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Abstract. The paper is concerned with the semisimplicity of smash products of generalized
quantum commutative algebras in weak Hopf algebra setting. Let H be a weak Hopf algebra
over a field k and A any semisimple and generalized quantum commutative weak Yetter-Drinfeld
H -module algebra. It is shown that Aff H is semisimple if and only if 4 is a projective left Af{H -
module. Applying results to quasitriangular (weak) Hopf algebras is considered.
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1. INTRODUCTION

In [10], Yang and Wang have proved the following statement:

Suppose that H is a finite dimensional quasitriangular Hopf algebra acting on
an algebra A and A is quantum commutative. If A is semisimple, then AfH is
semisimple if and only if A is a projective left Aff H-module.

The statement above is extended to weak Hopf algebras setting by Zhai and Zhang
in[l1].

Weak Hopf algebras were introduced by Bohm et al. in [1] as an important gen-
eralization of ordinary Hopf algebras and groupoid algebras besides quasi-Hopf al-
gebras, multiplier Hopf algebras, Hopf quasigroups, etc ([5, 6, 9]). The axioms are
the same as the ones for a Hopf algebra, except that the coproduct of the unit, the
product of the counit and the antipode condition are replaced by weaker properties.
The initial motivation to study weak Hopf algebras comes from the fact that some
classical theory and lots of basic properties of ordinary Hopf algebras have “weak”
analogues (see [3,4,7, 8]).
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Given a quasitriangular weak Hopf algebra (H, R), a weak H-module algebra
A can be endowed with a suitable coaction associated to R to make A be a weak
quantum Yetter-Drinfeld H-module algebra which is similar to one studied by Cae-
nepeel et al. in the setting of Hopf algebras [2].

The purpose of this paper is to discuss the validity of the statement such as the
start under the more general assumption.

The paper is organized as follows.

In Section 2, we recall basic definitions and give a summary of fundamental prop-
erties concerning weak Hopf algebras and quasitriangular weak Hopf algebras and
weak Yetter-Drinfeld H-module algebras. In Section 3, as the main content, we
discuss the semisimplicity of smash products of generalized quantum commutative
algebras in weak Hopf algebra setting. Finally, the application of our results is con-
sidered.

2. PRELIMINARIES

Throughout the paper k is a fixed field. Unless otherwise stated, all vector spaces
are over k and all maps are k-linear. We will use the Heyneman-Sweedler nota-
tion A(c) = ¢(1) ® ¢(z) for coproduct (summation understood). ® mean ®j unless
otherwise specified, etc.

2.1. Weak Hopf algebras

Recall from Bohm et al. ([1]) that a weak Hopf algebra (H, A,¢,S) is both an
associative algebra and a coalgebra with an antipode S : H — H satisfying the fol-
lowing conditions (1)-(4):

(1) A(xy)=Ax)A(y) forall x,y € H;

2 A2()= A1) 1HA®A(1), A*(1) =18 A1)(A)®1);

(3) e(xyz) =elxym)e(y2)z), e(xyz) =e(xy@))e(ya)z) forallx,y,z € H;

4 x)S(x@) =e(l@)X)12), Sxa)xe) = 1anexly)),

S(X(l))X(z)S(X(g,)) = S(x),for all x e H.

Let H be a weak Hopf algebra. Then we define the maps ¢;,&5 : H — H by the

formulas
er(x) = e(l()X)1(2). &s(x) = 1(1)e(xl(z))

and denote by H; the image ¢;(H ) and denote by Hj the image e5(H ).

Let H be a weak Hopf algebra. The following results hold from Bohm et al. ([1]),
forallh,g € H,

(W1) H; and H; are two sub-algebras of H,

W2) A(l) =11y ®1(2) € Hs ® Hy, €4(h)es(g) = es(8)es (),

(W3) A(er(h) = 1(1yer (h) ® 1), Ales(g)) = 1(1) ®es(g)1(2)s

(W4) h(l) ®83(h(2)) = hl(l) ® S(l(z)), St(h(l)) ®h(2) = S(l(l)) ® l(z)h,



THE MASCHKE-TYPE THEOREM OF SMASH PRODUCTS 93

(W5) h(1y ®er(h(2)) = 1(1)h ® 1(2), &s(h()) ®hp) = 11) ®hl(2),
(W6) er0er =&, e5085 = &5,
(WT7)e;oS =¢gr0e5 =8o0¢g, 6508 =g508;, = Soegy,
(W8) S(hg) = S(g)S(h), S(h(z)) ® S(ha)) = S(h)1) ® S(h)(2) and
S(1)=1, e0S =g,
(W9) h1e5(8) ®h2 =h(1) ® h(2)S(es(g)), h1®er(g)ha = S(er(g))h(1) ®h(2)-

2.2. Quasitriangular weak Hopf algebras

Recall from Nikshych et al. in [8] that a quasitriangular weak Hopf algebra is
a pair (H, R), where H is a weak Hopf algebra and R = R! ® R? € AP (1)(H ®
H)A(1) such that
(Q1) There exists R € A(1)(H ® H)AP(1) with RR = A°P(1) and
RR = A(1).
(Q2) For all h € H, we have
A°P(h)R = RA(h),
(id ® A)R = R13R12,
(A®id)R = R13R23
where A°? denotes the comultiplication opposite to A, R1» = R® 1, Ry3 =1® R,
etc., as usual.
Let (H, R) be a quasitriangular weak Hopf algebra. Then the following six iden-
tities hold:
(es®id)(R) = A1), (id Qes)(R) =(S®id)A%P(1),
(e: ®id)(R) = A%(1), (id®er)(R) =(S®id)A(1),
(S®id)(R)=(d®S ™ H(R) =R, (S®S)(R)=R.

2.3. Weak module algebras

Let H be a weak Hopf algebra. An algebra A is called a left weak H-module
algebra, if A is a left H-module via h ® a — h-a such that, for any a,b € A and
he H,

h-(ab) = (hy-a)(hp)-b), h-1g =¢e¢(h)-14.

Let H be a weak Hopf algebra and A a weak left H-module algebra. Recall from

Nikshych in [8] that a weak smash product AfH of A and H is defined on a k-vector

space A®py, H, where H is a left H; -module via its multiplication and A is a right
H;- module via

a-x=S"Yx)-a=a(x-14), a € A, x € H;.
Its multiplication is given by the following formula:
(aih)(big) = a(hq)-b)ih2)8.
forany a,b € A and g,h € H. Then Af{H is an associative algebra with unit 14{1g.
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2.4. Weak quantum Yetter-Drinfeld H -module algebras

A k-algebra A is called a weak quantum Yetter-Drinfeld H-module algebra, if A
satisfies the following conditions:

(WQ1) A is a weak left H —module algebra,

(WQ2) A is aright H°P-comodule algebra, i.e., the comodule structure map

p:A— A® H satisfies

ap) ®ar = Ly -ap) ® lyapy. plab) = aj)b) @ brjapy, p(1) = (id ®e:)p(1),
where p(a) = ajg) ® ap1] denotes the coaction.

(WQ3) (WQ1) and (WQ?2) satisfy the Yetter-Drinfeld condition

(h2)-a)10] ® (h(2)-@)yhqry = hqy - ao) ® hyap

forallhe H,a € A.

Remark 1. The Yetter-Drinfeld condition is equivanlent to
p(h-a) =h(z)-a[o]®h(3)a[1]S_1(h(1)). 2.1)

Example 1. Let H be a weak Hopf algebra. {1(1)AS(1(2))|h € H} is a weak
quantum Yetter-Drinfeld H-module algebra with the action and coaction given as
follows:

g - (1yhS(12) = gyhS(g@). p(11)hS(12)) = Layh@a)S(12) ® S~ (hy).

Example 2. Let (H, R) be a quasitriangular weak Hopf algebra. Given any left
weak H-module algebra A, one can define a right H °P-coaction on A as follows:

p(a) = R*-a®R!'.
With the above coaction, it is easily checked that A4 is a weak quantum Yetter-Drinfeld

H -module algebra.

3. THE MAIN RESULTS

In this section, we assume that H is a weak Hopf algebra with bijective antipode
S, and A a weak left H -module algebra, and A§H the weak smash product algebra.

Definition 1. Let H be a weak Hopf algebra and A a weak quantum Yetter-
Drinfeld H-module algebra. A is called a generalized quantum commutative al-
gebras, if A satisfies, for all a,b € H

Clb = b[o] (b[l] 'Cl).

Lemma 1. For any weak quantum Yetter-Drinfeld H -module algebra A. Then,
foralla € A,

oy ® 1) ® 1ije) = g @ 1y 111 ® 12 (3.1)
afo) ® &1 (ap)) = alp) @ 1y, (3.2)
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aje) ®es(ap)) = ljja ® S(1y). (3.3)

Lemma 2. For any generalized quantum commutative algebra A. Then, for all
a,b e A,
ab = (S(ap1y) -b)aje) <= ab = by (b -a). (3.4)

Proof. For all a,b € A, we have
(S(apy) -b)ago) = agojjoy(@oj1S (@) - b)
= apoj(es(ap)) - D)
= al[O](l[l] -b) =ab.
Conversely, For all a,b € A, we have
byoy (b1y - @) = (S (bjoy11) 211 - @)bpojo)
= (S(bp1(1))br1(2) - @)byo)
So we finish the proof. U

Lemma 3. For any left weak H -module algebra A. Then M is a left A H-module
if and only if M is both a left H -module and a left A-module and satisfies the follow-
ing compatible condition

h-(a-m) = (hqy-a)-(h@)-m),
forallhe Hyae Aandme M.

Lemma 4. Let H be a weak Hopf algebra and A a generalized quantum commut-
ative algebra. Then, for all a,b € A,

afo1broy ® bpijap = b (i) - Moy ® (bpij2) - @bui)- (3.5)
Proof. Forall a,b € A, apply p to the identity ab = bjoj(b[1}- @), we have
p(bro)(br11 - @)) = brojfo1 (bp11 - @0y @ (a1 - @)ibpoyny
= bjo1(b112) - Do) ® (by2) - Dby
= p(ab).
The proof is completed. U

Lemma 5. Let H be a weak Hopf algebra and A a generalized quantum commut-
ative algebra. If M is a left Aff H-module, then M is an A-bimodule with the right
module action of A on M as follows

—~M®A—>Mm®ar>m—a=a,-(ap)-m),

and forallh € H,
h-(m < a) = (hqy-m) < (h)-a).
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Proof. First, we shall check that M is a right A-module. In fact, for all m € M
and a,b € A, we have

(m < a) < b= (ap-(ap;-m)) <= b
= bioy - (b111- (ajo) - (@[17-m)))
= bpoy - ((br111) @101 - (br1j@) @11 -m))
= (bro) (b2 - Do) - ((bry2) - Dby -m)
= ajo1bpo) - (bnjapy-m)
= (ab)jo)((ab))-m)
=m ~—ab

m«—1= 1[0]-(1[1]-1’)’1)
= lpoy(1(1) - 1a) - (L2111 -m)
= 1101(S(1(1)) - 14) - (A 2)e: (1 [1)) -m)
= (Ljo) (e (A1) S(L (1)) - 14)) - (L (2) -m)
= (o) (1S 1)) - 14)) - (12 -m)
= (S(1y)-14)-(I(z)-m)
=y 14)-(Ia)-m) =m.

Now, we shall check M is an A-bimodule, i.e., (a-m) — b =a-(m — b). Asa
matter of fact,

(a-m) < b = bjg)- (bp1)- (a-m))

= bioy - (b1)(1) - @) - (b1y(2) -m))

= (broy(br13(1) - @) - (b13(2) - m)

= (brojfo1(bpoj[1] @) - (bpay - m)

= abyoy- (bp1y-m)

=a-(m<D>b).

Finally, foralla € A,me M and h € H,
(hy-m) < (hy-a) = (h@y- @) ((hey-a)pyha) -m)
= (hqy-ap)(h)ap-m)
= h-(ajo)- (ap1)-m)) = h-(m < a).
The proof is completed. g
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Lemma 6. For all left AfH -module M, we have
apgHom(A, M) = M F: f s f(1y),
where MH = {m e M|h-m =e;(h)-m, Yhe H}and A is left At H-module via
(ath)-b =a(h-b).
Proof. For given 0 # m € M we define a map via
frar (aflyg)-m.
Throughout standard computation, we can show that f € 447 Hom(A, M). Based on
this, we can check that F is bijective in a straightforward way. 0
Lemma 7. Let H be a weak Hopf algebra and A a generalized quantum commut-
ative algebra. Then, for all left A§H -modules M and N.
(1) Homa (M4, Ng) €qyq M,
(2) Homa(Ma.NA)" = ayrrHom(M.N),
where Homyg (M4, N4) denotes the space of the right A-module homomorphisms.
Proof. (1) Let M,N €44y M. Then M, N are both A-bimodules from Lemma
5. For all ath € AfH, f € Homy(Mg4,Na) €44 M, define action of AffH on
Homy (M4, Ng) €a4 M by
((afh)- f)(m) =a-(hqy- f(S(he))-m)),
for all m € M. We shall check (afth)- f € Homyg (M4, N4). For all ¢ € A, we have
((afih)- f)(m —c) =a-(hqay- f[(S(h))-(m < c)))
=a-((hqy- f(S(h@y)-m)) < h@)S(ha))-c)
=a-((Layhay- f(S(h) -m)) < 1@)-c)
= a-((hay- f(Shey)-m)) = c)
= (a-(hy- f(S(h)-m))) —c
= ((afih)- f)(m) —c.
It is checked directly that Homg (M4, N4) €43 M is aleft Aff H-module.
(2) For all f €44 Hom(M, N), then f is both a left H-module morphism and a

left A-module morphism between M and N.  We shall check that f €
HomA(MA,NA)H. For allm € M and a € A, since

f(m —a) = f(ajo)- (apn)-m)) = ag) - (ap)- f(m)) = f(m) < m,
we conclude that f is a right A-linear. Also, for any 7 € H and m € M, we have
(h- f)m) =hqy- f(S(h@))-m) =ha)S(h))- f(m) = e (h)- f(m),

ie., f € Homyg(My, N, A)H . Conversely, First, we can define the left Hg-action on M
by restricting the AffH-actionon M : x-m =m < (h-14), forallm € M,h € H;.
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Using Remark 1 and Lemma 3, it is easy to see that right A-module homomorphisms
are morphisms of left Hg-modules. For all f € Homyg (M4, NA)H , we have

h- f(m) = hqyes(hey)- f(m)
=hqy- f(es(he))-m)
= (hqy- f)(h@y-m)
= (e¢(h()) - f)(h@)-m)
= (e:(1(1y) - /(L (2)h-m)
=y - Hh-m)
=l  f(S(A)1@3yh-m)
= 1uyes(l) - f(h-m)= f(h-m),

i.e., f is aleft H-module map. Now, we shall check that f is a left A-module map.
Indeed, foralla € A andm € M,

fla-m) = f(aljo-(1[17-m))
= flago;- (e (afry) -m))
= flaqo- (ap1y1S(apyz) -m))
= flagoyo) - (aqoyn)S(ag)) -m))
= f((S(ap))-m) < ajo))
= (S(apy) - f(m)) —ap)=a- f(m).
So we get that f €43 Hom(M, N). O

Now, we can present the main result in this section.

Theorem 1. Let H be a weak Hopf algebra and A a generalized quantum com-
mutative. If A is semisimple, then A{H is semisimple if and only if A is a projective
left AfH -module algebra.

Proof. Assume A is a projective left AfH-module, then the functor
aggHom(A, —) is exact. For any left AfH-module M, it is viewed as a right A-
module via “ < in Lemma 5. Since A is semisimple, M is projective as a right A-
module. Hence the functor Hom4 (M, —) is exact. Further, the composition functor
g Hom(A,Homy (M, —)) is also exact. From Lemma 6 and 7, we get

g Hom(A,Homy (M, N)) =44 Hom(M, N),

for any left Aff H-module M and N. Then M is a projective left Aff H-module, hence
A H is semisimple. The converse is obvious. O

Next, we shall apply Theorem 1 to Example 1. Given a quasitriangular weak Hopf
algebra (H, R) and weak H-module algebra A, A is a weak quantum Yetter- Drinfeld
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H -module algebra with the coaction defined in Example 1. Then the generalized
quantum commutative condition in Definition 1 takes the following form

ab = (R*-b)(R!-a).

With the assumption above and by Theorem 1, we have the main result of Zhai and
Zhang in [11].

Corollary 1. Let (H, R) be a quasitriangular weak Hopf algebra and A a quantum
commutative. If A is semisimple, then AJH is semisimple if and only if A is a pro-
Jjective left AfH -module algebra.

Remark 2. If A(1) =1® 1, weak Hopf algebras are just Hopf algebras. Corollary
1 recovers to the results of Yang and Wang in [10].
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