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1. INTRODUCTION

The purpose of this paper is to establish ndiicent conditions sfiicient for
the unique solvability of the Cauchy problem for some classes of many-dimensional
systems of linear integral-diérential equations.

The proof of the main Theorem 3.1 of Section 3.1 is based on the application of
Theorem 2 from4] (see Theorem 4.2 in this paper) established by using a result of
[5,7]. Note that similar statements were obtainedlird by different methods.

2. NoTATION

The following notation is used.
(i) R = (-00,0), R, =[0,00), N ={1,2,3,...}.
(i) 11Xl := maxg<k<n %l for x = (X, € R".
(iii) C([a,b], R") is the Banach space of the continuous functiam®] » R"
equipped with the standard norm

C([a,b],R") 3 u+— max [lu(s)]l.
se[a,b]

(iv) L([a, b],R")isthe Banach space of Lebesgue integrable functiorjg, b] —
R" with the norm

b
Lt bl RY > U [ luglds
a
(V) Z(R") is the algebra of square real matrices of dimension
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(vi) The relationx <z y for
o1
2 . 0-2
g .=
On

and{x, y} ¢ R" means thaty(yx — x«<) > 0 forallk = 1,2,...,n. Similarly,
the relationx <z y means thatr(yx — x) > 0 foreveryk = 1,2,...,n. The
symbols =;” and “>;" are defined by analogy.

3. INITIAL VALUE PROBLEM FOR THE INTEGRAL-DIFFERENTIAL EQUATION

We consider the system aflinear inhomogeneous integralfidirential equations
of the form

N b
u'(t) = Zf H;(t, su(wj(t, s))ds+ f(t), te[ab], (3.1)
j=1+4
with the initial condition
u(r) = ¢, (3.2)
and the corresponding homogeneous Cauchy problem
N b
=) [ HitJuw e 9ds  telabl (3.3)
j=1v4
u(r) = 0, (3.4)

whereH; : [a,b] x[a, b] = Z(R") andf : [a,b] — R" are integrable functions, and

wj . [a,b] x[a, b] — [a, b] are measurable functiong= 1,2,...,N. By a solution of
problem (3.1), (3.2) (respectively, (3.3), (3.4)), according to the definition adopted in
the modern theory of functional{@iérential equations?], an absolutely continuous
functionu : [a, b] — R" is meant which possesses property (3.2) (respectively, (3.4))
at the pointr and satisfies relation (3.1) (respectively, (3.3)) almost everywhere on
[a, b]. Various equations, e. g.,

u'(t) = a(t) ftr(s)u(h(s))ds+ (), t € (—o0, ),

B(t)
() = f | OOt It 10, te (0,09

can be rewritten in form (3.1).
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3.1. MAIN THEOREM

Here, we state the main theorem on the unique solvability of the initial value prob-
lem (3.1), (3.2), which can be used to obtaffiaéent conditions for concrete equa-
tions (see, e. g., Corollary 3.6).

The conditions of the Theorem 3.1 below are formulated in terms of the func-
tions obtained by the consecutive application of the linear operation defined by the
right-hand side of equation (3.3) to a given function with suitable properties. More
precisely, let us fix some absolutely continuous functigpn: [a,b] — R" which
satisfies the conditions

yo(r) =0 (3.5)
and
yo() > 0,  te[ab]\{r}, (3.6)
and consider the sequence of functions given by the recurrence relation

N t b
w®=Y [ ([ Hie st gds.  telabl k=12...
j:0 T a

(3.7)
The following general theorem is true.

Theorem 3.1. Let the functionsv; : [a,b] x [a,b] — [a,b] be measurable and
Hj:[ab] x[ab] - Z(R"), j=12...,N, beintegrable and such that

N b
Zf Hj(t, ) dssignt - 7) >, 0 fora.e. te[ab] (3.8)
j=1ve

with some constant vectat = col(o1,09,...,0q), ok | k=1,2,...,n} c {-1,1}.
Assume also that there exist some real constardg0, 1) andp € (1, +o0), integers
k > 0Oandr > 1, and a certain absolutely continuous functigf : [a,b] — R"
satisfying relation¢3.5) and (3.6) such that the integral-gferential inequality

k+1

N b
560 - £ D[ Hie 9l el 9)
j=1va

~ ap(wi(t, s))]ds)] signt-7) > 0 (3.9)

holds for almost everyfrom[a, b].

Then the Cauchy proble3.3), (3.4) has only the trivial solution, the inhomoge-
neous Cauchy probleif8.1), (3.2), has a unique solution(-) for arbitrary ¢ € R"
and f € L([a,b],R"), and this solution is representable as the uniformly convergent
functional series

u(t) = i f@),  telab], (3.10)
k=0
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where, by definition,

N t b
K (t) =Zf(f H,-(f,s)f““ll(wj(g,s))ds)dg, te[ab)], k=12...,
j:1 T a

and
t
f0(t) :=c+ff(s)ds t € [a,b].

Moreover, if the vector-functiof and vectorc satisfy the additional condition

ft f(9ds>z —c (3.11)

for all t from[a, b], then the unique solutiom(-) of the inhomogeneous probldl),
(3.2) satisfies the relation

u(t) >z 0, te[ab]. (3.12)

We recall that, everywhere in this paper, notation (vi) of Section 2 is used. For
example, condition (3.11) means that the inequality

Ok

t
Ck+f fu(s)ds| = 0

is true for allt from [a,b] andk = 1,2,...,n.

Remark3.2 Under the condition of Theorem 3.1, the uniform convergence of
the sequence of functions (3.7) to the function equal identically to zero, i. e., to the
unique solution of the homogeneous Cauchy problem (3.3), (3.4), follows from the
proof of [7, Theorem 2], which theorem implies Theorems 3.1 and 4.2]aiged in
this paper.

Remark3.3. Condition (3.9) is optimal in the sense that the assertion of Theo-
rem 3.1, generally speaking, is not true if (3.9) is assumed withl, i. e., has the
form

N b
(- - Y { [ it Moyt 9)
j=1 v

— ay(wj(t, s))]ds)] signt - 7) 2, 0. (3.13)

This statement is justified by the example below.
Example3.4. Consider the homogeneous integrafetiential equation
2signt - 1)
@-12+(b-

b
u'(t) = T)2fa u(s)ds telab], (3.14)
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wherer is a given point fromd, b). Clearly, equation (3.14) can be rewritten as (3.3)
if we put
n=1 N=1,

2signt - 1) (3.15)

Hi(t,s) = @02+ 012 (t,s) € [a,b] x [a b].

Let us set
yo() =It—7l,  te[ab]. (3.16)
Obviously, this function is absolutely continuous and satisfies conditions (3.5) and
(3.6) withn = 1 andd = 1. We construct the sequence of functiansyo, ...
defined by the formula (3.7). In this case, it has the form

t ——— b
0= [ ot ([ neatos)ce

- @12+ (b-
2t - 1] b
G b ). ta9ds  telaB. (@17
a
It is clear that, by virtue of (3.16),
2t - b
) = oy [ Is—rlds=li-rl.  tefabl
a
Arguing by induction, we obtain that

@) =lt—=, telahb], (3.18)

for everyk > 0 It is obvious that, fo* = 1 andN, n, andH; given by formulae
(3.15), the equality

N b 2
Zf H;(t, )¢ ds signt — 7) (3.19)
j=1+@

T (@a-12+ (-1

is true and, hence, condition (3.8) is fulfilled.

Let us show that condition (3.9) with= 1 (i. e., inequality (3.13)) holds fef = 1
andN, n, andH; given by formulae (3.15). Indeed, in this case, according to (3.18),
the expression in the left-hand side of inequality (3.13) takes the form

N b
l(l —a)p® - > ( f Hj (. 9lyicer (@) (L. 9) — anlwj(t. s))]dsﬂ signt - 7)

j=1we

~ . 2 signt — 7) b .

=1-a) (S|gn¢ -7)— @-02+ (017 fa |s— T|dS) signt — 1)

=(1-a)(1-1)=0 (3.20)
and, hence, (3.9) is satisfied in the form of an equality. However, the function
ult) = At — 1, te[ab],
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whereA € R is arbitrary, is a non-trivial solution of the homogeneous Cauchy prob-
lem (3.14), (3.4).

Thus, in Theorem 3.1, one cannot replace condition (3.9) avithl by condition
(3.13) because the latter does not guarantee the unique solvability of the Cauchy
problem under consideration.

3.2. COROLLARIES
Conditions (3.5) and (3.6) are satisfied, e. g., for the function
yo(t) = t-71%,  te[ab], (3.21)

whereq is some natural number amtl = (ow);_, is ann-dimensional vector such
thatoy € {-1,1} forall k = 1,2,...,n. The following results then follow from
Theorem 3.1.

Corollary 3.5. Let the functionsv; : [a,b] x [a,b] — [a, b] be measurablei; :
[a.b] x [a,b] —» Z(R") be integrable, and inequalit{3.8) be satisfied for some
& € {-1,1}". Moreover, assume that there exist a real numper (0, 1) and some
g € N such that the inequality

SR b &P rb
22 t(fa Hj.(€. ) (fw * (fa Hj, (7, )i, (1, 5) —T|qu) dn)dp)dg

j1=1j=1%vT7

N t b

<ov Y [ ([ Wit 90,09 - ragar .22
j1=1 T a

is true for almost everye [a, b]

Then for arbitraryc e R"and f € L([a, b], R"), the inhomogeneous Cauchy prob-
lem(3.1), (3.2)is uniquely solvable, and homogeneous Cauchy prol&8), (3.4)
has only trivial solution. Moreover, if the functioh and vectorc satisfy inequal-
ity (3.11)for all t € [a, b], then the unique solution of problef®.1), (3.2) satisfies
condition(3.12)

Corollary 3.6. Assume that the functions : [a, b] x [a, b] — [a, b] are measur-
able and the integrabléi; : [a,b] x [a, b] — Z(R") satisfy(3.8) with some vector
a € {-1,1}". Let, moreover, there exist some constants (0,1) andg € N such
that the inequality

N t b
Z f [f lwj(n, 9) — 719Hj(n, 9)ds| dn & <z yIt — 7| (3.23)
j:1 T a

is fulfilled for a. e.t € [a, b].

Then the conclusion of Corollary 3.5 is true for the inhomogeneous prof@dh
(3.2)and homogeneous problgi®.3), (3.4).
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3.3. THE CASE OF A TWO-DIMENSIONAL SYSTEM

Let us obtain conditions gliucient for the unique solvability of the initial value
problem

b b
G0 = [t ot s+ [ hualt uwnt. s+ 1. (3:24)

b b
0 = [ Peatt uswntt 9Nds+ [ hialt vzt s+ ot (3:25)

ui(r) = ¢, (3.26)

U2(T) = Cp, (3.27)

wheret € [a, b], the functionsf; andhj, i, j = 1,2, are integrableyij, i, ] = 1,2, are
measurable, ancy andc, are arbitrary real constants.
The following assertion is true.

Corollary 3.7. Assume that the functions; : [a,b] x [a,b] — [a,b] are mea-
surable,hjj : [a,b] x [a,b] — R are integrable for alli, j = 1,2, and, moreover, the
following conditions are satisfied with certafor,, o5} c {-1, 1}:

b b
(f hya(t, s)ds+ o-lcrgf hya(t, s)ds) signt—7) >0 fora.e.te[ab]
a a

and

b b
(Ula'zf hoq(t, s)ds+ f hoo(t, s)ds) signt—7) >0 fora.e.te[ab].
a a

Let there exist some constantg (0, 1) andq € IN such that the inequalities

t b
f [ f w107, 9) — 1917, s)ds] dy

t b
+ (T]_O'zf [f lw2(n, 9) — 1%12(7, 5)d S] dp <ylt—7% (3.28)
T a

and

t b
o100 f [ f w101, 9) - 7%ha(n, s)ds]dn
T a

t b
. f f Iwz(n,S)—quhzz(n,s)ds]dnSylt—flq (3.29)
T a

hold for almost every € [a, b].
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Then the Cauchy proble3.1), (3.2), (3.3), (3.4) has a unique solution for arbi-
trary {f1, fo} ¢ L([a, b],R) and realcy, c,. Furthermore, if the inequalities

o1 (ft fl(S)dS+ Cl) >0,
() (ft fo(s)ds+ Cz) >0

are true for allt € [a, b], then the unique solutiofuy, uy) of problem(3.1), (3.2),
(3.3), (3.4) satisfies the inequalities

o1uy(t) > 0,
O'2U2(t) >0

forall t € [a, b].

4. PROOFS OF THE STATEMENTS OF SECTIONS 3.1 AND 3.2

We recall the following definitionT].

Definition 4.1. An operator : C([a,b],R") — L([a, b],R") is said to bg, 7)-
positivewith somea € {-1, 1}" andr € [a, b] if relation (3.12) implies that

(lu))sign(t—7) > 0 fora.e. te[ab].
In other words, this means that the inequalities
(kw@®)sign(t-7) >0, k=12...,n,
are true for a. et € [a, b] if
okUk() >0, k=1,2,...,n,

for all t € [a,b]. Here, |l : C([a,b],R") — L([ab],R), k = 1,2,...,n, are the
components of the operatbr C([a, b], R") — L([a, b], R").

We need the following theorem on the unique solvability of the Cauchy problem
established in3, 4.

Theorem 4.2. Let us suppose that the linear operatan the equation
u(t) = (u)®) + f(t),  telahb], (4.1)

is (¢, T)-positive for some* € {—1, 1}". Assume also that there exist real constants
a € (0,1) andp € (1, +0), integersk > 0 andr > 1, and an absolutely continuous
functionyo : [a,b] — R" with properties(3.5) and (3.6) such that the integral-
differential inequality

k+1

yo(t) = Z—1(0" yrer — ) ()| Sign(t — 7) 25 0 (4.2)

l-«a
is satisfied for almost evetyfrom [a, b].



CAUCHY PROBLEM FOR LINEAR INTEGRAL-DIFFERENTIAL EQUATIONS 169

Then the homogeneous Cauchy problem
u'(®) = (u)t), telab, (4.3)
ur)=0

has only the trivial solution, and the corresponding inhomogeneous pro@eth
(3.2) is uniquely solvable for arbitrarg € R" and f € L([a,b],R"). The unique
solutionu(-) of problem(4.1), (3.2)is, moreover, representable as the uniformly con-
vergent functional serig.10)

If, in addition,c and f satisfy conditior(4.1), then the above-mentioned solution
u(-) possesses proper{g.12)

4.1. Proor or THEOREM 3.1

The assertion of Theorem 3.1 follows from Theorem 24pf\hich is formulated
here as Theorem 4.2, because assumption (3.8) guarantees that the linear operator

N b
C(ab],R") 3 ur lu:= Zf Hj(-, 9u(wj(-, 9)ds (4.4)
j=1v2

is (&%, 7)-positive in the sense of Definition 4.1. Indeed, the following lemma is true.
Lemma 4.3. For arbitrary measurable functions; : [a,b] x [a,b] — [a,b]
and integrable functionsi; : [a,b] x [a,b] - Z(R"), j = 1,2,..., N, satisfying
condition (3.8) with some columm@* € {-1, 1}", the linear operator(4.4) is (¢, 7)-
positive.
Proor. Let us assume that a functiene C([a, b], R") satisfies condition (3.12).
Consider the expression

N ~b
o) f Hj(t. u(w;(t. 9))dssignt — )
j=1va

:O’k

Zbe'Vhle(t,S)Sign¢—T)O'Vuv(a)j(t,S))dS, te[ab], (4.5
y=1va

N n
=1

wherehlj(v, k,v = 1,2,...,n, are the corresponding coordinates of the maitfix
ji=12...,N/i. e,

hits ... hl (9

Hj(t, s) —[ ] (t, ) € [a,b]?.

hts ... hints
Everykth component of the vector

N b
Zf H;(t, )& ds signt — 7)
j=1ve
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has the form

N n b ]
> f ovh) (¢, 9)dssignt - 7)

=1 a

v=1

i
and, therefore, by (3.8),

N n b |
ok Z Z f O'Vhljw(t, s)dssignt—-7) >0

j=1v=1va

for all k. Thus, in view of (3.12) and (4.5),
N b
diag1.02,...,00) Zf Hj(t, s)u(wj(t, s))ds signt — 7) > 0
j=1e
componentwise, i. e.,
N b
> f Hj(t, Yu(wi(t, ))ds signt — 1) >4 0
j=1v2

fora.e.t € [a, b].
Sinceu is an arbitrary function satisfying condition (3.12), we have shown that
operator (4.4) is&, 7)-positive in the sense of Definition 4.1. O

4.2. Proor oF COROLLARY 3.5
To prove Corollary 3.5, it is diicient to apply Corollary 5 from4] puttingk = 1
andr = 1 and defining the functionpg by formula (3.21).
4.3. Proor oF COROLLARY 3.6
Corollary 3.6 follows from Corollary 6 of4]. Inequality (3.23) is fulfilled for
operator (4.4) and the functiog given by formula (3.21). Indeed, it is easy to verify
that the derivativgy of function (3.21) is given by the formula
yo(®) = gt - 7% *sign(t - 7), te[ab].
Therefore,
yo() signt —7) 22 0, te[ab],
because, obviously,
qt-791# >, 0, telahb].
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4.4. Proor oF COROLLARY 3.7

Let us puin = 2 andN = 4 in equation (3.1) and define the matrix-valued functions
Hj, 1< j <4, by the formulae

Hl(t,5)=(hllg’ S 8), Ha(t, s):(g hlzg, S))’

H3(t,s)=(h21?t’s) 8), H4(t,S)=(8 hzzg,s))

for a. e.t andsfrom [a, b]. Let w1 = w11, w2 = w12, W3 = w21, aNdwy = w22. Then,
as is easy to see, the inhomogeneous Cauchy problem (3.24), (3.25), (3.26), (3.27)
takes form (3.1), (3.2). Applying Corollary 3.6, we obtain the required assertion.

REFERENCES

[1] AcarwaL, R. P.anp Ronto, A.: Linear functional dfferential equations possessing solutions with a
given growth rateJ. Inequalities Appl., to appear.

[2] AzseLev, N., Maksmvov, V., AND RAKHMATULLINA, L.: Introduction to the Theory of Linear Functional
Differential Equationsvol. 3 of Advanced Series in Mathematical Science and Engineg¥ifogld
Federation Publishers Company, Atlanta, GA, 1995.

[3] Dinava, N. Z. anp Ronto, A. N.: On the solvability of the Cauchy problem for systems of linear
functional djferential equations with{&, 7)-positive right hand sidesDopov. Nats. Akad. Nauk
Ukr. (2004), No. 2, 29-35.

[4] Dinava, N. Z. ano Ronto, A. N.: Some new solvability conditions of the Cauchy problem for
systems of linear functional férential equationsUkrain. Math. J.56 (2004), No. 7, 867—884.

[5] Ronto, A.: New dfferential inequalities properties of whose solutions ensure the solvability of the
Cauchy problem for linear functional gierential equationsDopov. Nats. Akad. Nauk Ukr. (2004),
No. 1, 26-32.

[6] Rontd, A. axD Sremr, J: Abstract djferential inequalities and the Cauchy problem for infinite-
dimensional linear functional gierential equationsArchives Inequalities Appl., to appear.

[7] Ronto, A. N.: Exact solvability conditions of the Cauchy problem for systems of linear first-
order functional dfferential equations determined Qy;, 02, . . . , on; 7)-poOsitive operatorsUkrain.
Math. J.,55(2003), No. 11, 1853-1884.

Author’s Address

Nataliya Dilna:

INSTITUTE OF M ATHEMATICS, NATIONAL ACADEMY OF SCIENCES OF UKRAINE, 3 TERESCHENKOVSKAYA ST.,
01601 Kev, UKRAINE
E-mail addressdilna@imath.kiev.ua



