Kronecker symbol.
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The Stirling numbers {}} of the second kind count the number of possible par-
titions of a set of n objects into k disjoint blocks. These numbers can be defined
explicitly by

x" = Z{Z} (X -
k=0

For any positive r € N the quantity {Z}r denotes the number of partitions of a set
of n objects into exactly k nonempty, disjoint subsets, such that the first » elements
are in distinct subsets. These numbers obey the recurrence relation

=0k.r, n=r, (2.4)

n—+r k
Z k+r F:Ferx(ex—l) . (25)
n>k ro ’
The properties
n =rn—r
r
,
and
n+r n+r n+r—1
= —(r—1 2.6
k+r k+r r=1 k+r 26)
r r— r—1

are given in [3], which one can consult for more details on r-Stirling numbers.

3. COMBINATORIAL IDENTITIES

Theorem 1. Given an initial sequence (ao,m)m>0, define the matrix 8 by (1.3).

Then, the entries of the infinite matrix 8 are given by

n
An.m = E

k=0

n+m

km( Gomtk (3.1)
m
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Proof. We prove by induction on 7, the result clearly holds for » = 0. By induction
hypothesis

. - ma _i n+m+1 . Laantml
n,m+1 n,m — k4+m4+1 0,m+k+1 0,m
k=0 m+1 m
n—1
n+m
+mZ k + 0,m+k
k=1
i: n+m+1 4 m n+m 4
= 0,m+k+1 0,m
k=0 k+m+1 m+1 m
n—2
n—+m
+m a
Z ktma1 0,m+k+1
k=0 m
n+m+1 4 n+m+1
= ao,m+n+1 ao,m+n
n+m+l m—+1 ntm m—+1
n—2
n+m+1
+ a
Z ktmal 0,m+k+1
k=0 m+1
n n—+m n "iz n—+m
m a m a .
m 0,m ktmal 0,m+k+1
m k=0 m
From (2.6) and after some rearrangements, we get
n+1 n+m+1
an,m+1+manm = Z ao,m+k-
k+m
k=0
=dan+1,m-

O

Theorem 2. Given a final sequence (an,o)n>0 , define the matrix 8 by (1.4). Then,
the entries of the infinite matrix 8 are given by

m
nm =Y _s(m.k)aniro. (32)
k=0

Proof. We prove by induction on m, the result clearly holds for » = 0. By induc-
tion hypothesis and (2.3), we have

m+1

m
nitm—Mnm= Y s(m.k—1)ay g o—my s(m.k)dnixo
k=1 k=0
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m
=s(m,m)ay+m+1,0 + Zs (m,k—1)au k0
k=1

m
—ms (m.0)ano—mY s (m.k)ansko
k=1

m
— s () ansme10+ 3 (s (mok—1)=ms (m,k)) dp 41,0

k=1
—ms(m,0)an,o
=dan,m+1-
O
Corollary 1. For n,m € Ng, we have
m n
n+m

D snIbug=3 3, ¢ Amik (33)

k=0 k=0 m

The last identity can be viewed as the generalized Stirling transform which re-
duced, for m = 0, to the Stirling transform (1.1) of the sequence a,, and for n = 0
reduces to the inverse Stirling transform (1.2) of the sequence b,,. We may now for-
mulate the following algorithms

Algorithm 1. Stirling transform
Input: a,

Output: b,

Set Xy = an—m.m
forn=0,1,...do

Xy, i=ay
form=n,n—1,...,0do
Xm—1:=m—=1)Xm—1+ Xm
end do
b, := Xo

end do

Algorithm 2. inverse Stirling transform

Input: b,

Output: a,,

Set Yy =bnm—n

form =0,1,...do
Yin :=bm

forn=m,m—1,...,0do
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Yn1:=Yp—(m—n)Yy—y
end do
am = Y()

end do

Example 1. Setting ap,,» = 11in (3.3), we get the well known identity [7]
n

k=0

where B;, is the nth Bell number.

n+m
k+m

m
= ZS (m,k) By k.
k=0

m

Example 2. Let (Fp),en, be the Fibonacci sequence given by Binet’s formula

1

F _ an __RAn ,
n= @ =F")
where o = 1+2“/§ and 8 = 1_2*/5. If the initial sequence
(R
dom =7 (=) = (=B)m)
then we get the following matrix
0o 1 0 1 —4 19 -108 \
1 11 -1 3 —-13 71
1 2 1 0 -1 6 —37
2 3 2 -1 2 -7 34
s=13 5 3 -1 1 -l -3
5 8 5 -2 3 =8 31
8§ 13 8 -3 4 -9 28
13 21 13 =5 7 —17 59

From this matrix we observe that a, .0 = an 2 = —an+2,3 = Iy, and ap43 4 = Ly,
where (L), e, the Lucas sequence given by Binet’s formula

L,=a"+p".
It is well known that the F;, and L, are connected by the formula
Lp=Fy—1+Fyy1, (neN).
By (3.3), one can deduce that

n—+m

k+m (<_O‘)m+k_(_ﬂ)m+k)’

m

m 1 n
(k) Fypx = —= 3 (1) HF
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and by Theorem 2, we get

2
Fo=) 5(2.k) Fypx = —Fnt1+ Fapo
k=0
3
= —ZS (B.k) Fyqoqk = —2Fp43+3Fp44— Fuys,
k=0

and for n € Ng, we have

Corollary 2.

4
Ly = ZS (4.k) Fyi34k = —6Fy4a+11Fy45—6F, 16+ Fpi7.
k=0

By Theorem 1, one easily gets the following explicit formulas.

Corollary 3. For n € Ny, we have

n

_ o)
Fi= LD {k ()~ (=B)p)

~ s 2 (o
_ «/5,;( D 2(( @2 —(—Bkta)
1 n+2 i n4+5
:%kgo(_l) k43 3((—a)k+3—(—ﬂ>k+3)
and
1 nt3 k n+7
L":%g)(_l) k44 4((—0[)k+4_(_:3>k+4)'

4. GENERATING FUNCTION

Theorem 3. Suppose that the initial sequence ag m+r has the following exponen-

k
tial generating function A, (z) = Zao’k_l_r %7+ Then the sequence {an r}n of the rth

k>0
n

columns of the matrix 8 has an exponential generating function B, (z) = E an,r —'
n!
n>0

given by
By (z) =e"* A, (e5—1) “4.1)
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Proof. We have

Zl’l

n!
,

n+r
k+r

By (z) = Zao,r+k2

k>0 n>0

= ZaOr-i-kk' (e _1)

k>0

et ZQO r+k

k>0
= e A, (e*— 1).

0

Theorem 4. Suppose that the final sequence anr o has the following exponential

. . k
generating function B, (z) = Zak+,’o§c—!. Then the sequence {aym}m of the rth
k>0

. . . . Z
rows of the matrix 8 has an exponential generating function A, () = E arm—
m
m=>0

given by
Ar (2) = B, (In(1+2)). 4.2)

Proof. We have

Ay (2) = Y sk Y s (mdo) =

k>0 m>0
(In(1 +Z))
= Z Ar4+k,0—7,
k>0
= B, (In(1+2)).
t
Example 3. A derangement on a set {1,2,...,m} is a permutation 7 = ijip---ip

such that iy # k for k = 1,2,...m. The number of derangements on {1,2,...,m} is
denoted by D;, and given by D,, = ["’7'] where [x] the nearest integer function.
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Now, if the initial sequence ag m, = (—1)" Dy, then we get the following matrix

1 0 1 -2 9 —44 \
0 1 0 3 -8 45
1 1 3 1 13 -39
s=|1 4 7 16 13 76
4 11 30 61 128 159
11 41 121 311 671 1381
)
The generating function of the sequence ag , is Ao(z) = . It follows from (4.1)
that Bo(z) = exp(e*—z—1), and we notice that a, g is the number vy, of partitions of
{1,2,...,n} without singletons (see for instance [8]). By (3.3), one can then deduce

that

Corollary 4. For n,m € Ng, we have

> s k) v =) (=1

k=0 k=0

n—+m

m

If m = 0, we get the well-known identity (cf. [9], p.1569)

vn= Y (=D Z} Dy

k=0
Example 4. The exponential generating function of the Bernoulli polynomials

By (x) is
— ZB (x) -

n>0

Bo(z) :=

By Theorem 4, we have

(I+2)*In(1+2)
Z )

Ao (2) =

It is not difficult to show that

"] ko (2) = Z( el

where [z"] f (2) denote the operation of extracting the coefficient of z” in the formal
power series f (z) = Z fnz"™. Now, let us consider § defined by (1.4) with the final
sequence an,0 = By (x), by (3.3), we obtain the following corollary
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Corollary 5. For n,m € Ng, we have

< O B o nm o [y k=i (x); 43

I;)s(m, ) n+k(x>—k§0 ktm m;o(—) e @)

Notice that the Todorov theorem [ 10, Eq. 49] is obtained by setting 7 = 0 in (4.3).
Example 5. Catalan and Motzkin numbers naturally appear in a large number of

combinatorial objects. It is well known that the Catalan number C,, = a1 (n
ln/2]
Motzkin number M,, = Z ﬁ (2'}{) (2: ) are connected by [1]
k=0
“(n ‘ n
— _ n—k
Cov1=Y_ (k)Mk = M, =) (-1 (k)CkH-
k=0 k=0
Using the generalized Stirling transform, we can show that the Catalan numbers are
related to the Motzkin numbers in terms of Stirling numbers by
n n+1
Y sk My = s(n+1.k)Cy. (4.4)
k=0 k=0
and
n k=1( n k+1(,
Cn =6n0+ ZZ{k} s(k—1i)M; < M, = ZZ%k s(k+1,)C;.
k=0i=0
4.5)

k=1i=0

Setting the final sequence a, 0 = C,, we get the following matrix
1 -5 29 \

1 1 1 1 0
1 2 3 3 1 0 -1 7
2 5 9 10 4 -1 1 -1
5 14 28 34 15 4 5 11
§=114 42 90 117 56 -—15 19 —42
42 132 297 407 209 =56 72 —160
132 429 1001 1430 780 —208 272 —614
' /

Since

" 1/2
530(2)=ch;= 1F1( é ;4Z),

n>0
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where 1 F; ( = ) denotes the Kummer confluent hypergeometric function defined
by T

3 (Pl 2"

o (dhn 1!
It follows from (4.2) that

z" 1/2
Ao(z) =) Rp=> = 1Fy ;41 (1+2)
n!
n>0
and
m n n +m
D s Copi=2 3, b Rtk (4.6)
k=0 k=0
Now, if the initial sequence ag m = R +1, we get the following matrix
( 1 1 1 0 1 =5 29 -196
1 2 2 1 -1 4 =22 146
2 4 5 2 0 -2 14 -100
_ 4 9 12 6 -2 4 —-16 93
J 9 21 30 16 —4 4 -3 =26
21 51 76 44 —12 17 —-44 172
51 127 196 120 -—-31 41 -—-92 282

\ : /

From this matrix we observe that a, 0 = M,. We prove this observation using gen-
erating functions. We have

Ao (z) =

n
ZRn—Hi_!

n>0

n>0

1 3/2
= F
152! 1( 3

)

i D I

n>0

;4ln(1+Z)).

From (4.1), we get

3/2
Bo(z) = 1F1( é ;42

d
= Z
n>0
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n>0 \k=0
n
“yn
=
It follows
Zs(m’k)Mn-‘rk = Z i Ritk+1- 4.7)
k=0 k=0 tm

Combining results (4.6) and (4.7) gives (4.4) and (4.5).

5. HANKEL TRANSFORM

The Hankel transform of a sequence «,, is the sequence of Hankel determinants
det (ai+ j) 0<i,j<n’ A number of methods for computing the Hankel determinants
have been vVi(’iel_y investigated [4, 5]. It is well known that the Hankel transform of
sequences o, and B, are equal under the binomial transform [6]

n
Bn = Z (Z) O -
k=0
A natural question arises: “What about the Hankel transform of the sequences a,
and b, under the Stirling transform?” In this section we show that there is a connec-
tion between the generalized Stirling transform and the Hankel determinants.

Theorem 5. For n € Ng, we consider a matrix (a; j)o<i,j<n Of order n arising
from (1.3) with initial sequence ao,; and the final sequence b; := a; o, then
det (ai,j)ogi,j < = det (biﬂ')osi,j <n’

where det (bH_ j) is the Hankel transform of the sequence (b;).

0<i,j<n

Proof. We can write

ap,o at,o az.o as.o an,0

ai,o as.o as,o as4,0 *tt dp+1,0
det(bi-w')osi,jsn = : : - S

aAn,0 Adn+1,0 An+2,0 A4n+3,0 *°*  d2p,0

after applying (1.4), the determinant is unchanged

det (bi+/)o<; j<n =
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ap,0  dio az,0—ato az0—az,0—2(az,0—ai,o)
aie dzp a3,0—dz,0 a4,0—az,o—2(as0—az,o)

an,0 A4n+1,0 4n+2,0 —Adn+1,0 an+3,0—an+1,0—2(an+2,0—an+1,0)

Using (3.2), we get

do,0 do,1 do2 do,3 ** Adon
ai,o di,l di2 di3 o dig
det(bi-i-j)osi,an = : : - ’
an,0 dn,1 dn2 dp3 An,n
from which the relation follows. O

The answer to the previous question is given in the following

Corollary 6. For n € Ng, we have

i+J

et (bit 1)osi,jen = 9U| Doy (@i
k=0 J 0=i,j<n
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