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Abstract. In this article, we prove the existence of a best proximity point for F'—contractive non-
self mappings and state some results in the complete metric spaces. Also we define two kinds
of F—proximal contraction and extend some best proximity theorems and improve the recent
results.
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1. INTRODUCTION

Let us assume that 4, B be two nonempty subsets of a metric space (X,d) and
T :A— B. Clearly T(A)N A # @ is a necessary condition for the existence of
a fixed point of T. Now if T(A4) N A = & then to find an element x € A such that
d(x,Tx) = d(A, B) which called best proximity point is the idea of best proximity
point theorems. In the other words, we determine an approximate solution x such
that the error of equation d(x,7x) = 0 is minimum. Several authors such as Pro-
lla [2], Reich [4], Sehgal and Singh [6, 7], Vertivel, Veermani and Bhattacharyya [8]
and others[ 1] generalized and extended the best proximity point theorems in many
directions. In 2011, Sadiq Basha [5] stated the best proximity points theorems for
proximal contractions. On the other hand, Wardowski [9] introduced a new type of
contraction which called F'—contraction and proved a fixed point result in complete
metric spaces. In this paper, by using Wardowski’s contraction, we prove the ex-
istence of a best proximity point. Moreover we define F'—proximal contractions of
the first and second kind and establish the best proximity point theorems in spire of
Wardowski’s contraction.

2. PRELIMINARY

Let A, B be two nonempty subsets of a metric space X. The following notations
will be used throughout this paper:
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d(y,A) :=inf{d(x,y):x € A},

d(A,B) :=inf{d(x,y) :x € Aand y € B},
Ag:=4{xe€ A:d(x,y) =d(A, B) for some y € B},
Bo:={yeB:d(x,y)=d(A, B) for some x € A}.

We recall that x € A is a best proximity point of the mapping T : A — B if
d(x,Tx)=d(A, B). It can be observed that a best proximity reduces to a fixed point
if the underlying mapping is a self-mapping.

Definition 1 ([3]). Let (A4, B) be a pair of nonempty subsets of a metric space X
with A # @. Then the pair (A, B) is said to have the P-property if and only if

d(x1,y1) = d(A, B) B
d(x;,y;)=d(A,B) = d(x1,x2) = d(y1,)2)

where x1,x3 € Ag and y1,y» € By.
It is clear that, for any nonempty subset A of X, the pair (4, A) has the P-property.

Definition 2 ([5]). A is said to be approximatively compact with respect to B if
every sequence {x, } of A satisfying the condition that d(y, x,) —> d(y, A) for some
vy in B has a convergent subsequence.

It is easy to see that every set is approximatively compact with respect to itself.

Definition 3 ([5]). Given T : A — B and an isometry g : A —> A, the mapping
T is said to preserve isometric distance with respect to g if

d(Tgx1,Tgxz) = d(Tx1,Txz)

for all x; and x, in A.

Recently Wardowski [9] defined the following contraction which was called
F —contraction.

Definition 4. Let F : R+ —> R be a mapping satisfying:

(F1) F is strictly increasing, i.e. for all a,b € R4 such that
o< p= F(a) < F(p);
(F2) For each sequence {&y, },enN of positive numbers
limy,— o0 &, = 0 if and only if limy,— o0 F (0y) = —00;
(F3) There exists k € (0,1) such that lim,,_, o+ ok F(a) =0.
A mapping T : X — X is said to be an F —contraction if there exists T > 0 such
that

Forall x,y e X,(d(Tx,Ty))>0= 1+ F(d(Tx,Ty)) < F(d(x,y)). (2.1)
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Now, we consider the mapping F' in the different types, and we obtain the variety
of contractions.

Example 1 ([9]). Let F : Ry — R be given by the formula F(«) = Ine. It is
clear that F satisfies the (F1)-(F3) ((F3) for any k € (0, 1)) conditions of Definition 4.
Each mapping T : X — X satisfying (2.1) is an F'—contraction such that

d(Tx,Ty)<e %d(x,y), forall x,yeX, Tx#Ty.

Itis clear that for x, y € X suchthat Tx = T'y the inequality d(T'x,Ty) <e *d(x,y)
also holds, i.e. T is a Banach contraction.

3. MAIN RESULTS

Now, let us state our main result.

Theorem 1. Let A and B be non-empty, closed subsets of a complete metric space
X such that Ag is nonempty. Let T : A—> B be an F —contraction non-self mapping
such that T(Ao) C Bo. Assume that the pair (A, B) has the P-property. Then there
exists a unique x* in A such that d(x*,Tx*) = d(A, B).

Proof. Choose xg € Ag. Since T xg € T(Ag) C By, there exists x; € Ag such that
d(x1,Tx0) = d(A, B). Again, since Tx; € T(Ap) C By, there exists xp € Ag such
that d(x2,Tx1) = d(A, B). Continuing this process, we can find a sequence {x,} in
Ag such that

d(xp+1,Txp) =d(A,B), forallneN. (3.1)
(A, B) satisfies the P-property, therefore from (3.1) we obtain
d(xn, xp+1) =d(Txp—1,Txy), forallneN. (3.2)

We will prove that the sequence {x, } is convergent in Ag. If there exists n9 € N such
that d(T xpy—1,T xn,) = 0, then by (3.2) we have d(x,,Xn,+1) = 0 that implies
Xnoy = Xno+1. Therefore

Txny =Txpg+1 = d(Txpny, TXpy+1) =0 (3.3)

From (3.2) and (3.3) we receive that

d(Xno+2:Xno+1) = d(Txng+1,TXny) = 0= Xpg+2 = Xno+1

Therefore x, = xp,, for all n > ng and {x,} is convergent in Ag.
Now let d(T xp—1,Txn) #0, for all n € N. T is a F —contraction and (3.2) holds,
hence for any positive integer n we have

T4+ F(d(Txn, Txp—1)) < F(d(xn,Xn—1))
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= F(d(xXn+1.%n)) < F(d(xp,Xp-1)) — 7

< F(d(x1,x9))—nt. (3.4)

From (3.4), we obtain limy, o F(,) = —oo that together with (F2) gives

lim B, =0 (3.5)

n—oo

Also from (F3) we have
3k € (0,1) such that BXF(B,) =0 (3.6)
By (3.3), the following holds for all n € N:

F(Bn)—F(Bo) < —nrt.

Therefore

By F(Bn) = By F (Bo) < —npjz <0,
Letting k — oo in the above inequality and using (3.5),(3.6), we obtain
limy—c0nBE = 0.

Hence there exists 77 € N such that n,B,’j <1 foralln > ny. Therefore forany n > ny,

1
nk
This means that series Y o fB; is convergent.
Now let m > n > n;. By the triangular inequality and (3.7), we have

d(xXm,Xn) < Bm—1+Pm—a+...+Bn < Z?in Bi.

Therefore {x,} is a Cauchy sequence in A. Since (X, d) is complete and A is a closed
subset of X, there exist x* € A such that

Since T is continuous, we have Tx, —> T x*. Hence continuity of the metric func-
tion d which implies that d (x, 41, T x,) —> d(x*,Tx*). From (3.1), d(x*,Tx*) =
d(A, B). So we show that x* is a best proximity of 7.

The uniqueness of the best proximity point follows from the condition that 7" is F—
contraction. That is, suppose that

X1,X2 € A suchthat x1 # xp and d(x1,Tx1) =d(x2,Tx3) =d(A, B).
Then by the P-property of (A, B), we have d(x1,x2) = d(Tx1,T x2). Also
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X1 # xp = d(x1,x2) # 0.
Therefore
F(d(x1,x2)) = F(d(Tx1,Tx2)) < F(d(x1,x2)) —7 < F(d(x1,x2)),
which is a contraction. Hence the best proximity point is unique. [l
The following result is a special case of Theorem 1, obtained by setting A = B.

Corollary 1. Let (X,d) be a complete metric space and A be a nonempty closed
subset of X. Let T : A —> A be a F—contractive self-map. Then T has a unique
fixed point x* in A.

The next result is an immediate consequence of Theorem 1 by taking F (o) = Inc.

Corollary 2 (Banach Contraction Principle). Let (X,d) be a complete metric
space and A be a nonempty closed subset of X. Let T : A —> A be a contractive
self-map. Then T has a unique fixed point x* in A.

Let F be the function as in Definition 4, we define the proximal contractions.

Definition 5. A mapping T : A — B is said to be a F'—proximal contraction of
the first kind if there exists a T > 0 such that
d(ul, Txl) = d(A,B)
d(uz, T)Q) = d(A, B)
d(ul,uz),d(xl,xz) >0
where u1,u2,x1,x2 € A.

= 1+ F(d(u1,u2)) < F(d(x1,x2))

Remark 1. If T : A— B is a F—proximal contraction of the first kind and (A4, B)
has the P-property then T is a F'—contractive non-self mapping.

Definition 6. A mapping 7 : A — B is said to be a F'—proximal contraction of
the second kind if there exists a T > 0 such that
duy,Tx1)=d(A,B)
d(uy, Txy) =d(A, B) § = 1+ F(d(Tuy1,Tuy)) < F(d(Tx1,Tx3))
d(Tul, Tuz),d(Txl, TX2) >0
where u1,u5,x1,x2 € A.

The following theorem is a best proximity point theorem for non-self
F —proximal contraction of the first kind.

Theorem 2. Let A and B be non-empty, closed subsets of a complete metric space
X such that Ag is non-empty. Let T : A— B and g : A —> A satisfy the following
conditions:
(a) T is a continuous F—proximal contraction of the first kind.
(b) g is an isometry.
(¢) T(Ao) < Bo.
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(d) Ao S g(Ao).
Then, there exists a unique element x € A such that

d(gx,Tx)=d(A,B).

Proof. Choose xg € Ag. Since Txg € T(Ag) C Bg and Ap C g(Aop), there exists
x1 € Ap such that d(gx1,Tx9) = d(A,B). If xo = x; then put x, := x; for all
n > 2. Also, since Tx; € T(Ag) € B and Ay C g(Ap), there exists x, € Ay such
that d(gx»,Tx1) = d(A, B). If x; = x» then put x, := x, for all n > 3. Continuing
this process, we can find a sequence {x,} in A such that

d(gxn+1,Txn)=d(A,B), forallneN. (3.8)

We will prove the convergence of the sequence {x,} in A. If there exists ng € N such
that d(gXn,, §Xny+1) = 0 then it is clear that the sequence {x, } is convergent. Hence
let d(gxn,gxn+1) #0, for all n € N. T is a F—proximal contraction of the first
kind and (3.8) holds, hence for any positive integer n we have

T+ F(d(gXn.&Xxn+1)) < F(d(Xp—1.Xn))

= F(d(xn.Xn+1)) < F(d(Xp—1.%n))—7

< F(d(x9,x1))—nt. (3.9

Similarly as the process in the proof of Theorem 1, {x,} is a Cauchy sequence in A.
Since X is complete metric space and A is closed subset of X, there exists x € A
such that limy,— o0 X, = X.

Since, T, g and d are continuous, therefore with letting n — o0 in (3.8), we obtain

d(gx,Tx)=d(A,B).
Now, x* be in A such that
d(gx*,Tx*)=d(A,B).

We show that x = x*. Suppose to the contrary, that x # x*. Hence d(x,x*) # 0.
Since T is a F'—proximal contraction of the first kind and g is an isometry,

F(d(x,x*)) = F(d(gx,gx*)) < F(d(x,x*))—t < F(d(x,x%)),

which is a contraction. Therefore x = x* and this completes the proof of theorem.
i

The following result is a special case of Theorem 2, if g is the identity mapping.

Corollary 3. Let A and B be non-empty, closed subsets of a complete metric space
X such that A is approximatively compact with respect to B. Further, suppose that
Ag is non-empty. Let T : A —> B satisfies the following conditions:
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(a) T is a continuous F—proximal contraction of the first kind.
(b) T(Ao) < Bo.
Then T has a unique best proximity point in A.

The following theorem is a best proximity point theorem for non-self
F —proximal contraction of the second kind.

Theorem 3. Let A and B be non-empty, closed subsets of a complete metric space
X such that A is approximatively compact with respect to B. Further, suppose that
Ao is non-empty. Let T : A — B and g : A —> A satisfy the following conditions:
(a) T is a continuous F—proximal contraction of the second kind.
(b) g is an isometry.
(¢) T(Ao) < Bo.
(d) Ao < g(Ao).
(e) T preserves isometric distance with respect to g.
Then, there exists an element x € A such that

d(gx,Tx)=d(A,B).
Moreover, if x* is another element of A such that d(gx*,Tx*)=d(A, B) then Tx =
Tx*.

Proof. Choose xo € Ag. Since Txg € T(Ag) C By and Ay C g(Ayp), there exists
X1 € Ag such that d(gx;,Tx¢) = d(A,B). If Txg = Tx; then put x, := x; for
all n > 2. Otherwise again since Tx1 € T(Ap) € Bo and Ag C g(Ayp), there exists
X2 € Ag such that d(gx2,Tx1) = d(A, B). If Txy = T x,) then put x,, := x5 for all
n > 3. Continuing this process, we can find a sequence {x,} in Ag such that

d(gxn+1,Txn) =d(A,B), forallneN. (3.10)

We will prove the convergence of the sequence {7 x,} in B. If there exists ng € N
such that d(Tgxn,, TgXny+1) = O then it is clear that the sequence {7 x,} is con-
vergent. Hence let d(Tgxy,Tgxn+1) #0, for all n € N. T is a F—proximal
contraction of the second kind, T preserves isometric distance with respect to g and
(3.10) holds, hence for any positive integer n we have

T+ F(d(Tgxn, Tgxn+1)) < F(d(TXn—1,T xn))

= F(d(Txn,Txp+1)) < F(d(Txp—1,Txn))—7

< F(d(Txo,Tx1))—nrt. (3.11)

Similarly as the process in the proof of Theorem 1, we receive that {7 x, } is a Cauchy
sequence in B. Since X is complete metric space and B is closed subset of X, there
exists y € B such that lim,, 00 TX, = y.

By the triangular inequality, we have,
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d(y.A) =d(y.gxn) =d(y.Txp-1)+d(TXn-1,8%n)
=d(y,Txp—1)+d(A,B)
= (0. Txn-1)+d(y.4)
Letting kK —> o0 in the above inequality, we obtain
limy o0 d(y,8Xn) = d(y, A).

Since A is approximatively compact with respect to B, there exists a subsequence
{gxn, } of {gx,} such that converging to some z € A. Therefore

d(z,y) =1limg_ 00 d(gxn,, T Xn,—1) = d(A, B).

This implies that 7 € Ag. Since Ag C g(Aop), there exists x € Ag such that z = gx.
As lim, o0 g(xp, ) = g(x) and g is an isometry, we have

limy, 500 Xp, = X.
T is continuous and {7 x, } is convergent to y, Therefore
limy o0 TXp, =Tx =y.
Thus, it follows that
d(gx,Tx) =limyeod(gxn,,Txn,) =d(A,B).
Now let x* be another element in A such that
d(gx*,Tx*)=d(A,B).

We will show that Tx = Tx*. Suppose to the contrary, that Tx # Tx*. Hence
d(Tx,Tx*) #0. Since T preserves isometric distance with respect to g and T is a
F —proximal contraction of the second kind,

Fd(Tx,Tx*)=Fd(Tgx,Tgx*)) < F(d(Tx,Tx*))—1 < F(d(Tx,Tx")),
which is a contraction. Therefore Tx = T x™*. O

The next result is an immediate consequence of the Theorem 3, if g is the identity
mapping.

Corollary 4. Let A and B be non-empty, closed subsets of a complete metric space
X such that A is approximatively compact with respect to B. Further, suppose that
Ag is non-empty. Let T : A —> B satisfies the following conditions:
(a) T is a continuous F—proximal contraction of the second kind.
(b) T(Ao) < Bo.
Then, T has a best proximity point in A. Moreover, if X* is another best proximity
point of T then Tx = T x™.
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