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AsstrAcT. A necessary and flicient condition is obtained when thpecomponent
of the group of all normalized units can be decomposed into two special subgroups
provided that the group basis has a standard proper decomposition. The established
formula is useful for proving the niceness of certain subgroups in modular group
rings and improves our identical claim in Hokkaido Math. J. (2000) as well.

We also point out a confusion due to Mollov in his reviewer's report (Zbl. Math.
2001) concerning our paper published in Rend. Sem. Mat. Univ. Padova (1999).

Mathematics Subject Classificatiod:6S34, 16U60, 20K10, 20K20, 20K21
Keywords: commutative group rings, decomposition, niceness

Supposer is a commutative ring with 1 of prime characterispcand suppose
G is an abelian group wittp-torsion partGp. Throughout the textS(RG) shall
designate the normed Sylogvsubgroup in the group rinBG. ForH a subgroup of
G, the symbol ,(RG; H) will denote the nil-radical of the relative augmentation ideal
I(RG; H) of the group ringRG with respect tcH.

In [2], we have found a convenient direct decomposition of normalfeedits of
the groupA x B whereA andB are arbitrary abelian groups (see, e. g., [3,4]).

The aim of this paper is to inspect here the validity of the same formula when
the product of the subgroups generating the basis is however not direct. The ratio
deduced is next used for proving the niceness in commutative modular group rings.

We come now to the central statement motivating the present study.

Proposition 1 (Decomposition) LetG = ABwith A < BandB < G. Then
S(RG) = S(RA(1 + 1n(RG,; B)) if and only ifGp = ApBy.

Proor. Necessity. For giveng, € Gp we write gp(riag + rsag + ... + nay) =
fiby + fogo + ... + figr. The canonical forms yieldgpa: = by, gpaz = go, ...,
gpd = gt. Further, we will distinguish two basic cases:

Casel: by € Bp. Hence it is plain thay, = a;*b; € AyBp and everything is
proved.
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Case2: b; € B\ Bp. Without loss of generality led; € A, andg, € Gp; such
elements exist becausga; +ryaz + ... + rig € S(RA andfiby + fago + ... + figi €
1+ 1p(RG B) € S(RG). Next, we distinguish four independent subcases (all other
remaining possibilities have similar proofs):

2.1. g3 € biGp, g3 = gob (b € B), g2 ¢ B; f1 + f3 lies in the nil-ideal ofR,
f2 + f3 =0.

In this situation we extradt;b! € B, andgparapa;! = bib™t € B, i. e., in other
wordsgy, € ApBp.

2.2.93€ g2Bp, g2 ¢ B, ga € 01Gp, g5 = ga’ € Gp (0" € B); fo+ f3 =0, f1 + f4
belongs to the nil-ideal dR, f4 + f5 = 0.

Under these circumstanck; € By, hencegpaiasa; = biby’ € By, i. e., equiva-
lently gp € ApBp.

2.3. g3 = gzb (b S B), gs = g4b’ (b’ € B), ga € ble, g3 € g5Gp; fo + f3 =0,
fa + f5 = 0, f3 + f5 lies in the nil-radical oR.

In that casév; *bly~! € By andg,'a;a; asasag! = by'h’~'b which substantiates
our claim.

2.4, g3 = gzb (b € B), gs = g4b’ (b’ € B), gs € ble, g3 € g4Gp; f + f3 =0,
fa+ f5 = 0, f3 + f4 belongs to the nil-radical dR.

Because this case is analogous to the last preceding one, by similar computations
b’bb;* € Bp andg,'a;ta; asa; tas = bbby ™.

Finally, in all cases, we dedueg € Ap;B, whenceG, = ApBp, as stated.

Syficiency.Choosingx € S(RG), we writex = fiaiby + ... + fia;b;. Furthermore
in the canonical record there is a group member f@msay, e. g.a;b; thusagh; =
agpbyp for someayp € Ap andbyp € Bp. Moreover, with no loss of generality, we may
presume that the following relations are fulfilled (the remaining cases are analogous):
for somek e N

o =albl = =l 1 (seN),
(fo+ fot.. 4 f)P =0;aP bP = =aPbP =1, (fsr + ...+ f)P = 1. By the

above listed assumptiomsa;*az, = byby by, for azp € Ap, bap € By, etc.; similarly
ajagtasp = bshytbsp for asp € Ap andbsp € By, Besides thisas,1bs.1 = asi1pbsi1p
with as;1p € Ap andbs,1p € Bp, etc.,ahy = agplyp with ayp € Ap andbyp € By,

After this, we examine the sufay +. .. + fsas = fia; + hagagp +. .. + fsarasp+
foay — fzazbzbilbzp +...+ fsas — fsasbsbllbsp = fia1 + fzalazp +...+ fsalasp +
foa0(1 — bobythop) + . ... + fsas(1— bsbytbsp). Itis a simple matter to see thétay +
fhajapp + ... + fsmaspis a nil-element from (RA A), i. e., itlies inlp(RA A).

On the other hands18s,1bss1+. . .+ frahy = fsi18s01p+ fsi1@si1p(Dsip—1)+. . .+
fiagp + fragp(bep—1). Certainly,fs,1as1p+. . .+ fiap is ap-element, i. e., it belongs to
S(RA. As afinal step, we detect that= fia; + frajaop +. .. + fsarasp+ fsi1asi1p +
...+ fiap € S(RA). Thus,x = y+ frai(bi—1)+...+ fsas(bs—1)+ fzaz(l—bzbilbzp)+
...+ fsag(1—bshrbsp) + fsr18si1p(Bsiip—1)+. . . + frap(brp— 1) € S(RA +1(RG, B)
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whence we infer at once thate S(RA(1 + Ip(RG, B)), as desired. The proof is now
complete. O

Comment.At this point we shall give a detailed analysis of the arguments used in
the proof of the necessity of Proposition 2.4 from [1]; the notions and notations are
as in the considered assertion.

In fact, we have claimed that the non-existence of zero divisors in the field does
imply that in the right hand-side of the canonical record (dee, e. g., [1, p. 54, line
5]and [4, p. 8, lines 1, 2, 3 (-)]) there is an element frivskB with nonzero cofficient
in K, which is correct, because in the right hand-side all possible group relations if
they eventually exist between the group elements of the two sums lead us to that; the
existing of no zero divisors guarantees that all group members in these relations are
of equal worth. If such relations do not exist, everything is done.

Such a claim is true even without this assumption on zero divisors by which we
have just shown above or by exploiting the trick that i#0r € R, a1,...,an € R,
fay =ras=...=rap=0anda; +a>+... +an = 1 thenr =raq # 0, i. €., the
condition on zero divisors can be removed.

Moreover, the use of the necessity in Proposition 2.4 from [1] in the verification
of Proposition 2.6 of [1] for infinitely many factors is correct, of course, since the in-
finite case follows immediately from the finite one by means of a standard transfinite
induction. That is why this argumentation was omitted in the text of the manuscript
of [1].

Remarkl. The technique shown above leads us to the following intersection iden-
tity:

[GpS(RA] N (1 + 15(RG, B)) = Bp(1 + Ip(RA AN B)).

Claim. For any two abelian groupé and B, the following conditions are equiva-
lent:
(1) AN B = (ANB)P",VneN;
(2) (AB)[p"] = A[P"IB[p"].Vn € N;
(3) (AB)p = ApBp and for eachx = abwhena € Ap andb € By, the condition
xP" = 1 holds & a”" = 1andbP" = 1 for any positive integem.

Proor. Evidently (2)< (3). Now we consider the implication (8 (2). For this
purpose, giverx € (AB)[p"], hencex = abwith a € A, b € Band @b)?" = 1. Thus,
aP" = b P" = cP' for c € An B and we findx = ac1cb € A[ p"]B[p"].

We treat now (2)= (1). For this goal, choose e AP N BP". So,x = a”" = b
whenevera € A andb € B. Henceforthab™® e (AB)[p"] = Alp"B[p", i. e.,
ab™ = a,b, wherea, € A[p"] andb, € B[p"]. Observing thata;! = b,b € AN B,
we see thak = (aa;1)?" € (An B)?". The proof is complete . O

A direct consequence is the following.
Corollary. LetG = ABwith (1) fulfilled. ThenS(RG) = S(RA(1 + 1p(RG; B)).
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Proor. Although we can copy our original proof from the foregoing main Propo-
sition along with the Claim, we will give another confirmation of the attainment.

Indeed, giverx € S(RG), hencex = riagby +. . .+rahy = riag(b1—1)+rjag+. ..+
ria(b—1)+ra = rag+. . .+r@a+ria(bi—1)+. . .+r@a(b—1). Therefore there exists
ke Nsothat I- (r1ay +... + ra)P = [riaa(by — 1) +... + rea(b — 1)) € RAP n
(RGP BP) = I(RFAP: AP 0 BP) = I(RPAP; (AN B)P) = IP(RAAN B).
Consequently there ise I(RA ANB) such thatia; +...+r@ +v € S(RA). Finally,
X=(rag+...rag+v)(L+(ra+. .. +r@+o) H(ria(br—1)+. .. +rea(by—1)—v)) €
S(RA(1 + Ip(RG, B)), as promised. The proof is complete. O

Critical Remark.In his reviewer’s report [6], Mollov has claimed that our method
of proof of [1, Proposition 2.4] contains an error. But his conclusion is obviously
wrong by what we have already quoted above.

Now we are ready to study the niceness in group rings. Conforming with the clas-
sical definition for nice subgroups @fprimary groups (see, €. g., [5]), we shall say
that the subgroupl of the arbitrary abelian group is nice only whem,..(NG”") =
NGP" for each primep and for each limit ordinal numbet. If this equality is valid
only for one single primg, N is calledp-nice inG.

Owing to the above decomposition formula, we are now in a position to obtain the
following

Proposition 2 (Niceness) SupposeN is p-balanced, that isp-nice andp-isotype
subgroup of5. Thenl + I,(RG, N) is nice inS(RG) providedR is perfect.

Proor. Consuming the definition for niceness pftorsion groups, it is enough
to show that for every limit ordinat one hasN,..[S” (RG)(L + Ip(RG, N))] =
SP(RG)(1 + Io(RG, N)). For this aim, take an arbitrary elementrom the intersec-
tion. Thus we may Write € (r1,g1o + .. - + o gta) (1 + I1o(RG, N)) andx € (f1g1p +
.+ figig)(X + 1o(RG; N)), whereri,, ...l f1,..., fi € Randga,, ..., gt € G”;
918918 € G for an arbitrary ordingB with the propertyr < 8 < 7. That is why
we can Writer1,g1q + . .. + logta = (frgi + ... + fig)(€ra1 + ... + &), where
l#ea+...+aa € 1+I1p(RGN). We note thaty, +... + 1y, = fi+...+ fy =
e +...+ g = 1 and that we may presunag € N. Moreover, let us assume that
in R there exist zero divisors; otherwise if there are no zero divisors, the conclu-
sions are simpler or similar to those presented above. Thus, supjsse 0 and

fiec = ... = fig = 0. Certainly, if fie; = 0, f; = 0, which is false. Besides,
foe, # 0, foes # 0Oandfoey = foey = ... = e = 0; fzse, # 0, fze3 # 0 and
fze; = faey = ... = fzg = 0, etc., due to the symmetrfy_161 # O, fy_16 # O
andfi_i1e = ... = ficre2 = fierbgr = ... = fiere = 0; feeer # 0, fyex # 0
and fye; = ... = fy&2 = f1&1 = ... = freie = 0 for some positive inte-
gerk < t. For the remaining case$y,16.1 # 0 andfy,1e0 = ... = fr& =
fkri€8a2 =... = fikee =0,..., fiee # O andfiey = ... = fig_1 = 0. We note that

flelz fl,...,ftet: ft.
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The existence of the following relations is naturaf € a,N ande, + e3 = 0,
as € yN andes+6 =0, etc..ax € ak_1N, &1 +6 = 0. Also,e; +&41+...+& =1
andag;1, a2, ..., e Noreg =1, 641 +...+6 =0andagq € ageoN e ... € aN.

So, we obtaimy,g1,+. . . +ltegte = f1€191881+ fo€2g2sa0 — fr€2g28a3+ faeg3sa0—
faexg3sag + ... + fio1€19k-18k-1 — fk-18-19k-188k + fu€-19ksaK-1 — TkE-1gKsaK +
fr18ks 19k 18841 + - .. + Tr&rgipax.

For an extra dficulty, suppose also thatgza; does not lie in the support of,
€. 0.,91881 = gk+188k+1 and f1ey + fi 161 = 0. But thengy,opau.2 € grsopak1N =
gk+2ﬁg;jlﬁgwa1N e G”N and analogouslyyga; € GPN. If Jk+28B42 = ... =

ggdy € GF’BN, then the cofficient inR of this element, equal té»ex.2 + ... + fi&,
is nonzero. Otherwise ifc;o62 + ...+ fieg = (fisz + ... + f)(&s2 + ... + &) = 0,
we derive f1 + fuer + fioz + ... + f)(€1 + &1 + &2 + ... + &) = 0. Because
€+ 641+ &2+ ... +6 =1, we havef; + fyp1 + fkeo + ... + ft = 0, hence
f, + f3+ ...+ fx = 1. Furthermore, since; + e3+ ...+ e =0, weget 1= 1.1 =
(fr+...+ )& +...+&)=(fb+ fz3+...+ fi)(e1+ &1+ &2 +...+ &) = 0, which
is a contradiction.

On the other hand, ik 2paki2 = gar and fyoe2 + f26, = 0, we deduce
gopag € gpaN € GPN. In all that follows, in the right hand-side of the main
equality does exist an element fra@¥’ N. Since{B < T > w} is an infinite set, and
the support is finite, we can assume that all dependences are of the form presented.

And so, independently from the additional relations between the elements from the
right hand-side if they eventually exist, we observe thate mﬁ<T(GF’8 N) = GP'N,
on g €GP N andgsi1a € gsiza N, . .., gt-1a € gtoN together withrs, 1, +rsi2 o =
0,...,ln-10 + e = 0; s € N. Becausex is a p-torsion element, legs,1, € Gp,
gsi3a € Gp, ..oy gt-10 € Gp With rs,10 + 30 + ... + -1, — 1 € rad R), the
nil-radical of R. Moreover, since 1= ri, + r, + ...+ rg, ¢ rad ®), the ratios
g1e € 92.Gp € ... € guGp are impossible. Thereby it is a real matter to presume
thatgi, € gsi2oGp. This, along withgy, € GPN andGp > gsi1a € gsiza N,
leads us tagi, € (GP'N) N (GpN) = N(GP'N),. But the p-isotypity of N in G
means GP N), = G} N, whencegi, € G5 N. By symmetrygs . ...,gs, € Gh N
eventually wheny, ¢ rad R),...,rs ¢ rad R). Bearing in mind thats,1,9s+14 +
.o+ TeGta € I(RG! N)- thatrlagla +12¢920 + ...+ Ispgsa = rla(gla - 1) + r2(y(92a -

D+ 4+rg(gse—1)+1 = rip(bprus = 1)+ 1o (borUp = 1) +. . +rg(bsrUs—1)+1 = 1+
F1a(Dpr—=1)+r 1bpr (U1 =1)+. . 415 (Dsr—1)+1 5, s (Us—1) Whereby, € GST, by, € G,
...,bsr € G g, Uy, ..., Us € N, and that &1, (bpr—1)+. . .+ g, (b —1) € SP(RG),
we conclude thaty,g1, +. . . +Tegte € SP(RG)+1(RG; N) = SP'(RG)(1+1(RG, N)).
So,x € SP(RG)(1 + I,(RG, N)) and this ends the inclusion. The proof is over in all
generality. O
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Example. The following example demonstrably shows that in the evidence of
Proposition on Niceness the condition for nonidentity oftleja; + ... + & €
1+ Ip(RG; N) is essential and cannot be ignored. If yes, the proof fails. In fact,
it starts with an elementy,giy + ... + Megta € SP(RG) = NWerSP(RG); T is a
limit ordinal, and by the end of the proof has decomposed this element so that,
assuming re-indexing of the subscripts, there is seméth 1 < s < t such that
Glas-- sy € GBTN, andrs;10gsi1a + - - . + Magie € 1(RG; N). In order to substan-
tiate our claim, suppose th@& = K x N, whereK contains a non-trivial torsion-free
elementy and distinctp-torsion elements; andc, such thayc € G';i = 1,2. It
is really not hard to find such a growr We further see that the concrete element
1+ gc1 — gCs € SP(RG) = S(RP'GP), thus the proof may have started with this ele-
ment. Butgc; ¢ G} N is clear since otherwisgi € (Gh N)NK € (KpxN)NK = K,
whenceg € K, andg = 1, contrary to the choice. So, only 1 Iies@ﬁTN. This
means thagyc; — gc; must lie inl (RG, N). But we observe that this is false because
g1 — gC2 = gci(1 - c;*cp) € I(RGN) impliesc;lc, € KN N = 1 hencec; = ¢,
against our hypothesis.

Remark2. W. May showed in [5] that ifN is a nicep-subgroup of the abelian
groupG, then 1+ 15(RG; N) is nice inS(RG) providedR s a perfect field. The above
affirmation extends May’s result whe\ is not p-primary, however, and is not
necessarily a field. It may be successfully applied for arguing the simply presented
structure ofS(RG)/Gy, but this is a problem of some other investigation.

Problem. Does it follow thatl + I ,(RG; N) is nice inS(RG) providedN is p-nice
in G only?

CORRIGENDUM

The misspelled word “droped” from of [1, p. 51] should read as “dropped”.

Also, in [2, p. 258, line 20{)], the expressionCg” must be replaced byGg”;
on p. 260, the words “ensure” and “choosen” should be replaced by “ensures” and
“chosen”, repsectively, and “expanson” on p. 261 should replaced by “expansion.”

In [3, p. 223, line 13 )], the expressionB,” must be replaced byG,” and on
p. 224, the term [, [1,<» G,” should be replaced by[T,<; [,<o Gu-"

Finally, in [4, p. 9, line 5 (-)], the sign=" should be read asc”; the choice
realized there is possible because any subgroupre$ammablep-group with equal
length is alsar-summable. Finally, the second expressigi{™on p. 12, line 5 ),
should be removed.
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